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Part 1
Basic Concepts

1 Computation and Languages

This tutorial is intended to refresh your understanding of the topics covered
in a typical undergraduate level Formal Languages class (at U F T 2
hile the presentation occasionally assumes some familiarity ith these topics
e have attempted to e plicitly de ne every notion e use hence it should
e accessi le even for those ithout that ac ground For the most part e
follo the notation and conventions of opcroft and Ullman (on reserve in
the li rary The rst si chapters of that te t provide a slightly di erent
perspective on the material as ell as a ealth of additional e ercises
This tutorial covers the asic aspects of the
study of the mathematical properties of in  hich the el
ements of the language are se uences of ar itrary sym ols rather than the
se uences of ords letters or characters that ma e up most ( ritten natural
languages  onetheless our focus ill e directed to the
the study of hether pro lems can e solved algorithmically and ho
di cultitistodoso The rst uestion e have to address then is ho these
t o things are related
hen e study computa ility e are studying in an a stract
sense Fore ample is the pro lem of having een givent onum ers
returning a third num er that is theirsum T o pro lems of particular interest
in omputer cience hich you have pro a ly encountered previously are the
(T and the n'T one
is given a list of distances et een some num er of cities and is as ed to
nd the shortest route that visits each city once and returns to the start n
the alting ro lem one is given a program and some appropriate input and
as ed to decide hether the program hen run on that input loops forever or
halts ote that in each of the cases the statement of the pro lem doesn t give
us the actual values e need to provide the result for ut rather ust tells us
hat ind of o ects they are  set of actual values for a pro lem is called an
of the pro lem ( o in this terminology all the home or pro lems
you did throughout school ere not pro lems ut ere rather instances of
pro lems
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pro lem then speci es hat an instance is ie  hat the input is and
ho the solution or output must e related to the that input There are a
num er of things one might see to no a out a pro lem among them

an it e solved is there a de nite procedure that solves
any instance of the pro lem in a nite amount of time n other ords
is it ot all pro lems are computa le the halting pro lem

is the classic e ample of one that is not

o hard is it to solve hat ind of resources are needed and ho
much of those resources is re uired gain some pro lems are harder
than others T  is an e ample of a frustrating class of pro lems that
have no no n e cient solution ut hich have never een proven to

e necessarily hard

hen e say solved algorithmically e are not as ing a out a speci ¢
programming language in fact one of the theorems in computa ility is that es
sentially all reasona le programming languages are e uivalent in their po er

ather e ant to no if there is an algorithm for solving it that can e e

pressed in any rigorous ay at all imilarly e are not as ing a out hether
the pro lem can e solved on any particular computer ut hether it can e
solved y any computing mechanism including a human using a pencil and
paper (even a limitless supply of paper

hat e need is an of computation that e can treat in a
rigorous mathematical ay  ell start ith the o vious model

ere a computer receives some input (an instance of a pro lem has some
computing mechanism and produces some output (the solution of that in
stance e ill refer to the con guration of the computing mechanism at
a given point in it s processing as its ote that in this model
the computer is not a general purpose device it solves some speci ¢ pro lem
ather e consider a general purpose computer and a program to oth e
part of a single machine The program in essence speciali es the computer
to solve a particular pro lem
e can simplify this some hat y eliminating the output if a couple of
mild assumptions hold
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very instance of the pro lem has a solution
2 The solution to any instance of the pro lem is uni ue

3 e can list all instances of the pro lem along ith its possi le solutions
in a systematic ay

ote that there are li ely to e in nitely many instances of a pro lem and
in nitely many possi le solutions for each of them  hat e mean vy listing
them in a systematic ay is that any given instance and possi le solution ill
eventually e listed ote also that every possi le solution includes all the
incorrect ones along ith the correct one ( ther ise e ould essentially e
assuming that the pro lem as computa le
These assumptions hold for addition for instance very instance of addi
tion has a uni ue solution ach instance is a pair of num ers and the possi le
solutions include any third num er e can systematically list all instances
along ith all possi le solutions y systematically listing all triples of num ers
This is not completely trivial e can t for instance list all triples starting
ith and then all triples starting ith etc ince there are in nitely many
triples starting ith ero e ould never get around to listing any starting
ith one uppose though that e are only concerned ith the
f e rst list all triples that to ero (ie ust the triple
and then all triples that sum to one (ie
etc e are guaranteed that e ill eventually list any given triple
ith the e ception of the assumption that the solution is uni ue ( hich can
e fudged in a variety of ays these assumptions are pretty nearly minimal
e can t even consider solving a pro lem algorithmically unless every instance
has a solution  n algorithm must produce some ans er for every instance
f there is no ans er for some instance then hatever ans er it produces ill
necessarily e rong ( ote thatif e modify the pro lem to re uire that e
return o olution in the case that nonee ists e ill have converted it into
apro lem that has a solution for every instance al eit one that sometimes has
the solution o olution  The third assumption is true of every reasona le
pro lem n fact it ta es a fair amount of the theory of computation to even
get to the point here e can argue that pro lems that don t satisfy the
assumption might e ist
Under these assumptions e can reduce our model to a machine for chec
ing the correctness of solutions



