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Finite State Automata

Our next series of definitions and results characterize the fanitg@iilar Languages
Specifically, this family is exactly the set of languages that can be recognized or accepted by
Deterministic Finite AutomatéDFAS) andNondeterministic Finite Automat@NFAs). DFAs

and NFAs are examples of a more general class of formal language specifications called
recognizers.A model of a typical Recognizer is illustrated in the figure below. A Recognizer
takes as its only inpome string x over its input alphabst, If x i L(R), the language
recognized by R, then R must eventually halt and owtpegpt If x T L(R), then R will have

one of two behaviors, (a) it will halt and outpeject or (b) it will never halt.

Forexample, message decoding devices (e.g. communication protocols) and programming
language compilers are examples of recognizers. In the former case, messages are symbol
strings over some natural language alphabet, while inputs to compilers are stoggsnis)

over the alphabet of some programming language.

Afaccep

X in S* (xisinlL)

ireject
(x notin L)

Example 9 To illustrate the recognizer concept, consider an algorithm for searching a text file
for an occurrence of the string fiendo. The
least one occurrence of this word and will "reject” or “fail" othee. We model the algorithm

with a state transition diagram (STD), where "states" (numbered circles) denote distinct
configurations of the algorithm's "memory"(local variables) that define intermediate stages of
"success" in making a final determinatiamout the correctness or incorrectness of the input file.
Transitions between states occur with the next character read from the input file. In the STD
below,

State 1 Defines the initial starting point of computation, and denotes a state of prodbssing
implies no occurrence of the target word has been encountered, and last character read was not
the first letter "e" of the target word.

States 2 and 3 Define intermediate states of processing where some proper prefix of the target
word has just éen encountered.

State 4. Denotes the accept state. That is, this state can only be reached if a complete
occurrence of the target word has just been encountered. The algorithm could terminate with
success at this point.

all other e all symbols

start £

—, e n d

all othe W

all other
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Our next definition formates the concept dinite staterecognizer illustrated in the previous
example.

Definition 9. A Deterministic Finite Automata (DFAS$ a 5tuple, M = (Q,S,d, ¢, A) where:

Q = a finite noremptyset of states

S = theinput alphabet

qo | Q, is theinitial state

Al Q, is the (possibly empty) set aécepting statesnd

d: Q3 S- Q,athdransition functiof a t ot al f wWhgtia)y, .therd @O =d
Acruent sta@eoderdotMes t he nextansdy niibqodl or edaedn oftreosn
statedo M enters after reading its input.

DFAs can be expressed in the fornSoéte Transition Diagram&STDs) using the conventions
illustrated in the diagram below. Singlgcles denote neaccepting states, doubdércles
accepting states, and directed arcs denote transitions on a given input symbol (arc label).

A DFA accepts (rejects) given input string x =& ... & If, after reading each symbol of x in
sequence, starting in its initial statg ¢ ends inan accepting(neaccepting) state. This notion
is captured formally in the next definition of the language accepted by a DFA, M.

Definition 10. Let M = (Q,S,d, g, A) be a DFA. We extend the domain of the functido
strings of any length so thate can formally definghe behavior of M, beginning from in any
given state, g, on any input, x, to be the state M will be in after readi8gecifically, we
defined'v: Q3 S* - Q inductively as follows. The subscript M will be dropped whenever M
is understood from context.

Basis:d'w(qg,l ) =q, forall gi Q.
Inductive rule: dw(q, X&) = d(d m(q, x), @), foralld Q,forallal S, andallxi S*.
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Example 10 Referring once again to the DFA introduced in Example 9. We see that
d'w(l, e) =d w(1, abee) = u(3, enene) = 2.

all other e all symbols
start

=, e

all othe W
all other

Definition 11. Let M = (Q,S,d, o, A) be a DFA, then the language accepted or recognized
by M, is the set L(M) ={A S*| dw(q,x)I A}.

Example 11. Let L ={x i {a,b}* | x , | and x begins and ends with the same symbol }

M= ({1,2,3,4,5}{a,b},d, 1, {2,3}) wheredis given by thdransition tablebelow.

du a b
1 2 3
*2 2 4
*3 5 3
4 2 4
5 5 3

Exercise 6. Give an inductive definition of L(M), where M is the DFA given in Example 11.
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Problem 1. Consider the following definition dbeneralized Inductive Definition for a set S.
Let Ay, Az, €y, forSome I 1, be sets defined inductively by:
Basis Rules: For each j, B is a finite set defining the initial membership to Fhat is, B1 A,
forl¢j¢k.
Inductive Rules: A finite set of rules of the formif P(x) then f(xy A, where P(x) is any
predicatadefined for existing members ofiAA,, € , «, And f(X) is a finite set.
Completion Rule: Nothing is a member of AA,,  éthatAloes not gain membership by
finite application of the above rules. Finally, S 7#r some j, It j ¢ k..

Show that if M is any DFA, then a generalized induectiefinition of L(M) can be given in
terms of the sets,Sqi Q, where $={ x| d'w(qox) = g }. Furthermore, show that such a
definition can be given where all the inductive rules are of one of two fofa&:x | A; then
xal Aj, for somei,j, and &S, or(b) if x | A then xi A,.

Having defined the language accepted by a DFA, we can formally define the family of languages
recognized by DFAs.

Definition 12. Let S be an alphabet and letiLS*. Then L is said to be Regular hnguage
over S if and only if there exists a DFA, M = (@, , , ®©dA), such that L = L(M).

Our first theorem describes an important-gaily of the Regular languages. The construction
technique used to establish this result is as important as thieitssf.

Theorem 1. Let F be any finite language ov8rthen F is Regular ové&:.

Proof. Two cases arise. FEor F, F. In both cases we must construct a DFA that accepts F.
Then it follows directly by Definition 12 that F is Regular.

Case(a) F =F. For this case we define M =g S, qodF,) andd(go,a) =, forallal S. It
should be clear that (o, X) = o, for all xi S* (this can be proven by induction on |x| using the
definition ofd*). Thus L(M) = {x |d'(qo, X) i A} = F,since A isF.

Case (b).F ={x1, Xo, €.}, foxsome 2 1. Letm=Max{|x| | ¥ F}. Then define
M=(Q,S, qodA)asfollows. Q={gq | xi S*and x|t m} C{W. qo=g.

A={qx | xi F}and forallal Sand i Q,d(q, &) = ga provided |xa$ m, elsed(gx, a) =W.
Finally, d(W, a) =W, for all al S. By a simple inductive proof one can easily establish that
d' (g, X) = &, provided |xft m, andd (g, x) =W, otherwise. Thus L(M) = {xd (go, X) | A} =
{x | d" (0o, X) = o, for some ¥ F}=F.
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Exercise 7. Give a definition for theninimalstate DFAthat accepts a finite set. How many
states will such a machine have?

The next definition generalizes the notion of
deterministico behavior. That is, a FSA in w
Aspont awitbotueading any inpuand/or in which tragitions on the same symbol may

leave the FSA imore than one possible next stafairthermore, we may not always know
exactly what state the FSA wil/l be in when it
beginning in any one @&everal possible inédl states Finally, we will say that an NFA accepts

its input string, xif there exists transition sequence thatads all of xand leaves M in an

accepting state. This is formalized in our next sequence of definitions.

Definition 13. A Nondetermnistic Finite Automata (NFA}¥ a 5tuple, M = (Q,S,d, Q,A)
where:

Q = a finite noremptyset of states

S = theinput alphabet

Qo 1 Q, is a norempty set ofinitial states

Al Q, is the (possibly empty) set aécepting statesnd

d: Q3 (SC{L}) - Q, isthetransition relatior(a partial relation).

Read transitionsire defined as transitions whedég, a)i Q, is anonempty set, for & S.
Note thatifd(g,a)=F, t hen M cannot make any transition
however, be able to leave its current state by a spontaneous transition described below.)

Spontaneous transitiorsre transitions M can make without reading from its input. Spontaneous
transitions are expressed lojg), L) I Q being a norempty set. Nt we never allow

ql d(g,L), for any qin Q. Thereforg(q, L) can only contain states, pg. By choosing one of
these other states, M can continue to operate without reading from its input.

Example 12 An NFA.

-‘\
start ‘ (‘)

The question we consider next is AWhat | angua
behavior of M on input abbb can leave M in any one of the following states {2,3,4,5}. Thus,

there can be more than one computation of M on the same input, someat@npuhay accept,

and some may not. To know definitely whether an NFA accepts its input or not, one must

consider all possible sequences of transitions on the same input. M accepts its input if and only
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if at least onef these computatiorreads all othe inputandallows the NFA to enter an
accepting stateBefore formalizing the concepts of the language accepted by an NFA, we
formally introduce the notion of "configuration" and "computation” of M.

Definition 14. LetM =(Q,S,d, Q, A) be an NFA. We define aonfiguration of Mto be a
pair (q, x), where q IdSdeodtestheindd emanngtoberead. st at
A configuration is said to be anitial configurationif g I Qg , and aerminating configuratioif
=| . Wedefine a configuration to ken accepting configuratiahit is a terminating
configuration for which q is an accepting state. Finally, we define a configuratiorhtdting
if no next configuration is possible.

The behavior of M is defined in terr§themove relation, denoted kyY , defined on
configurations as follows:

@x)mY (g6, x )l dah)arfd g6
(@ a)wY (g6, x )i do,a)f f qo
Observe thayY is not reflexive That s, (C, C) wY , for all configurations, C. We will use

the notationyY * to denote theeflexive-transitive closuref Y , andyY + to denote the
transitive closuref Y . The subscript "M" will be dropped when M is clear from context.

A computation of Ms a sequete of configurations § Cy, ..., G,, n2 0, where @is an initial
configuration, G is a terminating configuration and GY Ci.1. A subcomputation of Ms
any seqance of configurations satisfying GY + C;.

We can now formally define tHanguage accepted by an NFA.

Definition 15. Let M = (Q,S, d, Qy, A) be an NFA. Then thlenguage accepted by & given
by, L(M)= {x | S*| There exists a computation: (s, * (f, | ), whered Qpand fi A}.

(Ao 32,33) =>+ (dp )

The diagram above illustrates a Atypical 6 NFA
perform severdl -transitions before and after a read transition. In this computation, M begins in

one of its initial statesogand terminates in statgyq M accets if any one of the statesso,

IS an accept state.
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What we now want to show is that NFAs and DFAs accept exactly the same family of languages,
that is, the regular languages. To this end, we define a trarfsiticiionon NFAs that tells us

the set of all possible states an NFA can reach by a subcomputation thatir&idseginning

from the given state. We will use this function to define the behavior of a DFA that accepts the
same language as a given NFA. The iggilon of this result is that NFAs recognize exactly the
same family of languages that DFASs recognize.

