COT 4210: Discrete Structures II
Exam #2 Solutions
March 22, 2012

1) (15 pts) Let L be a language that is Turing Recognizable but NOT Turing Decidable. Prove that it is impossible to create an enumerator E for L that enumerates L in lexicographical order.

First, we know that L must have an infinite number of strings that belong to it. If it didn't, L would be regular (and decidable.) Thus, for any given input string w, there MUST exist a string in L that occurs after w, lexicographically. (5 pts)

Assume the opposite of what we are trying to prove, that such an enumerator for L existed.

Then, we can build a decider M for L,on input w, as follows:

M runs the enumerator for L, checking which strings it is outputting. If w is outputted, return true. (4 pts)  Alternatively, if a string x is outputted that comes after w lexicographically, then output false. (4 pts) Because of the first assertion made, it's guaranteed that the enumerator will eventually output some string that comes after w lexicographically. This proves that M will always terminate, since the algorithm is guaranteed to halt at this point. (2 pts)


2) (20 pts) A Turing machine with a doubly infinite tape is similar to an ordinary Turing machine except that its tape is infinite to the left as well as the right. The tape is initially filled with blanks except for the spots with the input and the tape head starts on the left-most square with input. Show that this type of Turing machine is equivalent in power to a regular Turing machine.

We have two directions to show: (1) Anything on a regular Turing Machine can be simulated on a doubly infinite tape TM and (2) Anything on a doubly infinite tape TM can be simulated on a regular TM.

Proof of 1: regular TM → doubly infinite tape TM

Most transitions that can be done on a regular TM are executed identically on a doubly infinite tape TM. The only problem are left transitions from the left end of the tape on a regular TM. On a regular TM, these transistions will stay on the left-most tape square, but if we were to produce them identically on the doubly infinite tape TM, we would move one square to the left.  (3 pts) Thus, we must do the following:

(1) Mark the left-end of the tape at the very first transition, with a dot. Move right, and then immediately move back left. After this, we can begin our simulation. (Formally, δ(q0, a) = (qtemp, a-dot, R) and δ(qtemp, X) = (q0, X, L), for tape alphabet characters X.)

(2) For all regular transitions of the form δ(qi, a) = (qj, b, L), add to our doubly infinite tape machine the transitions δ(qi, a-dot) = (qtemp-j, b-dot, R) and δ(qtemp-j, X) = (qj, X, L), for all tape characters X.

In this manner, we can properly simulate what happens on a regular TM at the left end of the tape. All other parts of the simulation run correctly already. (5 pts)

Proof of 2: doubly infinite tape TM → regular TM

The basic idea here is that when you move off the left end of the input, you can "wrap around" to the right. (3 pts) We can create a larger tape alphabet for the regular TM of size n + n2, where n is the size of the tape alphabet for the doubly infinite tape TM. In addition to the original alphabet, we will add each ordered pair of alphabet characters from the doubly infinite tape TM, the first being in the positive index and the second being in the same negative index. (2 pts) The square where the input begins is marked as 0. The regular TM has twice as many states, to keep track of whether it's supposed to be reading the top half of the tape or the bottom half. If you are on the bottom half, then all left transitions in the doubly infinite tape TM become right transitions in the regular TM and vice versa. (3 pts) Only the left-end of the tape will store only one tape symbol, instead of two, so this is how we mark where we switch over from left side to right side and vice versa. (2 pts) Here's a basic illustration:




Let this be the contents of the doubly infinite TM:


	index
	-5
	-4
	-3
	-2
	-1
	0
	1
	2
	3
	4
	5

	contents
	B
	a
	b
	b
	a
	b
	b
	B
	a 
	# 
	a



The corresponding contents of the regular TM are as follows:

	index
	0
	1
	2
	3
	4
	5

	contents
	b
	(b,a)
	(B,b)
	(a,b)
	(#,a)
	(a,B)



If the tape head is on a non-negative square in the doubly infinite machine above, we stay in the same state in the regular TM. But, if the tape head is on a negative square in the doubly infinite TM in state qi, then we will have our tape head on the regular TM in the corresponding positive square in the state qi'. (2 pts) If there's a transition δ(qi, a) = (qj, b, L) in the doubly infinite machine, we add the transition δ(qi', (X,a)) = (qj', (X,b), R) in the regular machine. Basically, this says that if I am on a negative tape square and I am supposed to move left, do my move and change the second character, and then move right instead of left. Similarly, for δ(qi, a) = (qj, b, R) in the doubly infinite machine, δ(qi', (X,a)) = (qj', (X,b), L) gets added to the regular machine. Finally, we need to add special transitions that take place from the left-end of the tape. Namely, for all the original machine's left transitions δ(qi, a) = (qj, b, L), create the transition:

δ(qi, a) = (qj', b, R)

For all of the machine's right transitions δ(qi, a) = (qj, b, R), create the transition:

δ(qi', a) = (qj, b, R)

These transitions ONLY come into play when dealing with the left-most tape square in the regular TM, since all other tape squares store the ordered pair characters. They handle transferring from the positive to negative and negative to positive parts of the tape.

[bookmark: _GoBack]In this manner, the regular TM can simulate any move accurately that can be done on a TM with a doubly infinite tape.