Basic FL'I' Basic once s

(V)

]

This machine ta es an instance of a pro lem along ith a possi le solution as
its input and lights one lamp (  if the solution is correct and the other (
ifit isnot e ill refer to an algorithm for the original model in hich e
are given an instance and must produce a solution as an algorithm for
the pro lem and e ill refer to an algorithm for the second model as an
algorithm for the pro lem

This leads us to our rst theorem

efore going on you should thin a ita out ho todothis For this claim the
assumption that the solution of each instance is uni ue is not necessary ut

oth of the others are f you had a program that chec s hether a proposed
solution to an instance of a pro lem is correct and another that systematically
generates every instance of the pro lem along ith every possi le solution
ho could you use them (as su routines to uild a program that hen given
an instance as guaranteed to nd a correct solution to that pro lem under
the assumption that such a solution al ays e ists
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( laim uppose e had a su routine that each time e call it
returns the ne t instance solution in the list e can simply put this in a
loop that gets the ne t instance solution and chec s to see if the instance
listed matches the instance e are to solve f it does e use the chec ing
program as a su routine to tell us if the solution listed along ith that instance
is correct fitis e are done other ise e reiterate the loop

This gives us an e ective procedure that e claim is an algorithm for solv
ing the pro lem There are t o things e need to prove to verify that it is
First e must con rm that for any input it al ays produces a solution in a

nite amount of time (in other ords the procedure al ays terminates Then

e must sho that the solution it produces is in fact correct (in other ords
the procedure solves the pro lem The second part is nearly immediate The
procedure only produces a solution if the chec ing algorithm says it is cor
rect The correctness of the chec ing algorithm ensures the correctness of our
solution The rst part is nearly as simple ince there is a correct solution
to every instance and every given com ination of an instance and a possi le
solution ill e listed eventually e are certain that our given instance and
its correct solution ill sho up in a nite amount of time t that point the
chec ing algorithm says es and our procedure halts

The converse of the claim is also true

The proof of this is your rst e ercise

rove laim 2 ho ho using an algorithm to solve the pro lem as
a su routine one can construct an algorithm for chec ing the pro lem
This claim depends only on the assumption that there is a uni ue so
lution for every instance ( 2 not on the assumption that instances
and solutions can e enumerated (3

utting the claims together e get a theorem

n other ords the t o models are e uivalent computationally t is possi le
to compute solutions if and only if it is possi le to chec them  iven this e
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ill usually restrict attention to the simpler model that is e ill usually e
concerned ith identifying of a pro lem
ithout loss of generality e can assume that instances and solutions are
encoded as strings of sym ols  ur tas is to distinguish those strings that
encode solved instances of the pro lem among all strings dra n from the same
set of sym ols uch a distinguished set of strings is of course a language in
the formal sense  ne approach then to studying computa ility in general is
to study ho to de ne and recogni e formal languages
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orma Languages

The purpose of this section is to give precise mathematical meaning to the
notions of string and language and the operations on them

n is any nite set of sym ols
eg
e ill generally use (the ree capital letter to denote our alpha et
hen e need to distinguish t o alpha ets the second ill usually e denoted
y (the ree capital letter Lo er case ree letters ill e used
to denote ar itrary sym ols in an alpha et (e g
The set of all over denoted is the set of all se uences of

sym ols dra n from

eg
e ill usually employ lo er case varia les near and sometimes primed
( and sometimes ith su scripts ( to denote strings ncluded in  is
the (the se uence of length ero denoted here as ther ays
of denoting the empty string that you may encounter include and (lo er
and upper case ree letter e ill al ays use

e can formali e this in the follo ing ay

This is an e ample of an of a set e supply a
the simplest cases of mem ers of the set (here ust  one or more