Definition 16. Let M = (Q,S,d, Qy, A) be an NFA. Define

L*:Q- 2°,theL* (q) = IXmYdo ()4.0( q,
L*: 2°- 29, byL*(S) = Cqis(L*(q)), for every S Q.
d'w: Q3 S*- 29, is defined inductively as follows
Basis:d'w(q,| ) = L*(q), forall qi Q.

a )

* _ * % 0
du(g.x@) =L 8 d(p,a);
» 8

cpl aw(a.x) -

The figure below depicts the meaning of the definitiod"gf

Inductive rule:

‘ o (0 -
<

Corollary 16-1: Forallgi Qandxi S* , | de(@,x)ifand onlyif (q,x)Y * ()q 6 ,

Proof. By induction on |x|.

Basis: x =1 .

qbdw(!l) ilifLf(g)ghybasis of Definition 16 fai v
qd L'(q)iff (gl) Y* ()g By, Definition 16 forL".
Thus the corollary holds for |x| = 0.

IH: Assume for ¥ S", withn2 0 , t ihadwi(q,xpif6(@x)Y* ()q o6,

Consi bdy(g x@pfor some & Sand xi S". Then by Definition 16 fod y ,

q b d*M(g,xc'?) il fL}(S,) qvbere §= Cyi o (d(p,2)), and Ddum( q, x) .l L'(Ruft qo
thereispg du( g, x) | &(mpd ap6 sutctbhpbdhat adt this hol ds
[1] (@.X) mY * (p.! ): by IH,
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[2] (p.a)mY ( pld: by definitionofyY and t he assiudpa),i on t hat
[ 3]11)mp*o, (I by definition ofL".
[4] But (g,x)mY * (p,| ) iff (g,xa) wY * (p,a): by an exercise left to the reader.

Therefore, by definition ofiY *, [4][2] and [3] hold iff (. x@)mY * (I ) ®ED

Corollary 16-2: Let M = (Q,S,d, Q, A) be an NFA. Thenk L(M) iff dw(qg, X) A ,F,
for some d Qo.

Proof. If x I L(M), then for some 4 Qpand fi A, (q,x)Y * (f,1); this follows from
Definition 15. But then by Corollary 18, fi d'w(g,x). Thusd m(q,x) Z£A | F.

Exercise 8. Complete the proof of Corollary 1B by showing that il y(q,x) ZA , F, for some
ql Qo thenxi L(M).

The next lemma establishes a simple property ofl theperator that will be useful in
establishing the equivalence between DFAs and NFAs.

Lemma2 LetSi Q,1¢i ¢ n, be sets of states of some NFA, M =8Q.d, Q, A).
Then

L'(8S)=8L'(S)

Proof. Let g' be an element of the left side of this equality. Then by definititn, of
q'l L7(q), for some q irCiien S. But this implies that there is a k¢k ¢ n, such that
q'i L’(qg), for some qin S But this is a restatement of the definition fof d." (S |

Cusien L (S) = the right side. The steps of this argument can be reversed and it follows that the

two expressions are equal.

Theorem 2 Every NFA, M =(QS,d, Q, A), is equivalento the DFA
Mp=(Qy S, dy, a, Ap), called thepowerset machinevhere

Q, = 2°(the power set of Q)

a = L*(Qo) I Qp

Ap ={SI Q|SAA F}

do( S, @) =Cqi s (dm(g,a), forall S Q,and al S.

Proof. Letd , be the extension a,. We shall show by induction on |x| thdt &' ,(a, x) iff
there exists df Qo such that (q, xyY * (f, | ). From this it follows by definitions 11 and 15 that
x 1 L(Myp) if and only if xi L(M).

Basis: x =1 ([x|=0). Iffi d'y(a,l)=a=L"(Qu), then there is §§ Qo for which fi L’(q).

This follows from the definition of . Thus by definition of."(q), (q,! ) mY * (f, 1 ).
Converselyif (q,1 ) mY * (f, 1), for some d Qo, then by Definition 16, f L'(q)i L (Qy) =a
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=dp(a,l).

Induction Case:Assume for all ¥ S", for some r# 0, that fi d',(a, x) iff there is d Qo such
that (g, X)uY * (f, | ). Consider a string of the forn@d S"*and suppoself d p(a, x@).
Then by definition oﬁ*p andd, (above) we haveif dy(S, a) =Cqi s (d'w(q.,a)), where

S =d p(a, x). This holds iff there isk d y(a, x) = S for which i d'w(s,a). Now by our
induction hypothesis, Is d x(a, x) iff there is Qo such that (q, xuY * (s,1). By a previous
exercise, (g, xuY * (s, 1) if and only if (g, X@) wY * (s, a). By Corollary 16L, fi Dy(s,a) iff
(s,a)mY * (f, ). Putting this all together we havé fdy(a, x@) iff there is d Qo such that

(@, X@)mY * (s, a)wY * (f, 1 ). This concludes the proof of our claim thét @ ,(a, x) iff there
is gqi Qo such that (q, xpuY * (f, ).

To complete the proof of theorem we observe tHatlXM p) iff d*p(a, X) A ,F. So, let
f1 dp(a, x) A, then by the property we just proved, there is @ such that (g, xyY *
(f, 1). But this holds iff X L(M). QED

Before applying Theorem 1 to an example, we need a more convenient expression for computing
d,. We state and prove this alternative definition with our next lemma.

Lemma3 Forall Sl Q, andd S,
Proof.

i,(S.2)=L"( 8ty (p.a)

pls™(S)

d,(S,a) = 8 du (g,a), by definition of d, in Theorent.
q S
=8 L ( 8 du(p.a), bydeinition of dy
as  pldy(al)

O ~

= 8 8 L (aw (p, a))8 by definition of L* andLemma2
ol SGAl L (a)
8 L™ (du (p,a)), by definition of L" ()
pl L*(S)

~

O
=L ae8 ay (p. a)gbyLemmaZ QED.

ChA L (9
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Example 13.Let 6s convert the NFA of Example 12 (di :
equivalent DFA. To make it easier to apply the constructionddvtiescribed in the above
theorem, we first construct the transition table fer fHA, M.

du | a | b | L | L

b
L =
1@ (@] F W siag ‘ - @
*2 {12}
a

{8t | {2} | {1}
3| F | F[4]B4

b

4 |FIBF | &
5 |[GH[ F | @[5 a ' ‘

Transition Table for NFA, M b L

. @

The initial statea of the DFA M,is L (Qo) =L ({1}) = {1}.

dp a b
- {1} {1,2} {3,4}
*{1,2} {1,2,3,4} {1,2,3,4}
*{3,4} F {4,5}
*4.5} {4,5} {4,5}
*{1,2,3,4} {1,2,3,4} {1,2,3,4,5}
*{1,2,3,4,5} {1,2,3,4,5} {1,2,3,4,5}
F F F

Transition Table for DFA, M,

Observe that only 7 out of a possibfe=232 states of Mare actuallyeachablefrom its initial
statea.

Exercise 9. Computed, for some of the unreachable states @ft filling in the table below.
Hint: use the result of Lemma 3. Which bése states are accept states g M

dp a b
{1,5}
{2,4}
{1.4}

{3,4,5}

{1,2,3}

{1,3,5}
{3}
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The Minimal State DFA

We have characterized Regular languages in terms of NFAs (DFAB)is section we begin to

address for formal systems an issue that is a
can we make programs more efficient?0the Speci
number of states ina DFM = (Q,S,d, qo, A) . I n more colloquial te
with fewer states that will do the same thing

have the same number of states. This is demonstrated by trivial examples. Consider M and M’
illustrated in the figure below. It is clear that L(M) = L(M")S%. In Figure A M has two

reachable states, both of which are accept states. Clearly, this machine accepts all strings and is
equivalenttotheonset at e DFA, M6; obsernromMbylsimgly M6 can be
redirecting the transitior(1,b), from state 2 back to state 1, and eliminating 2 which, after this

change, would no longer be reachable. In Figure B, we see that state 2 is unreachable in M.

Thus the small er, coostruetededy rénmoveing statee2, M6, can be

o
b
a
d—,_
M
§
W’@ ap T’Qj b
Figure A. Figure B.

These simple examples introduce two key ideas that will be exploited in the state minimization
algorithm we present latefa) the elimination oinreachable statesnd(b) removing

redundant omdistinguishablestates The first concept is obvious. The second notioragier

and needs a formal introduction.

For any DFA, M, and any statel qQ, we can define two sets ofisgs determined by g. The

first set we shall denote ag R{ X | d (go,x) = q }. This is just the strings that leave M in state

g. The second set determined by gq4sus is given bys, = {y | d(q,y)i A}. These are the

strings that would allow M to accept, once M has reached state q. Sets Rq and Sq are illustrated
graphically in Figure C.
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Figure C. A typical xI Rqand a typical yi S.
Given these sets, the following is true about L(M).

L(M) = 8 R,S,
d Q

Now suppose that$ S; for two distinct state g and g'. To see that this is possible, refer to our
machine M in Figure A. Clearly,& S, = S*. However, assuing q and q' are both reachable
states of M, then it is never true that=RRy, in fact R /ERy =F. For suppose thatix Ry /&
Ry- Becausel v is a function we havd y(go,x) = q = ', contradicting our assumption that q
and ' are distinct. Theonsequence of the fact that=5S; is that the equation for L(M) can
now be written as:

BB
ooo

LM)=& 8RS,8C(R CR,)S,

p=p
Q-{a,a} :

Lo
-

This says that, with respect to what M will eventually accepts, there is no difference in the
behavior of M once it reaches g or q'. We say that q and ifdisgnguishable Restating, we
can merge q and ' into one state by "rewiring" M in the following way, Ifjps any state in Q
andd(p, a) = ', then redefine the transition to go to q instead; that is, redgfiag=q. Then,
remove ' from M and anyther states that might become unreachable as a result. If one of q
and q' is g then remove the state that is ngtAfter this rewiring, B(new) = R,(old) CRq(old).
Sy(new) = G(old) and L(Mhew) = L(Molq).

Definition BX-1. So, more formally, wessy t h at mpdisanguishablé@stated and
only if (5= &), where §and § @re defined as specified above.

