COT 4932

Spring 2005

Solution Assignment 6

1  4.1
a.
n!


      b.
We can do this by example. Consider the set S3. We have {3, 2, 1} • {1, 3, 2} = {2, 3, 1}, but {1, 3, 2} • {3, 2, 1} = {3, 1, 2}.

2   4.2
Here are the addition and multiplication tables

	+
	0
	1
	2
	
	(
	0
	1
	2

	0
	0
	1
	2
	
	0
	0
	0
	0

	1
	1
	2
	0
	
	1
	0
	1
	2

	2
	2
	0
	1
	
	2
	0
	2
	1



a.
Yes. The identity element is 0, and the inverses of 0, 1, 2 are respectively 0, 2, 1.


b.
No. The identity element is 1, but 0 has no inverse.

3   4.3
S is a ring. We show using the axioms in Figure 4.1:


(A1) Closure:
The sum of any two elements in S is also in S.


(A2) Associative:
S is associative under addition, by observation.


(A3) Identity element:
a is the additive identity element for addition.


(A4) Inverse element:
The additive inverses of a and b are b and a, respectively.


(A5) Commutative:
S is commutative under addition, by observation.


(M1) Closure:
The product of any two elements in S is also in S.


(M2) Associative:
S is associative under multiplication, by observation.


(M3) Distributive laws:
S is distributive with respect to the two operations, by observation.

4    4.17
a.
Reducible: (x + 1)(x2 + x + 1)


      b.
Irreducible. If you could factor this polynomial, one factor would be either x or (x + 1), which would give you a root of x = 0 or x = 1 respectively. By substitution of 0 and 1 into this polynomial, it clearly has no roots.


      c.
Reducible: (x + 1)4


see part2 for detailed calculation.

5    4.19
x2 + 1


method 1: Using extended Euclid algorithm. Here is the layout:

	Remainder
	Quotient
	Auxiliary

	x4+x+1 (f(x))
	
	0

	x3+x+1  (a(x))
	
	1

	x2+1
	x
	x

	1
	x
	x2


The auxiliary column always starts with 0 and 1. The remainder column always starts with f(x) and a(x). To fill in any subsequent row, divide the remainders in the previous two rows, and put the quotient in the quotient column and the remainder in the remainder column. The multiply the quotient times the auxiliary number in the previous row and add the auxiliary number in the row before that, putting the result in the auxiliary column. When the remainder is reduced to 1, the content of the auxiliary column in that row is the inverse of a(x). 

Method 2: list all the members of GF(24),  and use every member multiplies with x3 + x + 1, then, mod x4 + x + 1, if the remainder is 1, then that member is the inverse polynomial. The members of GF(24) are: {0, 1, x, x+1, x2, x2+1, x2+x, x2+x+1,x3,x3+1,x3+x,x3+x+1,x3+x2,x3+x2+x,x3+x2+x+1}



6    
Create multiplication table for G(23) by using m(x) = x3 + x2 + 1.

(see part2)