ays of uilding ne mem ers of the set out of simpler ones and
a a statement limiting the mem ers of the set to those con
structi le from the asis y the operations of the inductive clauses  very
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string in then can e understood to have een uilt from the empty
string y nitely many concatenations of single sym ols

ote that  denotes the operation of concatenation ust as denotes the
operation of addition The result of the concatenation is ust the u taposition

of the t o operands ust as 2 hile it is a slight
a use of notation e ill follo thiseven hen the one or oth of the strings
are represented y varia les Thus the string denoted y ill usually e
e pressed as

nductive de nitions of sets support de nitions of operations on
those sets The of a string is denoted e de ne this

recursively as follo s

ote that given the de nition a ove every string is either or is constructed
y concatenating some onto some and so the de nition need only
treat these t o cases n the latter case the de nition the operation
is de ned in terms of the result of applying the operation to  The fact that
is o tained from  y concatenation of and that all strings y de nition
are o tained from y a nite series of such concatenations insures that the
recursion is all ill e reduced to in nitely many steps
thus the recursion is guaranteed to terminate
n a similar ay e can e tend the operation of concatenation to apply to
pairs of strings (not ust a string and a sym ol

(

string consisting of a single sym ol is a t is conventional to
fail to distinguish a sym ol from the unit string containing ust that sym ol
Thus hen e say e do not need to orry a out hich if either
is a sym ol or a string
Finally e ill denote the of a string as This is ust
ith the order of its sym ols reversed ie

( (
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language

ote that among the su sets of  is the empty set  hich is ust the language
over that contains no strings usually referred to as the

t is important not to confuse the empty string ith the empty language
They di erin type the empty string is the se uence of no sym ols the empty
language is the set of no strings

s they are ust sets all of the usual operations on sets apply to languages

air ise ( and ( should e familiar
The or of t o sets over the same alpha et
is
The of a language over (denoted ~ is ust all the strings

over that are not in

The of a set is its si e
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nite (

(e 1ill not distinguish et een counta ly in nite sets and the larger in nite
sets
The of t o sets is the set of pairs dra n from them

The of a set is the set of all its su sets

The of s set is a function that tests for mem ership
in that set

e generali e pair ise union and intersection to allo union and intersec

tion of possi ly in nite of languages f is such a family
of languages then their is denoted and their
is denoted These are ust the set of strings that are in any

(union or all (intersection of the
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ust as e e tended concatenation to pairs of strings e can e tend it to
pairs of languages

hich is to say the concatenation of t o languages is ust the concatenation
of all pairs of strings dra n from them
f is a string over some alpha et (ie and is a natural
num er (ie here 2 e 1ill use the notation  to
represent copies of  concatenated together o

(

leene
closure
positive closure
This leads the the second e ercise
2 s ever empty hat a out Under hat circumstances does

contain  ( onsider the cases and
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n In orma Pre ie

e are going to focus on t o related issues ho to de ne languages and ho
to specify algorithms for them for identifying the strings in the
language These are actually ust di erent perspectives on the same pro lem
since an algorithm for recogni ing a language can e understood as a de nition
of that language n the case of nite languages this is easy e can de ne
a nite language simply 1y listing all of its strings and such a list can e

hard coded into a recognition algorithm (or hard ired into a machine
t is the in nite case that is more interesting  ince our descriptions and
algorithms must necessarily e nite e ill e studying in essence nite
ays of de ning in nite sets These ill fall into three road categories

lge raic de nitions in hich languages are de ned y e pressions
specifying ho they are wuilt up from a nite set of simple languages
using various operations for com ining languages

rammars  hich can e understood as algorithms for languages
for listing all and only the strings in the language

utomata  hich are simply a stract models of computers speciali ed
to recogni e particular languages

emar a ly hile e can limit the po er of these mechanisms in a variety
of independent ays it ill fre uently turn out that the languages de na le
using a restricted mechanism of one sort ill e e actly the languages de na le
using another mechanism restricted in a completely independent ay

e can get an intuitive idea of hat is involved y considering a range of
variations in hat can e stored in the internal state of our second model of

& _®

—
9
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ere e have limited the internal state to include only a program counter
and perhaps some status information all of hich is nitely ounded e
can then vary the po er of the model y augmenting this ith varying types
of data storage  ur o ective is to get you thin ing a out the pro lem of
recogni ing strings given various restrictions to your model of computation
e ill or ith hatever representation of an algorithm you are comforta le
ith ( or ascal or perhaps some form of pseudo code ust ma e sure it is
unam iguous 1 all of the pro lems e ill assume the same asic machine