Now that we know how to reduce the size of a DFA, the next problem we face is how to identify
pairs of indistinguishable states. It turns out thdistinguishableis an equivalence relations on
the set of reachable states of a DFA. We develop thi¢diawtlly in the following discussion.

Definition BX-2. LetM = (Q, S, d, oy, A) be a DFA, and let, , @ | Q. Then the relatioh is
defined on Q as followsy, * . if and only if* zi S* [d'w(qy, 2)I AU d'w(a, 2)I AJ; this is
equivalent to saying that , ¢ are indistinguishable.
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Corollary -BX2. ! is an equivalence relation on Q. Furthermaqgé, o, if and only if" x | S*,
d m(d, X) * d m(d, X).

Proof. Itis trivial to show that is an equivalence relation on Q. This we leave to the reader.
We must now show that any pair of states, reachable fiandyg, must also be
indistinguishable.

By Definition BX-2, qu * o if and only if* z 1 S* [d'm(q,z) | AU d'm(gzz) 1 A].

This holds if and only if x,y i S*[ “@(quxy) i AU d'w(a,xy) i A]if and only if" x| S*
["y IS **d(d*M(QL)E)N) AU “g(dwm(ax).y) I Al if and only if

"X S*[ d M(ql,X) 1d M(qZ,X) ] QED

The nextTheoremBX-1 gives us an iterative algorithm for computing the relatiam the state
set of a given DFA, M. It also establishes that the minimal state DFA accepting L(M) can be
derived fromt by treating equivalence classes: [@s states of this machine.

TheoremBX-1. LetM = (Q, S, d, g, A) be a DFA where all states in Q are reachable. For all
k 2 0 define the relatioh, on Q as followsgs * « g if and only if" z i S**[d'w(qw,z) | A U
d'w(a,z) i A]l. (We say that gand g areindistinguishableby stringsof length k or lesy Then

(@) o ={Q-A, A} and for each B 0,0; *+1 ¢ if and onlyqs * ¢ o and if for every
al S, d(qi,a)! k d(gp,a); and

(b) for some k¢ n-2, where n is the number of states in*M; 1 ; and finally,

(c) L(M) =L(M_), where M = (Q', S, d, [qo): , A) , where
Q' ={[q]: | al Q},

A'={[q]. | ql A}, and

forallal S, d([q]:, a) =d(qg,a)}.

Proof(a). Applying the definition for k = 0, we see that'g g if and only if[q; = d w(ow! ) | A
U gp=dw(al )i Al. Thusly ={Q-A, A}. Now consider g 1 Op.

By definition of 1js1, " z1 S*® ™V [d'w(qs, )i AU d'w(az 2)T A, then" zi S**[d'w(0wz)

i AU dum(g,2z)i Al. Thus q 1y gp. But becaus&** =55+ g, 1., gy holds if and only if
"al S["zi S**[d'w(q, az)i AU d'm(ap, az)i A]]l. And this holds if and only if ai S[" z
i S*%[d'm(d(qu,a),2)i AU d'w(d(0za),z)i Al. And finally this holds if and only if ai S
[d(0n,a)* k d(02,a)]-

Proof (b). We first show that it x = .1, then' =1. It should be clear that § g, if and only

if forallk2 0, qu *k . What we will show is that iy =1 41, thent =1 .y, for all n2 1. This

is easily established by induction on n. The basis (n = 1) is given by assumption. Now suppose
01 ! k+n+1 Q2. Then by part (a) applied thn+1 We have, gt kn+1 Gz if and only if g 2+ g2 and
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for all al S| d(gu,a)* k+n d(02,a)]. But by our induction hypothesis, = «+n, and we haveqq
1n+1 Q2 if @and only if g 1« g and for all d S| d(gi,a)t « d(gz,@)]. But this is the same as
saying q ! k+1 g2. And then, sincéy =1 .4, it follows that g  k+n+1 02 if and only if g * « gp.
Thust!y = 41 and the induction is complete.

To finish (b) suppose M has n states and assume bétlaigdl A are norempty. Then by part
(@),*0 ={ Q-A, A}. Suppose thaty, !;, then!; must have at least one more equivalence class
thant (at least 3). Furthermore, becausé g, . implies q 1« gz, then at least one class of

1, was formed by splitting one of the classes gf Thus if we consider the progression of
equivalence relation$y, *1, &, whereyo| = 2 and?;+1|? [*;|+1, then since thé | cannot
exceed the number of states of M, it follows thétrk2 and!  =*4+;. Thus for any j > 42, it

must follow that ;= 1, =1.

Proof(c). The first point to observe is that N& a welldefined DFA, not NFA. The only

possible challenge toithstatement might arise from the definitiondéf One must just realize

that this is ovestates that represeequivalence classes and any representative of an equivalence
classcan be used to define the transition from 8iate to the states assaethwith subsequent
equivalence classes.

STATE MINIMIZATION ALGORITHM

Let M =(Q,S, d, o, A) be a DFA. The minimal state DFA equivalent to M can be computed in

the following way.

Stepl:El i mi nate the unreachablSedgst &Atbegs dfheMotnd yo

difference betweeni amdtlAM® will be that QO
Step 2 I £, tAldenr L ( M)andboth grevkguivalent to thesthte DFA,

MO & &, S(d§ @, F),quheredd 6p8)G @, for all ai S. Onthe otherhand, K6 = Q6, t he
L(M) = ®(Mb&)nd= both ar e 8§ dbioy gbgewharedd @a)dM6 6 = ( {

o, for all al S.

Step 3 | fF aAkd-AQB, then do the following.

For k = 0, %uyntil¥=%n.confpheet emni ni mal state DFA equ
machineM, = (Q',S, d, [ao]: , A) , where Q'={[a] | qi Q}, A'={[q]: | qi A}, and for all

al s, d(q]:, a) = d(q,a)}. Use!y ast.

Example 30. Constructing the minimadtate DFA for a given regular language L.
Consider the DFA, M, shown below for L(M) ={ aaa, aba, baa, bba }.
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1o={AL 2 3,46, 78,9, 10], BJ[5, 11]}

A B
d 1 2 3 4 6 7 8 9 |10 5 | 11
alA|A|B|BJ]AJA|IB|BJAJTA]LA
b | AJA|JA]JA|A]JA|IA]A]A]AIlA

1,.={AI1, 2,6,7,10], C:[3, 4, 8, 9], B:[5, 11]}

A C B
d 1 2 6 7 | 10| 3 4 8 9 5 |11
alA|J]C|A|C]A|B|B|B|BJA]A
b | AJ]C|A|C|A]JA|A|A]A]AI|A

1,={A][1,6,10],D:2,7],Ci3,4,8,9], B5, 11]}

A D C B
d 1 6 | 10| 2 7 3 4 8 9 5 |11
a| D|IAJA|]C|C|B|B|B|B|A]A
b DIAJA|JC|]C|A]JA]IA|A]A]A

1;={A[1], E]6, 10], D:[ 2, 7], C:[3, 4, 8, 9], B:[5, 11] }

A E D C B
d 1 6 | 10| 2 7 3 4 8 9 5 |11
a|D|E]J]E]|]C]|]C]|B B|B|B]|E]|E
b bD|lE|E|C|C|E|E]|E]|E]|E]|E

The reader can verify thag =1, Thus! 3 defines the states of the minimal DFA accepting L.

In fact, the transition table constructed ¥grabove is the transition function of the minimal

DFA. The accepting state(s) of the minimal DFA are the classes consisting of acceptirgf states
the original DFA, M. In our example, this is class B. The initial state of the minimal DFA is the
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class containing the original initial state. In the example, thisis A. The state transition diagram
for the minimal DFA is shown below.

z@ﬂ@%@iga

Hughespreferred approach

Another technique to attack this minimizatioriasvrite down a lower diagonal matrix ofh
columnsand r1 rows where n is the number of states in the original automatwcolumns
are labeled 1.4; therows arelabeled 2..nWerefer to an entry or slot in the matrix &g)(f it
is the ith column,-th row. Our goal is to place in X in any slot g where the states are
distinguishable.

Basis:
for i=1to n-1 { for j=2 to n {setslot i,j to contain an Xf one of g ¢ is final and the other is
nonfinal} }

for i=1to n-1{ for j=2 to n { for each & S write downthestae pair(d(g;,a),d( q,a)) in slot i,]

except wherl(g;,a) =d( g;,a) or (d(dx,a),d( gm,a)) = (i,j) or @(ax,a),d( am,a)) = (i), if any pair is
associated with a slot having an X, reset the i,j slot to also have only an X } }

Induction:
for i=1 to n1 { for j=2 to n{set slot i,j to contain an X it contains any pair (k,m) where slot
k,m contains an X}

The above converges when an inductep makes no changes to the matrix. This takes at most
n-1 inductive stepswWhy?).

A naive analysis concludes that each of tHeiterations requires ordefat eps. As | 6ve

out, that is truend so the algorithm is’rbut there is a way tariplement and analyze this that
shows itcan be done an order falgorithm and that is optimal (How and Why?).
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Example 30 redone

Basis
2 (2,4)
(7.3)
3 X X
4 X X
5 X X X X
6 (2,6) | (4.6) X X X
(7.6) | (3.6)
7 (2,8) | (4,8) X X X (6,8)
(7.9) | (3.9) (6.9)
8 X X | (511 (5,11)] X X X
(6,10) | (6,10)
9 X X | 511 (511 ] X X X
(6,10) | (6,10)
10 | (2,10)| (4,10)| X X X (8,10) | X X
(7,10) | (3,10) (9,10)
11 X X X X X X X X X
1 2 3 4 5 6 7 8 9 10
First inductive step
2 X
3 X X
4 X X
5 X X X X
6 (2,6) X X X X
(7.6)
7 X (4,8) X X X X
(3.9)
8 X X (5,11) | (5,11) X X X
(6,10) | (6,10)
9 X X (5,11) | (5,11) X X X
(6,10) | (6,10)
10 | (2,10) | (4,10) X X X X X X
(7,10) | (3,10)
11 X X X X X X X X X
1 2 3 4 5 6 7 8 9 10
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Third inductive step

2 X
3 X X
4 X X
5 X X X X
6 X X X X X
7 X (4,8) X X X X
(3.9)
8 X X |6G11)]| (611 ] X X X
(6,10) | (6,10)
9 X X |6G11)]| (511 ] X X X
(6,10) | (6,10)
10 X X X X X X X X
11 X X X X X X X X X
1 2 3 4 5 6 7 8 9 10
The fourth pass provides no changes, so we convEngeequivalence classes are:
{1}, {2,7}, {3,4,8,9}, { 5,11}, (6,10}
Theorem 2 established that NFAs are no mor e

languages they can recognize. However, NFAs are more compact and succinct than DFAs
because of thpotentialexponential relationship between the number of statpsined for a

DFA to recognize the same language as an NFA. We will return to this issue later, when we
prove that every regular language has a unigue minimal state DFA, up to renaming of the states
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Regular Expressions

Definition 20. The setE(S), of regular expressions ovefis a subset of)* defined

inductively below, wher&' =S C {f, |(,),+,*,® called themeta alphabedf E(S), is assumed
to satisfy:S &£{f, |, (,),+*®=F.