3) (15 pts) The language USELESSDFA is defined as follows:

	USELESSDFA = { <D, q> | D is DFA and q is an unreachable state in D. }

Prove that USELESSDFA is decidable.

Given a DFA D, run a depth first search from the start state, following all transition arrows that are labeled, regardless of what input character is on the transition. When the  DFS finishes, simply check to see if the state q has been marked in the DFS. If so, then answer false (the state is not useless). If not, then answer true, the state is useless.

Grading: 	5 pts for using either DFS or BFS
   		5 pts for saying to start it at the start state
		5 pts for saying that when we are done, check to see if q was marked.


4) (15 pts) Let X be the set of real numbers with no more than 10 digits after the decimal (in their decimal representation). Determine, with proof, whether or not X is countable.

The set X is countable. Here is a mapping:

1	0.0000000000
2	0.0000000001
3	-0.0000000001
4	0.0000000002
5	-0.0000000002
...

More formally, f(1) = 0, f(2n) = n*10-10, for all positive integers n, and
                                         f(2n+1) = -n*10-10, for all positive integers n.

It should be clear from the function described above, that any input value n maps to a unique real number with no more than 10 digits after the decimal. Secondly, this function is invertible, thus, any real number with no more than 10 digits after the decimal maps to a unique value of n on this list.

Another easy way to see this is that if we multiply each number in the set by 1010, we produce the set of integers, which is countable (0, 1, -1, 2, -2, ...) Clearly, this transformation between sets doesn't change the cardinality (or countability) of the set.

Grading: 	5 pts – for saying it’s countable (MAX 4 pts if they said not countable)
		5 pts – for including all + numbers in mapping
		5 pts – for including all – numbers in mapping


5) (15 pts) Show that the PCP is undecidable over a binary alphabet ({0,1}). (Remember, the proof in class did not show this, since it only worked with what was potentially a greater length alphabet.)

Assume to the contrary, that the PCP problem over the binary alphabet IS decidable. Now, we will use this result to show that the PCP problem in general is decidable, to achieve our contradiction.
Consider an arbitrary instance of PCP with an alphabet size of k, where k ≤ 2m, for some constant m. Simply replace each alphabet letter with a unique m-bit code of 0s and 1s, and then replace each tile by substituting each letter with the appropriate m-bit code.

For example, if the tiles in the original PCP problem are , and we assigned the codes a = 00, b = 01, c = 10, and d = 11, then our new tiles would be,

Now, we will prove that this new instance of PCP with an alphabet of size 2 has a solution, if and only if the original instance of PCP has a solution.

Clearly, if the original instance of PCP has a solution, the new one does, since each code was a one-for-one substitution. 

What we have to be weary of, is a situation where the original tiles DIDN’T have a solution, but where our new tiles do. We will show that this never happens by showing that if there is a solution in the new instance of PCP, that corresponds to a solution in the old instance.

Consider any solution in the new instance of PCP. Place those tiles out. Then, simply replace each set of m bits in each of these tiles with the letters from the original instance. This will be your solution from the original version of the problem.

Now, it’s important to note why this proof doesn’t work for a unary alphabet. If we tried it for a unary alphabet, we would be FORCED to apply variable length codes, like a = 1, b = 11, c = 111, d = 1111. Then, the matching becomes ambiguous when you try to go backwards. Does 1111 = d, or does it equal ac, or does it equal bb? (There are other possibilities also.) With the binary alphabet, I can enforce a fixed length code, so that there’s a unique way to translate back from 0s and 1s to the old alphabet.

Grading:	3 pts – Map from regular PCP
		5 pts – Idea of mapping fixed length binary code
		3 pts – Explaining why if PCP has solution, this new instance does also
		4 pts – Explaining why if this instance has a solution, so does PCP.


6) (15 pts) Let SSTM = { <M1, M2> | M1 and M2 are Turing Machines with L(M1)  L(M2). }. Show that SSTM is not decidable by showing that if you had a decider for SSTM, you could build a decider for ATM.

Assume to the contrary that SSTM is decidable. Let the Turing Machine X be the decider for SSTM. We will describe how to build a decider Y for ATM that utilizes X.

The input to Y is a Turing Machine M and a string w.

Let us create a new Turing Machine M' that acts similar to M, except with the input is w. If the input is w, M' wil automatically reject, instead of following the steps of M. For all other inputs, M' runs exactly like M.

It follows that L(M') = L(M) - {w}.

If w is not in L(M), then L(M) = L(M') and L(M)  L(M').
If w is in L(M), then L(M) is NOT a subset of L(M').

Thus, our Turing Machine Y will simply call X(M, M').

If this call returns true, then Y will return false. (If the two machines accept the same language, then it follows that M didn't accept w.)

If this call returns false, then Y will return true. (If L(M) is not a subset of L(M'), then, M must accept w, as w is the only string that could be accepted by M, but not M'.)

Grading:	2 pts – Assume to the contrary…
		2 pts – Giving a name to the decider of SSTM
		2 pts – Building a decider for ATM
		4 pts – Creation of at least one new TM based on M
		4 pts – Pass in appropriate parameters to the decider of SSTM
		1 pt – Completion of the proof (explaining why it works)






7) (5 pts) After which famous golfer is the Arnold Palmer Invitational, which takes place this weekend in Orlando, named?
Arnold Palmer