The program is read only (it cant e modi ed you might even thin of
it as eing hard ired

For the sa e of uniformity let s assume the follo ing methods for access
ing the input

a function that returns the current input character ou

can use this in forms li e
or

or

This does not consume the character any su se uent calls to

prior to a call to ill return the same character ou may
assume that returns a uni ue value if all of the input
has een consumed

a function that umps to the ne t position in the input
This discards the previous character hich cannot e re read ou
can either assume that it returns nothing or that it returns in
the case the input is not at and other ise

There are no internal data registers The ay e are varying the po er

of these models is y changing the type of data storage that is availa le

ou cannot save any data in any ay e cept e plicitly in the struc

ture you are given n particular there are no temporary varia les no
s etc

The program returns T U if the input is a string in the language and
F L  other ise

There are a num er of parts to this e ercise ut none of them are intended
to every di cult here you are told to s etch an algorithm the algorithm
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should e pretty simple the languages you are as ed to recogni e are more
or less tailored to the computational model you are using ont e o sessive
a out the format or your code declarations etc only include hat is needed
to ma e the algorithm clear The wuestions as ing hether you can or cant
recogni e a language ithin a given model ill ta e a little more thought ut

e are not loo ing for a rigorous proof wust an indication of hat ma es it
hard or even impossi le for that model to do it

3 First model omputer has a ed num er of its of storage ou ill
model this y limiting your program to a single ed precision unsigned
integer varia le eg a single one yte varia le ( hich of course can
store only values in the range 2 etc Limit yourself further
to a single call to nput(  hich occurs in the argument of a ase (or

itch statement The reason for this ill ecome clear in the last part
of this uestion

(a etch an algorithm to recogni e the language ( (that
is the set of strings in consisting of ero or more repetitions

of

( o many its do you need for this (ho much precision do you
need an you do it ith a single it integer

(c etch an algorithm to recogni e the language (
(d o many itsdo you need for this

(e uppose erela the last limitation and allo any ( nite num er
of calls to occurring any here in the program  etch an al
gorithm for recogni ing the language of part (a using (apparently

data storage  rgue that any algorithm for recogni ing this lan
guage must store at least one it of information  here does your
program store it

econd model omputer has a single un ounded precision counter

hich you can only increment decrement and test for ero ( ou may
assume that it is initially ero or you may include an e plicit instruc
tion to clear Limit your program to a single unsigned integer varia le
and limit your methods of accessing it to something li e
and a predicate hich returns true i This integer
has un ounded precision it can range over the entire set of natural
num ers so you never have to orry a out your counter over o ing
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tis ho ever restricted to only the natural num ers it cannot go nega
tive so you cannot decrement past ero ou may call as many
times as you li e

(a etch an algorithm to recogni e the language This
is the set of strings consisting of ero or more sfollo ed y
of s
( an you do this ithin the rst model of computation ither

s etch an algorithm to do it or ma e an informal argument that it
cant e done

(¢ ive an informal argument that one can t recogni e the language
ithin this second model of computation (ie ith
a single counter

Third model omputer has a single L F stac containing ed preci
sion unsigned integers (so each integer is su ect to over o pro lems

ut hich has un ounded depth (so the stac itself never over 0 s n
your program you should limit yourself to accessing this ith methods
li e and a predicate li e These ill
push a value into the stac return the value stored in the top of the
stac (the most recent value pushed discard the top of stac and test
the stac for empty respectively on t forget that you have no storage
outside of the stac so you need to or directly ith the values in the
stac  you can t pull a value out of the stac and assign it to some other
varia le imilarly hile you can again call as often as you

ish the only ay to store the value of the input is to push it directly
into the stac (e g

(a etch an algorithm to recogni e the language
This is the set of strings made up of any se uence of
sand sfollo ed ya and then e actly the same se uence of
s and s in reverse order so these are all over the
alpha et in hich  occurs only as the middle sym ol t
includes strings li e

( hich of course e uals

( hat is your intuition a out recogni ing this language ithin the
second model (ie using ust a single counter
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(c hat is your intuition a out the possi ility of recogni ing the lan
guage This is the set of strings made up of
any se uence of sand sfollo ed ya and then e actly the
same se uence of sand sine actly the same order it s referred
to as the