Basis: f,| | E(S)andS1 E(S).

Inductive rule: If e;, & | E(S), then each of the followingtringsis in E(S):

[1] (en)*

[2] (e:1@;)

[3] (&1t &)

Completion: Nothing else is ifE(S) that cannot be obtained by a finite application of the above
rules.

Examples. If S ={a,b}, thenS' ={a,b,f, 1, (,),+,*, The following strings are members of
E(S). From the basid:, | , a, b, are members B{S). From the induction rulesf X, (I )*,
(@)*, (b)*, (F)*, (b+(f)*), ((a) ®), etc., are members B{(S).

The following are not members BI{S): (a), ((*ab

At this pointE(S) is nothing more than a set of strings, a language $vdn our next definition

we assigmimeaningto these strings. That is, for the sake of understanding, think of regular
expressions as npr og rEéSnsDefinition 21twill telhus whatweé dete | an g
when these programs are Acompiledd and fAexecu
regul ar expr essi onalafignag®ayasc Resinition®t intrbduaeg theu t s 0
"Language of" operator, L[Jthat maps eachie E(S)to L[e]| S*, thatis, L[e]:E(S)- 2%,

where 2°, denotes thpower set ofs*, the set of all languages ov@r

Definition 21. Let S be an alphabet and [E{S) be the language of regular expressions &ver
Then each & E(S) describes(defines or specifies) a language, L[e], S\#at is, L[e]l S*)
defined inductively below.

Basis L[f]=F, L[I]={1}, and L[a] = {a}, foreach d S.
Inductive rules:

[1] if e = (x)*, for some xI E(S), then L[e] = L[x]*

[2] if e = (x®), for some x and ¥/ E(S), then L[e] = L[x{D[y], and
[3] if e =(x+Yy), for some x and ¥/ E(S), then L[e] = L[x]C L[y].

Examples.
LI(F)*=L[f]*=F*={I}=L[I]; by[1]and Basis.
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LI( (f+((a.b))*) ®)] = L[(f +((a.b))*)]Q[f] by [2]
= L[(f +((a.b))*)]& =F by Basis and Proposition 1(1).

Observe that L[e] = L[f] is possible even though & Also observe that it is important that the
inductive rules be applied properly. To this point consider the expression e @)p+{bone

attemps to apply rule [2] to this expression, then x must equal "a+(b" and y must equal "a)". But
since these strings are not valid regular expressions, rule [2] does not apply. The only correct
decomposition of e is obtained using rule [3].

Theorem 7. For every e E(S), L[e]is a regular language ov8r

Proof. Define #(e) to be the number of occurrences of the operator symbol€Yfne. We
will prove by induction on #(e) that L[e] is regular.

Basis #(e) = 0.

Then by Definition 20, e musklong toS € {I , f}. From the Basis of Definition 21 we obtain,
Lle] = L[a] ={a}, foral S, L[e] = L[f]=F, or L[e] = L[| ] = {I }, respectively. But by
Theorem 1, every finite set is Regular. Thus the basis case is true.

Induction Step: IH: Assume L[e] isregularif 0 #(e)¢ k, f or some k. Consi
#(edb) = k+1. Then ed has at | ea€t amnde sooc cewr rn
be of one of the following forms:

(@) (X)*, where #(x) = k

(b) (X@), where #(¥ ¢ k and #(y)¢ k

(c) (x+y), where #(x¥ k and #(y)¢ k

If (a) holds, then by Definition 21[ 1], L[] ed]
L[ ed6] Q=[ ][.x] 1 f (c) holds, t he&iylblyeathedse byi t i on
our induction hypothesis, L[x] and L[y] are regular and thus, in each case, by Theorem 4 it

foll ows that L[ed] is regular. This conclude

Theorem 7 has established that L[e] is regular for every regular expres$hém mow state and
prove that the converse is also true, demonstrating that regular expressions define another way to
characterize or define regular languages over some given alphabet.

Theorem 8a. Let Rl S* be a regular language. Then there is a re@®pression, gl E(S)
for which L[ez] = R.

Proof (sketch).

Since R is regular, R = L(M) for some DFA, M = (®,, , ©dA). The method we shall

introduce for converting a DFA to an equivalent regular expression is based on the idea that a
regular expression is a description of the set of possible "paths" from the initial state of the DFA
to some given destination statieet n = |Q|, the number of states of M. Then for each state k,

1¢ k¢ n, define

Le={x1 S* | d'm(do, X) =k}
10/27/2009 Page20



COT 4210 Finite State Automata © D.A. Workman

Lk is simply the set of input strings that leave M in state k. From this it easy to see that L(M) is
just the union of the setglwhere ki A, the set of accept states of M. We state this formally

L(M)=8 L,

ki A

by

Now, the goal of our approach is to construct a regular expresssoctethat L[g = Ly, for

each state k of M. To do this we define a system of n equations in n unknownsnugre
number of states of M and the unknowns are the regular expressidné le ¢ n. The equation
for e is generally a recursive equation that describes how to obtain "new" stringmitetms

of existing strings in L, L,,  én,condatenated with symbold & that satisfy the relationship:

k =d(, a). This is illustrated by the example DFA given below in the form of a state transition
table.

Example 26. Transition Table for DFA, M

d a b
-1 1 2
2* 3 4
3 4 1
4* 2 3

Consider k; as an example. Clearly bal; becausel y(1,ba) = 3. Also observe from the TT

thatd(2,a) = 3 andal(4,b) = 3. So, this implies thatE L{a} C L4{b}. In other words, any

string that will leave M in state 3 must be formed by concatepatii a 06 on t he ri ght
string that | eaves M in state 2, or by concat
M in state 4. We can define a similar relationship for each of the four states of M. Specifically,

Li=Lifa} C Ls{b} C{I}.
L, = L]_{b} C L4{a}.
Ls= Lz{a} C |_4{b}
Ls= Lz{b} C L3{a}.

The equation for Lhas an extra term because it is the start s&itde 1 can be reached by the
null string because that is the state in which M begins. Observe that L(My£J. This
relationship holds because states 2 and 4 are the accept states of M.

This set of equations above can be translated into an Inductive Definition for L(M) as follows.

Basis || L1. Lo=Ls=Ls= F.

Inductive Rules:

[1] if x belongs to k, then xal L;and xbl Ly
[2] if x belongs to k, then xd Lsand xbl Ly;
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[3] if x belongs to k, then xd Lsand xbi Li;
[4] if x belongs to L, then xd L, and xbl Ls;
Completion Rule: Nothing belongs to L(M) that cannot be added {@ILL, by finite
application of the Basis and Inductive Rules.

Returning to our goal of constructing a regular expression for L(M) we translate the set equations
given earlier into equivalent "regular expression" equatimgufar equationgor short) by

replacing Ly be &, {a} by a, foreach & S, {I } by | , and finally, 'C" by "+". For our example

we obtain

e=ga+eb+l.
[1] e=eb+eaa

€= ea + ab.

&= &b+ ea.

Furthermore g = & + &, where L(M) = L[g4]. Our problem reduces &olving this system of
equations for £ e, &, and g purely in terms of the symbols {a, b} and the operators

{+,0*}. This can be done with two algebraic tools. First, ordinary algebraic substitution of
equals for equals. For examplecan bereplaced in the right side of equations fgegand g

by the expression {le + ga) to obtain:

ee=eat+eb+l.
[2] &= (&b +ea)a+eb=gba+aaa+eb=gba+a(aa+h)
&= (&b + @a)b + ga = @bb + @ab + ga

After substitution, the@xpressions can be simplified by applying the law that concatengtion (
distributes over union(+). Factoring out common expressions is also a useful technique at times
by applying this distributive law in reverse.

By making the above substitution fer; we have reduced the set of equations to just three
involving only the unknowns;ee; and @. Note that reducing the number of unknowns is only
possible if the expression replacing a given variable does not involve that vatladtlés, the
expreswn is not recursive in the variable being replaced. Applying this principle to the
remaining three equations we see that only the equation [2] fonenrecursive. So, by
replacing e we can reduce the set to just two equations and two unknowhewas below.

e; = ea+ (gba + qaa + gb)b +I = @a + qbab + gaab + gbb +|
e, = ebb + gab + (gba + gaa + gb)a = @bb + @ab + gbaa + gaaa + gha

Collecting terms for the same variables we have:

e = @a + gbab + gaab + gbb +| = g;(at+bab)+gaab+bb)+
e, = ebb + gab + gbaa + gaaa + gha = g(ab+aaat+ba)+€b+baa)
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The resulting set of two equations will not simplify by algebraic substitution since both equations
are recursive. To break the recursion and be able to fewltlee remaining unknowns, we must
apply the result of the following lemma.

Lemma 4. Let A,B,X be any subsets & satisfying X = XAC B. Then

(@) if IT A, then X = BA*
(b) otherwise, BA* is a subset of any X satisfying this relation.

Proof. See 8lutions to Problem Set #1.
In terms of regular expressions, Lemma 4 can be rephrased as Lemma 4.
Lemma 4'. Let A,B,X be regular expressions ov&gatisfying X = XA + B. Then

(@) if 1T L[A], then L[X] = L[B]L[A]* = L[B(A)*]
(b) otherwise, L[B(A)} is a subset of L[X] for any X satisfying this relation.

Applying Lemma 4' to the equation for @here X = g, A = (a+bab) and B =,aab+bb)+ we
obtain:

[3] e1 = ((aab+bb)+ Yatbab)* = g(aab+bb)(a+bab)* + (a+bab)*
Now we can substitute thexpression for £into the equation for,g0 obtain:

e, = e(ab+aaa+tba)+¢aab+bb)(a+bab)* + (atbab)*) (bb+baa)
= g(ab+aaa+ba)+sab+bb)(a+bab)*(bb+baa) + (a+bab)*(bb+baa)
= g((ab+taaa+ba)+ (aab+bb)(at+bab)*(bb+baa)) + (atbab)*(bb+baa)

Finally, applying Lemma 4' to this equation we obtain:
[4] e, = (a+bab)*(bb+baa)((ab+aaatba)+ (aab+bb)(atbab)*(bb+baa))*

This is the final expression fog.eTo obtain the final expression forwee must substitute the
right side of equation [4] backtimthe right side of equation [3] . To obtay) we substitute the
final expressions for;@and q into the right side of equation [2]. Then finally, to obtain the final
expression for g we substitute the final expressions foard g into the righ side of equation

[1]. The final expression forgecan be obtained in a similar fashion from the final expressions
for e and a.
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The form of regular expressions given in Definition 20 is somewhat cumbersome because every
operator occurrence must berpaith a matched set of parenthesis. By defining the following

rules of operator precedence and associativity, and by making the concatenation operator
implicit, we can greatly simplify the form of regular expressions.

Operator Precedence and Associatity Laws for Regular Expressions

[1] "+" <"O < "*" ("+" has the lowest binding strength, "*" has the highest )
[2] all operators are left associative

Definition 22. A regular expression, r, is said to be reduce if and only if brr has no
occurence off , and, subject to the above rules of operator precedence and associativity, r has no
unnecessary parentheses.

Theorem 8b. ( KI eceM=(Q,S,dTdh,éApbe @ DFA. Then there is a
reduced regular expression guch that Hey] = L(M).

Proof. Without loss of generality we can assume the following about M. Q,={q &}, ¢

wherer® 1, qgi s the initial ¢sktda<t e#Aandkd.or|Fsandneh &, w
A, Q. Forin the former case, L(M)E, and & =f. In the latter case, L(M) S*, for some

S={a, & én,themform2 2,ey = ( (1€a)Had é PHaandform=1ey = (a)*

For 1¢i, j ¢ nand 0¢ k ¢ n define the seR¥, = {x I S*| (g, )Y " (g5 x)"Y " (] )
implies s¢ k.}. In words, R'fj = the set of all strings that cause M to transition from steteq

under the constraint that if M entersiatermediate stateg, then the indes cannot exceed the
parameter k. The graph below illustrates a typical sequencensitivas for some X R‘fj .

states

—+ | beginandend
-T- states @

 bound = K

g, -

4 intermediate

% states o

q2_ - - - - - - - - -

(0 P el S S S
———————+—+—4———+++t++++—
ARG KRR}, Ay Input

We make three claims that will be proved by induction on the parameter k.
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(1) R, is regular
(2) RS = RS" € RE(RED) kv_il, for k > 0.

(3) R'f]. =L q'fj ], for some regular expressioq'jj :

Basis R’ ={al S|d(g, a)=q},ifi , jandR} ={I}C{ai S|d(g, a) = q}. Since both
these sets are finite, it follows that both are regular. It is straightforward to show that,
L[e’;1=R’ , where €, =a,or=(...(a; + a) +...a,), whereR?; ={a'} or={ a., ay, ...y} for somem? 2.

L[e%]1=R% ,whereel; =/,or=(...(/ +a;) +...ay), whereR% ={/} or={ a;,, a,...,ay} or somem 1.

Inductive case:To see that (2) holds when k > 0, considérR", . Clearly,R"'l R, follows

by definition ofR"; . So, consider k R, for which M enters state,@ne or more times. This
situation is depicted in the graph shown below.

states _
e ST NS N T S S S S S

beginandend : 1 i | intermediate
statess SR stateso

A

. bound = k'

= - D

: o <§X4§ 5
—H— -+t
Q& KAY &G A T8 Qg Ao Input

k-1

Itis easy to see that k R", %, X3, and %1 RS, and xi RS?

e
as an intermediate state only once, thénR;* R"and if entered more than once

x I REHRSHTRE. Thus X RGH(RSH) RS if gwis entered one or more times as an

Clearly, then, if gis entered

intermediate state. If it is not entered at all as an intermediate statd, fﬁ?ri]x Thus claim (2
is established.

By our induction assumption that (1) and (3) hold fdr, kt follows that R'fj must be regular by

TTheorenT 4 (regular languages are closed under finite concatenation, Kieand finite
union) and can therefore be expressed by theaegupression:

e, = (65" + (¢ Qe )* )& M). Thus our claims are established.
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To complete the proof of tHEtheorenT, we observe that L(M) =8 R'; , where A is the index

fil,

set for A. Thus the regular expressiom & (@ (€];)), and theTtheorenT is proved.

fil,

Example 27. Consider the DFA shown bel&#F.

The table below shows the valuesl%;‘fj for values of k = 0,1,2 and all values of i and .

k=0 k=1 k=2
le,l | | (aa)*
le,2 a a a(aa)*
R, b b a*b
Rs,l a a a(aa)*
< I | +aa (aa)*
RY, b (I +a)b a*b
R, f f (at+b)(aa)*a
ng:z a+b a+b (at+b)(aa)*
R}, I I | +(a+b)a*b

Now L(M) = R},C R’, (M has accepting states 2 and 3), where

R, = R, C R%(RZ,) RE, = L[(a(aa)* + a*b( +(a+b)a*b)*(a+b)(aa)*)]
= L/[(a + a*b((a+b)a*b)*(a+b))(aa)*]

Rigjs = R123g R123( R3?,3)* Raz,s = R12,3(| + (R323)+) = R123( Raz,s)*
= L [a*b((a+b)a*b)*]

ev = ((a + a*b((a+b)a*b)*(a+b))(aa)* + a*b((a+b)a*b)*)

! This example was adapted frdformal Languages and Automata Thedsy Hopcroft and Ullman.
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Important Applications of Regular Expressions

Regular languages and consequently, Regular expressions, have many applications in string
processing, decoding or parsing. Perhaps the most obviddaraitiar application is in the

specification of programming languages. Specifically, the structure or syntax of programming
languages is defined at the lexical level (atomic level) in terrakehs A Atokenodo i s
abstraction of a lexical featurgych asidentifier, reserved wordreal literal, operator, etc. In

short,a tokenmay be thought of as the setadif strings, permitted by the programming language

to represent a valid lexical element of a given kildthe design of modeprogramming
languagestokens are always Reqgular languages

Compiler designers have used this fact to advantage in developing tools to facilitate writing and
testing compilers. The diagram below illustrates two important steps in the process ofercompil
development: design and implementation of the lexical analyzer, design and implementation of
the syntax analyzer.

Symbol
—) Table
- semantic
information
source
lines tokens

L]

BNF

Grammar

YACC

Token
Specs

Figure 5. Compiler Development Using Lex and Yacc

The standard UNIX tools, Lex and Yacc, are examplgsajram generators Program

generators are programs that take as input a description of a computational process, and output
the actual code of a program that realizes that process. Lex takes as input the specification of all
tokens defined by a given programming language, outputs a C program that will translate
source text into a stream of those tokens. F
the Lexical Analyzer produced by Lex might translate this string into IDENT(X) OP(=)

IDENT(A) OP(+) IDENT(B)DELIMETERC(;). Token specifications are input to Lex in the form

of Reqgular ExpressionsSimilarly, Yacc is a program generator for syntax analyzers or parsers.
Yacc takes as input a specification of the programming language in the form of-2 TBNE)
Grammar, where the terminal alphabet is the set of tokens identified by a Lex generated
program.

The use of such tools greatly reduces the amount of effort necessary to build teadront
components of a compiler (Lexical Analyzer and Parser). Theayopiler system is designed

to exploit this philosophy to the fullest. Gcc provides Lexical Analyzers and Parsers for a
variety of | anguages ( C, C++, Ada, ¢é ), al |
Without tools like Lex and Yacc, rapaevelopment of new languages would be much more

difficult.
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Pumping Lemma for Regular Languages

We have completed our study of closure properties of Regular Languages and various formal
systems for defining or describing them. The question we wisbngider next is, how can

nonRegular languages be identified? The first such tool ipuhging lemma for Regular

languages It defines a key property possessed by all Regular languages, specifically all infinite
Regular languages (for it is only thdinite languages that can be rRBegular). As a logical
assertion, it sYatbeéssthpaoperfiy P®.redlelgating
iL does not Yhlavies pmmtp er & g u Hpasitive éorm thattis uselint he c or
proving languages to be ndétegular. That is, typical proofs using the Pumping Lemma assert

that a given language, L, is Regular, and then proceed to obtain a contradiction by showing L
does not have property, P. thé&vgtabemént ofourméxa i n wh a
TtheorenT.

TTheoremT 9 (Pumping Lemma for Regular Languages(PLR)).Let L be a Regular
language oveB. There exits a positive integardepending only on L, such that for every x
L with

|X|?2 a, then there exists a decomposition of x in the fauw, where |uvf a and |vP 1, such
that for every value of k 0, uw i L.

The fAiproperty PO of Regular | anguageas describ
associated with each regular laage, L, such that all strings, belonging to L and having
length at leasa, define an infinite subset of L, denoteg tefined by

L, = { uv*w | k2 0, where x = uvw for some strings u,v,w satisfying fuajand [vp 1}

The figure below illustratethis concept.

o >0 Long ([x] »>= )
strings of L

Lx)={z |z=uvkw, k=0,
where x = uyw and |v| > 0 and
Juv| = e}

Short
(x| < a)
strings of L

NOTE: You may be wondering about finite languages. Since the PLR applies to all Regular
languages, how does the result hold for finite Regular languages? The answer is that the value of
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a for finite languages, L, is always greatiean the length of the longest string in L; all members
of a finite | anguage are therefore considered

Before proving the PLR we apply it to an example. We had stated earlier that certain languages
were known to be neRegular witlout giving any proof. One of these is L ¥4 nz 0 }.
Using the PLR we now supply the proof.

Corollary PLR-1: L={a"" | n2 0}is nonRegular.

Proof. The proof will proceed by contradiction. Suppose L is Regular, then the conclusion of
thePLR must hold for L. In particular, consider x2b&i L (alongmember of L), whera is

the parameter defined for L by the PLR. To obtain a contradiction we must shder teath
dskcomgositiorof the selected long string x in the form uuivereexists a kK 0, such that

uvwl L.

It is really easier to think of applying the contrapositive of the PLR,

Al f ~P( L) R(St. hoe n TLhpesiticedtheorenal takes the following form;
that is, show:

(a) Ifforall a>0,

(b) there exists ¥ L for which |x| 2 a, and

(c) for every decomposition of x in the form uvw, where |ua and v, | ,

(d) there exists a K 0, such that u¥w T L,

(e) Then L is not Regular!