Fourth and nal model  omputer has a single F F ueue of ed
precision unsigned integers ith the length of the ueue un ounded

ou can use access methods similar to those in the third model n this
model you ill have something li e that ill return the value
in the front of the ueue (the eldest item rather than

(a etch an algorithm to recogni e the copy language (

( hat is your intuition a out the possi ility of recogni ing the palin
drome language of uestion a (
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Indu ti e Proo

nductive proofs e ploit the structure of inductively de ned sets ince every
mem er of such a set is either one of the asis elements or is uilt from them
using nitely many applications of the inductive clauses e can prove that
every mem er of the set has a certain property y proving that each of the
asis elements has that property and that the inductive clauses preserve it

The most familiar application of induction is in proving properties of the nat
ural num ers ere e prove that the property holds for ero and that if it
holds for an ar itrary natural num er then it holds as ell for s an
e ample consider the proposition

2
( asis
( 2
( nductive ypothesis
uppose ( 2
( nduction
To sho that ( (( 2
(
( 2 y
(( 2( 2

2 ( 2 distri utive la

t is orth considering hy this or s The only case e e plicitly prove
is the ase case ( To see that the proof implies that the proposition
holds for all natural num ers let e an ar itrary natural num er 0



2 Basic FL'I' Basic once s

either and e are done or is for some  namely and e
can apply the inductive step  ut this actually proves a hypothetical the
property is true of then it is also true of y itself this does not prove
the case all it does is replace the need to prove the case ith a need to
prove the case f happened to e e ould again e done
since this case is proved  n the other hand if then the inductive
step applies again reducing the case to the 2 case the inductive step

applies uniformly to all cases other than the ase case o0 in a sense e are
uilding a chain of hypotheticals

( ( (2

(The should eread isimplied y or if  The ey isthat for any actual
value of e are guaranteed to arrive at the ase case after some nite num er
of applications of the inductive step o invaria ly the chain of hypotheticals
has the form

( ( (2 ( (

ince e have proved (  the implication proves ( hich in turn proves
(2 etc ach of the propositions in the chain is true n particular ( is
true and since the choice of  as ar itrary ( is true for all

n general induction is valid for any set that is for any set ith
a ell de ned notion of predecessor for hich there are no in nite se uences
of elements related y predecessor  hat this means is that hile any given
point may have many immediate predecessors if one follo s any chain of
predecessors from that point one ill invaria ly arrive at a element
one ith no predecessors The minimal elements form the asis of the set

ets that are de ned inductively are al ays ell ordered The asis of the
de nition is the set of minimal elements The predecessors of an element in
troduced y an inductive clause are the elements from hich it is constructed

ince every element is either a asis element or is constructed y nitely many

applications of the inductive clauses it is certain that every chain of predeces
sors ill reach minimal elements in nitely many steps

s an e ample consider the follo ing set of simple alge raic e
pressions over a set of varia les
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very is an e pression in

f and aree pressions in then
( is an e pression in
( is an e pression in

othing else is an e pression in

ere e have a set of fully parenthesi ed e pressions including for instance

( (( ((

The asis elements are ust the The predecessors of ( are  and
and the predecessors of (( (( are ( and
(( t is often helpful to analy e elements of sets li e this in terms
of their For (( (( this is
—
P P
P

The leaves of the synta tree are la eled ith the asis elements from hich
the e pression is uilt the interior nodes are la eled ith the operations of
the inductive clauses that uild it

The steps of an inductive proof of a property of such a set are modeled
directly on the steps of its de nition First one proves that the property holds
for each of the asis elements Then one proves that if the property holds for
each of the predecessors of an element then it holds for that element as ell

For e ample to prove that every e pression in has properly alanced
parentheses it su ces to prove that every right parenthesis has a matching left
parenthesis and t is not hard to see that this comes do n to the prop

erty that every e pression has e ual num ers of left and right parentheses and
every pre of the e pression has at least as many left parentheses as right
e can prove that every e pression in has this property as follo s



22 Basic FL'I' Basic once s

( asis
very is an e pression ith neither left nor right parenthesis and
therefore satis es the property

( nductive ypothesis
uppose that is a non minimal e pression in and that each of the
predecessors of satisfy the property