Applying this proof template to our example we have:

(a) Let a > 0 be given, and consider

(b) xi L where x =&?b® (|x| = 2a)

(c) Let x = uvw be any decomposition of x, where |ud{a and |v| > 0. Then v = &for some
p,1¢ p ¢ a. Furthermore, uv*w =& ® P2 for all k2 0.

(d) For any value of p >0 and any k, 1, u/wT L. Thus for every decomposition of
X = uvw there exists a I 0 for which uv*w T L and we conclude,

(e) L is not Regular!
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Proof of PLR.

If L is Regular, then L = L(M) for some DFA, M = (@, d, go, A). As a candidate fahe
parameterd" associated with L we choose the number of states of M, that is, coastd€)|.
If x I L and |[xP a, then let x = g€ ay,, where n? a. Consider the computation of M given by

(0o, @€ an) Y m (L @€ an) Y M€ G, @+1€ an) (Y w)* (@m )

Because M has only states, one of the states in the sequepo®,q €, musgbe repeated.
Let g be the first such state angbe its second occurrence in this sequence. Then the above
computation can be written in the following form ($kee figure below), where w =, and

W2 = 8,+1€ an in the following.

(Go, uvw) (Y wm)* (@i, vw) (Y wm)™ (0, Waws) (Y wm)* (Qa, @+1€ am) (Y m)* (Om, | )

Observing that the state subscript corresponds to the number of symbols M must read to reach
that stateit follows that |uv| = £ a. Furthermore, becausg ¢ an accepting state, and by our
definition of q and g, it follows that 1¢ |v| ¢ a and each of the following is an accepting
computation of M.

(Go, uw) (Y wm)* (ai, W) = (g, W) (Y m)* (Ja, &a+2€ @) (Y m)* (Qm, )

Fork>1, ) . L
(dor UV W) (¥ w)* (Gi,v'w) (¥ w) (0, V'w) = (@, V') (Y W) (c, W)
(Y w)* (da, &+1€ an) (Y w)* (@m, |)

Thus for all values of K 0, it holds that Uw i L. To complete the proof we note that the above
argument is not dependent upon any properties of M other than the number of ita st8ies,

we could have chosen the smallest such M. Consequently, the pararasseciated with L is

the number of states in the smallest DFA accepting L.
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Corollary PLR-2. L={a™ |where? 0 and f(i) =f.}={1, a, aaaa, aaaaaaaa,
Regular.

Proof. Once again let us use the template of the cposiive veron of the PLR.
(a) Ifforall a>0,

(b) there exists ¥ L for which |x| 2 a, and

(c) for every decomposition of x in the form uvw, where |usa and v, | ,

(d) there exists a K 0, such that u¥w T L,

(e) Then L is not Regular!

(a) Leta > 0 be given, and consider

(b) x = d” where i is chosen so that 2i + 1 a,

(c) Let uvw be any decomposition of x, where ¢ |v| ¢ a. Then clearly v = & for some p
satifying: 1¢ p ¢ a, and uv*w = @&,

(d) For k = 2, we have utw = dV*P. But f(i) = i2 < f(i) + [v| ¢ i® + a < f(i+1) = (i+17° = i’ + 2i
+1 =f(i) + 2i + 1. Thus utw 1 L for any value of p satisfying:1¢ p ¢ a.

(e) We may thus conclude that L cannot be Regular.

Exercise 12. Show that each of the following languagesas-Regular using the PLR.

@L={db"| 0¢ n< m}

(b)L={ab™ | m, n,0¢n, m}

() L={x#c | xi {a,byrandk=|xk or k=|xp} | {a,b,c,#*
(d)L={x#x | xI {0,1}"}

e L={x | x {abc} [xla=[xb}

() L={ab}* C{c}"{aw"|n2 0} ‘

(@) L={x#c | xi {ab}*andk=2|x}1 {ab,c #*

(h) L ={x#c | xi {a,b}*and k =2|x}+5|x}} | {a,b,c,#*
(i) L={0"0™0| nm,k2 0and n+m =k}

() L={0"0™0| nm,k2 0 and n+k=m}

(k) L={a"0"|nis odd}

Proof of (b)
We copy the proof template and fil] in the #fb

(a) Leta >0 be given,
(b) consider x = &b *3{ L. Clearly, |x| 2 a, and
(c) every decomposition of x in the form uvw, where |ula and v, | , implies
v =2, for some p,1 ¢ p ¢ a. Furthermore, for every k2 0, u/w = g**-Drpa *a

[
(d) Choosek :1+%‘ (k must exist because p is a factor @!). Then (k-1)p =a! and

uvw = @@ pa*aq L.
(e) Thus, L isnot Regular!
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Another tool for identifying nofRegular languages is the use of closure operations on Regular
languages. This is stated formally in our nEtkteorenT .

TTheoremT 10. Let L be a known noRegular language, let}RR,,  €,,1 beRegular

languages for A 1 , and finally, | et LOo6g( bR,Rs ordg), IRanguag
where
:R3R3é 3R - Risannarycl osure operation on Regular | an

Proof. I f L6 i s ReaQuRR,®Rsyé, tRmestbelRegalar, butthisisa
contradiction to the assumption that L is known to beReng u | ar . Thus LO6 must
Regular.

Example 28.

(@) LetL={ab"|n2 0}andletRl L be finite. Then by Theorem 10,-IR is non
Regular. This follow trivially from the fact that L = lR) C R. R is Regular (it is
finite) and Regular languages are closed under union. Since L is a knovRegolar
language by Corollary PLR, it follows that R must be nofiRegular.

(b) LetL={a™®m"|n20 } andi {&F | X.F|xXbk . T h e ARedular since n o n
L = /ZR,dvhere R = {@}*{b}*. Itis obvious that R is Regular, and L is known to be
non-Regular. Since Regular languag®e closed under intersection, it must follow by
Theorem 10 -Reguat. L6 1 s non

Exercise 13. Show that each of the following languages is-Ragular using only Theorem 10,
Example 28, and Corollary PR

@L={0b" | 0¢ n< m}

(b)L={a"0" | m, n,0¢n, m }

() L={x#c | xi {ab}andk=|xk or k=|x}} 1 {ab,c,#*
(dL={x# | xi {0,137}

e L={x | x {abc} [xla=[xb}

() L={ab} G{c} @B’ [n2 0}

(@) L={x#c | xI {a,byrandk=2x4}1 {ab,c,#*

(h) L={x#c | xI {a,byand k=2[x}+5[xp} | {a,b,c,#*
(i) L={0"10™0‘| n,mk2 0and n+m =k}

() L={0"10™0‘| nmk2 0and ntk=m}

(k) L={a"0" | nis odd }

Proof of (f). L(f) is danguage that cannot be proven to be-Regular using the PLR!
Li=L¢ A{c} {ap{b}* ={c} {a™"|n20}

L. = h(L1), where h is the homomorphism given by h(a) = a, h(b) = b, H(c) =
L,={a"0"| nz 0}
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Myhill -Nerode: An Algebraic Characterization d Regular Languages

We have characterized Regular languages in terms of NFAs (DFASs) and Regular Expressions. In
Section A we also stategresentlywithout proof) that Regular languages are also be defined by

Left- and Rightlinear grammars. With so maeguivalent representations for the family of

Regular languages, one is led to wonder if there are any other ways they might be characterized.
Also, as we have seen from Exercise 12(f), the Pumping Lemma is not an absolute test for

Regular languages, thiat there are some ndRegular languages that cannot be proven so using

the PLR.

This raises the question:iser e a propeRtiysPBRegutchArthatand on

Myhill and Nerode have given us an affirmative answer to this questibair celebrated result

is stated below as Theorem 10 and is one of the most elegant results of language theory.
Theorem 10 is important for three primary reasons: (1) it gives a purely algebraic
characterization of Regular Languages distinct from gramauad automata, (2) it gives an
absolute test for distinguishing Regular from 1Regular languages, and (3) it provides the basis
for constructing the minimadtate DFA recognizing a given Regular language.

To help build your intuition about the concepts central to the proof of Theorem 10, consider the

problem of reducing the number of states in a DFA, M =§@, ¢, A). We know intuitively
that not all equivalent DFAs have the same number of states.isTdemonstrated by a trivial

example. Consider M and M' illustrated in the figure below. Itis clear that L(M) = L(B¥) =

© .0

For any DFA, M, and any statel qQ, we can define two sets of strings determined by g. The

first set we shall denote ag R{ x | d (go,x) = q }. Thisis just the strings that leave M in state q

- you were introduced to this set in Theorem 7 when we solved a system of regular equations to
obtain the regular expressiopthat satisfies L[g = R;. The second set determined by q4s S

and is given by &= {x | d'(q,x)I A}. These are the strings that would allow M to accept,

once M has reached state q. Given these sets, the following is true about L(M).

L(M) = 8 R,S,
di Q
Now suppose that,S S; for two distinct state g and g'. To see that this is possible, reder to
machine M above. Clearly$ S, = S*. However, assuming g and q' are both reachable states
of M, then it is never true that,R Ry, in fact R ARy =F. For suppose thatix Ry £Ry.
Becausal v is a function we havd v(go,x) = q = g',contradicting our assumption that g and g'
are distinct. The consequence of the fact that §; is that the equation for L(M) can now be

B
ooo

LM)=& 8RS,8C (R CR,)S,

p=p
Q-{a,a} :

Lo
-

written as:

This says that, with respect to what M will eventually accepts, there is no difference in the
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behaviorof M once it reaches g or q'. We say that q and ghdistinguishableRestating, we

can merge q and q' into one state by "rewiring" M in the following way, Ifps any state in Q
andd(p, a) = g, then redefine the transition to go to q instiadjs, redefinel(p,a) = q. Then,
remove ' from M and any other states that might become unreachable as a result. If one of g
and q' is g then remove the state that is ngtAfter this rewiring, B(new) = R(old) C

Rq(old). §(new) = §(old) and L(Mnew) = L(Moig).

This notion of indistinguishability (5= &) is central to MyhilNerode and to the algorithm we
present later for merging indistinguishable states.

Theorem 11 (Myhill-Nerode). The following statements are equivalent:

(a) L is a regular language ov@r

(b) L is the union of some of the equivalence classes of somamghtant equivalence
relation of finite index.

(c) The equivalence relatid®_ defined onS* by: x R. y if and only if" (zI S*)
[xz[ LU yzi L], has finite index.

The proof will be established by showing thatYalb) Y (c)Y (a). But before doing the proof
we review definitions and properties of equivalence relations on sets.

Definition 23. Let S be a setarlll S3 S (Eis a relation on S). Thdais said to be an
equivalence relation if and only if:

(1) Eis reflexive for all xI S, (x,x)I E;

(2) Eiis symetric (x,y) [ EY (y,x) | E; and

(3) Eistransitive (x,y) I Eand (y,2)| E Y (x,2)I E.

An equivalence relatiok is said to beight-invariantwith respect to a binary operation
q:S3S- Siff (x,y)I EY "zI S, (xz, ygz)| E. Leftinvariancecan be defined in a
similar fashion. FinallyE is said to be aongruence relatiomith respect ta if it is both left
and rightinvariant with respect tq.

An equivalence relatiok on S partitions S intequivalence classesThat is, S can be expressed
as the union of the equivalence classes with resp&ct fn equivalence class denoted

[Xleand = {y | (x,y)i E}. SinceE is symetric and transitive, [xF [y]e where x and y are any
two distinct members of the same class. Finally, if (k,¥8 then[x]e £[y]le =F .

Example 29. Modulo nis a congruence relation on the set of integers. That isi(y)f and

only if there is an integer k such that x = y3k. The equivalencellcl asse
Observe that (0,3) 13 thatis, 033 because 3 =0 +# 8. The concept aight-invariance

with respect to multiplication implies that if (x,i)* 3 and z is any integer, then{x, y3z) |

15 Toillustrate let z = 7, then (0,B)* 3 implies (37,3 7)1 t30r (0,21)i 13 Since 21 =¥3,

it follows that 21 = 0 + ¥3 and thus (0,21)) 1.

An equivalence relation is said to hdirate indexif the number of distinct classes is finite, else
the relation is oinfinite index Mod-n has finite index.
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Lemma 5. LetL 1 S*, then the relation Ris a right invariant egjvalence relation o6*,
where (x,y)i R if and only if* zi S¥[xzi LU yzIi L].

Proof.
(a) R isreflexive: this is a trivial consequence of the definitiorRpf- replacing "y" by "x"
produces a tautology.

(b) R is symetric that (x,y)i R and (y,x)i R should again be obvious since logical
equivalencel{ ) is symetric. Specifically, zi S*[xzi L U yzi L] holds if and only if
"zl S yzi LU xzi L]. Butthisimplies (y,x) R..

(c) R is transitive if (x,y) and (y,z)i Ry then for all wi S*, xw, yw, and zw are all in L or all
are not in L. In particular, it is true that xw and zw are both in L or are both not in L for all w.
Thus (x,2)i R..

(d) R_ isright invariant with respect to string concatenatiom show right invariance we rau
show that for any 01 S*, (x,y) I R implies (xu, yu)l R(; to this end let w S* and consider

xuw and yuw. Since (x,}) R. if follows that for any 4 S*, xz and yz are both in L or both

not in L. In particular this is true for all z of the form umhere wi S* is arbitrary and u is

fixed. Thus, for all Wi S*, xuw and yuw are both in L or both not in L and we have established
(xuyu)l Ry.

Proof of Myhill -Nerode.

(@Y (b)
If L is regular, then L = L(M) for some DFA M = (@, d, gv, A). Definethe relation g on S*
as follows, (x,y)l Rw if and only ifd w(go,x) =d m(do,y). Thatis, x and y are related by R
and only if both define computations of M that end ingame stateWe now show that \ris a
right invariant equivalence relationtlirespect to string concatenation.
(1) Ry is reflexive d u(q0,x) =d w(do,x). Follows from reflexive property of equality (=).
(2) Ry is symetric d*lw(qo,x) :d*y(qo,y) iff d*M*(qo,y) :d*M*(q01 x) by symetry of
(3) Ru is transitive d m(go,x) =d m(Go,y) andd w(do,y) = d m(0o,z) implyd wm(go,x) =d w(do.2)
by the transitivity of "=".
(4) Ry is right invariant for any zi  S*, d wm(go,xz) =d wm(d m(go,x),z) =d m(d m(0o,Y),2)

=d m(0o,y2), if d'm(go,x) =d m(go,y). Thus (x,y)l Ry implies (xz,yz)i Ry , for all zi S*.

>
I

To complete this part of the proof we note thgtiRof finite index. Specifically, each state of
M defines an equivalence class,q¥l{ ¥ | Du(do,y) = q}. So, Ry is of finite index and we
finally observe that I= 8 [y], -

qi A

(b)Y (c) We assume that L is the union of some of the equivalence classes of a right invariant
equivalence relation of finite index, say E. From Lemma 5 we have already established that R
is a right invariant equivalence relation, so what remains is to show tha tisavfRinite index.

We do this by showing that for allixS*, [x]el [X]g . If we can show this, then the index of

R can be no larger than the index of E. This holds becaash equivalence clagd] R, » Of
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R_ contains one or more equivalence classaesdkE.

To the contrary suppose there is some fich that [x¢ /£ [X]g . F and [xE- [X]g . F.

Then let ul [x]e- [X]r and vi [x]e £[X] . Because u and v are not in the same

equivalencelass under R it follows that there is aizS* such that u4 L but vzi L. Now, by
assumption, L is the union of some equivalence classes under E. Thus uz and uv must belong to
different equivalence classes under E. But because E was assumed toibeaiigimt, and

because u,V [x]e, it must be the case that uz and uv belong to the same equivalence class under

E. Thus we have a contradiction and it must follow that for every x, t@&E[)[]X] r =F or
[X]e- [X] r. = F. Thisimplies that E is a refinemesftR_ and must therefore have an index no
smaller than R Thus R is of finite index.

()Y (a) Now we assume that Rs of finite index. We define a DFA M= (Q, S, d, gy, A)
where Q = {{X]g | xI S*} the set of equivalence classes undeiisa finite set,

qo=[/]g_, the class containing the null string, A ] | [X]g 4L , F},
d([X]g , @) =[xalg ,forall [X]g | Qandd S.

To show this definition is valid, we must show that L is the union of some of the equivalence
classes of Rand that is a function and not a muftialued relation. To show that L is the union
of some of the equivalence classes, we observe that if u,v are any two distinct members of

[X] r . then uz and vz are both in L or both not in L for dllg*. In particular then, tfsi holds

for z =1 . Thus either u and v are both in L or both are not in L. Consequently,
[X]g 1 Lor [X]g £L=F,forall [X]g T Q.

To showd is a function, let u and v be any two distinct member[sXﬂfRL and letd S. By the

right invariance of R(Lemma 5) we havpudz =[Vva]g . Thusdassigns only one state to a
given member of €S and is therefore a function.

To complete the proof we note that L(QVE L. This follows from the fact thaf (o, x) =
d([/]g ,x)=[X]g | Aifandonlyif [X]g 1 Lifandonlyifxi L. This fact follows by
induction on [x| from the definition of

Finally, we note that from the proof @f) Y (b) that every DFA for L has no fewer states than
the number of states in M This follows from the fact that the number of states insvexactly
the index of R together with the fact that the proof(@ Y (b) implies that for any DFA M for
which L(M) = L, the index of g = number of states of M index of R. Thus M, is the
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Constructing M

To construct M we observe that given any DFA, M, accepting L the equivalence relajios R

a refinement or Aappr oxi ma Thuowedavdtoidentfiye equi v a
equivalence classes undey Bhat are subsets of the same equivalence gladsr R. The

diagram below illustrates graphically what this means. For example, states g in the

machine M define equivalence classes gftRat merged into one equivalence class of R
represented by the singlMe state g6 of the min

Given that equivalence classes of these two relations really represent abstract states of their
corresponding DFAs, it follows that we want to determine when two (or more) states of M are
equivalent to the same state of MThis suggests our nedéfinition.

Definition 24. LetM = (Q, S, d, gp, A) be a DFA, and le;, ¢ I Q. Then the relatioh is
defined on Q as followsy, * quif and only if* zi S* [d'm(gy, 2)i AU d'w(a, 2)i Al

Notice the parallel with the definition of.R That is, (x,y)l Ry if and only if" z[ S*, xz and yz
are both in L, or both are not in L. Heregd w(go,x) and @ = d w(go,).

Corollary -24a ! is an equivalence relation on Q. Furthermaqgé, g, if and only if " x | S*,
dm(gz, X)* d w02 X).

Proof. Itis trivial to show that is an equivalence relation on Q. This we leave to the reader.
By Definition 24, g g, if and only if" zi S* [d m(quz)| AU du(gx2)i Al

This holds if and only if x,y | S*[ “@(quxy) | A U d'w(agzxy) [ A]ifand only if" x | S*

"y ST “ddm@x)y) i AU “d(dm(@x).y) i Al if and only if
"X S dm(g,x)t du(ge,x)]. QED
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Corollary-24b. If g, g and x and y are any strings® for which d u(do,x) = 0. and
d m(0o,y) =0z, then (x, y)i R.. The converse is also true.

Proof. Again by Definition 24, gz if and only if" z1 S* [d'm(q,2) | AU d'u(gzz)i Al

By assumptiorl w(do,X) = g1 andd w(go,y) = 02, SO we havey, t o if and only if* z S*

[0 m(d m(00X),2) I AU d'w(dw(goy),z)i Al. But by properties off v , this holds if and only if
"z S*[d'w(qoxz) | AU dwm(geyz)l Al. And this holds by definition of membership to L =
L(M)ifand onlyif " zi SX[xz | LU yzIi L]. But this last statement is just the definition of
(x,y)I R.. QED

The nextTheorem gives us an iterative algorithm for computing the relatmmthe state set of
a given DFA, M. It also establishes that the minimal state DFA accepting L(Mecderived
from?® by treating equivalence classes [@s states of this machine.

Theorem 12.LetM = (Q, S, d, gy, A) be a DFA and for all K 0 define the relatiohx on Q as
follows: a1« qp if and only if* z 1 S** [d'w(quz) | AU d'w(a.z)i A]. (Wesay that gand g
areindistinguishableby strings of length k or legsThen

(@) o ={Q-A, A} and for each B 0,q; ' «+1 02 if and onlyq; * « g2 and if for every
al S, d(qi,a)t « d(gp,a); and

(b) for some ¢ n-2, where n is the number of states intM; i ; and finally,

(© M.=(Q\,S,d, [a]: , A), where Q'={[q] | al Q}, A'={[q]: | ql A}, and
forallal S, d([q]:, a) =d(q,a)}.