( nduction

y the de nition of is either ( or ( here and are
the predecessors of uppose for the sa e of the argument that is (
a similar argument applies to ( y the induction hypothesis oth

and have e ual num ers of left and right parentheses and every pre either
of or of has at least as many left as right parentheses ince adds one
left and one right parenthesis these occur in e ual num ersin as ell ote
that every pre  of either is empty is ( follo ed y a (possi ly empty not
necessarily proper pre of s ( follo ed y a similar pre of oris
( t is easy to verify that under each of these conditions the fact that
the pre es of and have at least as many left as right parentheses implies
that the pre es of doas ell

The ey thing to note a out all of this is that the proof follo sthe de nition
e actly This is one compelling reason to de ne sets inductively and e shall
generally endeavor to do so henever e reasona ly can  hile one can fre
uently nd simpler (read cleverer proofs if a proposition over an inductively
de ned set is valid the inductive proof ill al ays go through Furthermore
it can e applied nearly automatically  hen in dou t use induction
f follo ing eano e de ne the atural um ers inductively in terms
of ero and the successor function ( then induction over ecomes an
instance of this schema
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ere the num er e usually denote ith the numeral 3 (or or ing
in inary in ternary etc is de ned as ( ( ( the successor of the
successor of the successor of ero a much more satisfactory de nition than
the num er e usually denote ith the numeral 3  The predecessor of (
is ust or in the earlier terms the predecessor of is

t often occurs that the ay one needs to decompose a case in an inductive
proof does not reduce it to immediate predecessors Under these circum
stances one can use the super cially stronger form no n as
in hich one sho s that if the proposition is satis ed y element
smaller than the case to e proved (in the ordering induced y predecessor
then it is satis ed y that case as ell This is sometimes referred to as
ut it in fact is no stronger than simple induction (at least over
counta le sets tis ho ever often more convenient than simple induction
and is no harder to use
onsider as an e ample the proposition

here is the Fi onacci num er

This is not a simple inductive de nition and as a result the most direct ay
to approach the proof is to ase the induction on ut this leads to a
di culty for simple induction ecause in order to prove the proposition for
the 2 case e ill need to assume the proposition not only for ut
for as ell Thus e ill need the to cover oth the predecessor and the
predecessor of the predecessor  omplete induction gives us oth of these and
everything else do n to the ase cases

Let

and

The claim then is
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The proof contains one possi ly non o vious alge raic tric

2

and similarly

( asis

( nductive ypothesis

uppose that the proposition is true for all here 2
( nduction
To sho that it is true for as ell

|
—~

y

\| \|
—~~
—
—

y result a ove

ote that all that di ers et een simple and complete induction is the induc
tion hypothesis the hypothesis used in complete induction (that the proposi
tion holds for all smaller cases is than that used in simple induction
(that it holds only for the immediate predecessors  t is ust as valid since
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the same inds of se uences of hypotheticals or for every element of the set
ut eing stronger it ma es it easier to prove the inductive case
This idea of strengthening the hypothesis to simplify the proof often or s
not only hen e assume the proposition is true of more elements ut also
hen e strengthen the proposition itself that is hen using induction it
is often easier to prove a stronger property than the result you are trying to
o tain Thisis ecause the induction hypothesis is formed from that property
the stronger it is the stronger the hypothesis one has to or ith hile
there is more to prove one has more ammunition ith hich to prove it
onsider for instance the follo ing set of strings

f and then
othing else

e ould li e to prove the proposition does not occur as a su string of
any string in ntuitively this should e fairly o vious The only stum ling
loc to proving this y induction (on the structure of the string is proving
that concatenating t o strings in never u taposes s at the oundary e
t een them This is simpli ed if e strengthen the proposition to f
then does not occur as a su string of and for some

( asis
learly the strengthened proposition is satis ed y oth and
( nductive ypothesis

uppose for some and that the strengthened proposition
is true of oth and

( nduction
y the induction hypothesis does not occur in either of or ore
over the initial sym ol in is an SO does not occur at the oundary

et een thet o either Finally ythe again the initial sym ol of is also
and thus so is the initial sym ol of

o for a couple of e ercises



Basic FL'I' Basic once s

rove for all for any alpha et  that (
Let e the set of all inary ranching trees here

The trivial tree (consisting of a single node is in

f and are treesin then the tree formed y ta ing as the
left su tree  as the right su tree and a ne node as a root is also
a tree in

othing else

raphically the inductive clause says

For every tree let ( ethe of de ned
( if is trivial
ma ( ( ( if is constructed from and
The in a tree are its trivial su trees the nodes hich have

no descendents Let ( denote the num er of leaves in the tree
rove for all that ( ( 2