Proof (a). Applying the definition for k = 0, weee that g ¢ o2 if and only if[g1 = d ' m(qu,! )

i AU q=dwu(0l )i Al. Thusty ={Q-A, A}.. Now consider g? 1 go. Clearly if" z

I S*® D d g, 2)T AU d'w(a, 2)T Al then" 21 S*[d'm(gn,z) i AU d'm(gz) i Al. Thus
Oh 1« 0. But becaus&*®*P =55+ gy 11,1 gpholds if and only if" ai S[" z1 S**[d (o, az)
i AU d'w(oz az)i A]l. And this holds if and only if ai S[* zi1 S**[d w(d(qw.a),2)i A U
d'w(d(az.a),2)i A]. And finally this holds if and only if ai S[d(qu.a)* « d(0g.a)].

(b) We first show that ifx =1 41, thent =1. It should be clear that § g, if and only if for
allk2 0, p '« g2. What we will show is that Ky =1 41, thenty =1, forallnz 1. Thisis
easily established by induction on n. The basks {)is given by assumption. Now suppose q
Ln+1 Q2. Then by part (a) applied tog.n+1 We have, g* w+n+1 G if and only if g * x+n gz and for
allal S[ d(g,a)* k+n d(0z,a)]. But by our induction hypothesis, =t x4, and we haved kins+1
oz if and only if g 1« g and for all d S| d(qu,a) « d(gz,@)]. But this is the same as saying

01 ' k+1 Q2. And then, sincéy =1 .4, it follows that g 2 k+n+1 G iIf and only if g 1 ¢ Qp.

Thus! ¢ = n+1 and the induction is complete.

To finish (b) suppose M has n states and assume batlaiGdl A are norempty. Then by part
(@),0 ={ Q-A, A}. Suppose thaty, !,, then!; must have at least one more equivalence class
than? (at least 3). Furthermore, becausé g; g implies g '« g, then at least one class of

1, was formed by splitting one of the classes' gf Thus if we consider the progression of
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equivalence relationp, *1, &y, wherejo| = 2 and¥;+1|2 |*j|+1, then since thé | cannot
exceed the number of states of M, it follows th&trk2 and! y =1 .. Thus for any j > 42, it
must follow that ;= 1, =1.

STATE MINIMIZATION ALGORITHM

Let M =(Q,S, d, g, A) be a DFA. The minimal state DFA equivalent to M can be cosdpn

the following way.

Stepl:El i mi nate the unreachablSedqgst &Atbgs dfheMotnd yo

di fference betweeni@ amdtlAM® will be that QO
Step 2 | £, tAldernr L ( M)andboth grevkquivalent to thesthte DFA,

MO & &, S(d @, F),quheredd 608)G @, for all ai S. On the other hand,
L(M) = ®(Mbé)nd= both ar e g 8§ dbioy gogewhdredd @a)dM6 6 = ( {

o, for allal S.

Step 3 | fF aAkd-AQB, then do the following.

For k = 0, X2%until¥=%n.confphuet eni ni mal state DFA equ
machineM_ = (Q',S, d, [ao]: , A) , where Q' ={[a] | qi Q}, A'={[q]: | qi A}, and for all

al S, d([q]:, a) = d(q,a)}. Use!y ast.

The above is essentially what we did earMge can also approach this from the concept of
finding incompatible states, a technique discussed earlier.
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Chomskyos Hierarchy

One of thefundamental questions computer scientists (language theorists) attempt to answer is:
AWhat general structur al properties can be as
programs (algorithms) having given swhoseperties
input language is English (and whose output language is French?) In other words, are computers
capable of understanding and processing natural languages?

This last question, or something similar to it, motivated a natural linguist, Noam Chdmsky,

devise a formal mathematical system for describing (defining) EnglishinthB@iéd s (i n f a c |
he may still be following this pursuit today.) Chomsky called his formal systgmeae

structure grammaand is defined formally in Definition 5.

DEFINI TION 5. A generabhrase structure grammdpsg)is a 4tuple, G = (N, &, S), where
N is an alphabet afonterminal symbolgalso calledsyntax variables

S| Nis a unique notterminal called thetart symbal and

Sis an alphabet derminal symbd (also calledsyntax constanjs It is required that MES =

F.

Ve =NC Sis called thevocabulary of G and

P is afinite subset of (\)*N(V g)* 3 (Vg)* called theset of productiongalso called rewriting
rules). A member (u,v) of P is denotedby v, where u is called thieftpartand v is called
therightpart of the rule.

The t ewumrmtfirneg rul edo is intende¥d,defmedorostringet e an
of symbols over the vocabulary of G, caleghtential formswhereby a given sentential foren,

can be rewritten to form another senterthialThis operation or relation is called ttheectly
producegqdirectly derive¥}rewrites a$ relation and is defined formally by:

Fora, bl (Vo)*: a¥Y gb ifandonlyifa = ajua, andb = ajva,, whereu - vi P.

We denote the transitive closure ¥ ¢ by (Y ¢)* and its reflexivetransitive closure by(Y ¢)*
[a(Yo)*bisreadafider i ves o ( fpr ollinG erhexdlatioiagéd)’btelst e s 0)
us thatb can be derived frora by a sequence @ine or moreewriting operations of Ga

(Y o)* b implies thata = b ora (Y ¢)"b .Sometimes we writeY ¢ to indicate that a particular

rule r:u- vi P was used in thesweriting operation. Finally, whena (Y ¢)"b and we are

interested in a specific sequence of rudsused in obtaining from a, we writea PY gb .

DEFINITION 6. Let G = (N, S, S) be a phrase structure grammar. |lahguage

generated(defined)(produced) byisthe set
L(G)={xI S*|S¥ ¢)" x}
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Example 2 Consider G = (N, &, S) where N ={S, X}$={0, 1}, and

P={ 1.S- 1S,
2:S- |, 6 denotedéd the null string
3:S- 0X,
4. X- 1X,
5:X- 0S }

S 1S'Y ¢ 11S3% ¢ 110X %Y ¢ 1101X °Y ¢ 11010S%Y ¢ 11010i L(G).

Exercise: Prove that L(G) ={xI S* | |xpis even}.

Example 3a Consider G = (N, &, S) where N ={S}5={0, 1}, and
P={ 1.S- 1S0,
2:S- |, |0 denot etingt he nul |
}

S Y ¢ 1S0'Y ¢ 11S002Y ¢ 1100i L(G).
Exercise: Prove that L(G) ={10"| n2 0}.

Example 3b. Consider G= (N, S, E) where N{E, T, F, X}, S={n,v, +,-,*,/, (,)}and
where

o

E- E+T,
E- E-T,
E- T,

T- T*F,
T- T/F,

X- n,
X- v,
X- (E),

~—
BPRROONDTORAR®®NE
—
1
n

——

G is an example of a Contefxee grammar that isot a Linear CEG It is also an
example of grammar for generating arithmetic expressions over binary operators
{+,-,,/ } and operands {n , v} (And0 denotes

E g E+T 3Y ¢ T+T ¥ ¢ T+T*F %Y ¢ F+RFMDADA%Y o yinry | L(G).
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Exercise: Give a derivation for: v*(n+v/n)/n

Example 4. General psg. G =(N,, S')where N={S, S', X,Y,Z, 2§ = {a,b,c}, and
P={ 1:S'- abc,

2:S'- SXYZ,
3:S- SXYZ,
4:S - XYZ,
5:YX- XY,
6: ZX- XZ,
7:2Y- YZ,
8.7 - c,

9: Xa- aa,
10: Xb- ab,
11: Yb- bb,
12: Yc- b,

13: Zc- cc }

S'2Y g SXYZ' 3Y g SXYZXYZ' Y g XYZXYZ XYZ' 5% g XXYZYZXYZ'
6565?

G
XXXYZYZYZ' 7™ ¢ XXXYYYZZzZ' 813N o XXXYYYcce DDAy
XXXbbbccc
(109% - aaabbbcce =*R°c® | L(G).

Exercise 4. Prove that L(G) = {#"c" |n2 1}

Example 5. Consider G = (N, &, S) where N ={S, X,Y,Z}$S = {a,b,c}, and
P={ 1:S- SXYZ

2:S- |, |10 denot etingt he nul |
3:YX- XY,

4: ZX - XZ,

5:ZY- YZ,

6: X- a,

7. aX- aa,

8:aY- ab,

9:bY- bb,

10: bZ- bc,

11:c¢Z- cc }

S ¢ SXYZ 2Y g XYZ Y ¢ aYZ 8Y g abz %Y g abci L(G).
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Exercise 5. Give a characterization of L(G) in terms ordinary set notation. In other words,
describe mathematically the general form of strings in L(G). What form do members of
L(G) have? Hint: consider derivations (rule sequences) Hegfin withsequencesiithe
following set D = { £26°| k2 2}. What can you say about the set of strings in L(G)
produced by derivations of this form?

In studying the properties of psgs, Chomsky imposed certain restrictions on the form rules could
take. Chomsky (and oth@nsere able to show that these restrictions were very important
because they altered tfamily of languagethat could be described by grammars conforming to

a given type of restriction.

Terminology. A family of languages aset or collection of laguagesll
defined by the same formal system (e.g. Phrase Structure Grammar).

The restrictions defined by Chomsky and the family of languages they define are given in the
next definition.

DEFINITION 7 . LetG = (N, &, S) be a general psg (PSGhen define,

(a) ATypeO grammaris a PSG withno restrictions

(b) A Typel grammar(contextsensitive grammajfCSG) is a PSG for which
lu|¢ [v| forallu- vIi P (erasing rules are not allowed);

(c) AType2 grammar(contextfree gramma)(CFG) isa PSG for which
Pi N3 Vg ;thatis,u vi Pimpliesu mustbe a single nterminal symbol, but the
rightpart v can be any string, including

(d) A Type3 grammar(right-linear grammar)(RLGis a PSG for which
Pl N3 (S*)(NC{l});thatis,u- vi Pimplies u must be a single nterminal
symbol, and the rightpart v, if it has a at@mminal, it can only have one, and that
nonterminal must be the rightmost symbol of v; otherwise, v can begin with zero or

more terminals.
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Among the major results we shall establish this term are the following:

1. The family of languages defined by Typeggrammars (Righlinear;see Example 2(and
Left-linear Contexffree grammar is precisely the family oRegular languagesand this
family is precisely the languages recognizethbgdeterministic (and deterministic) finite
automata FSAOGs are algorithms that wuse a fixe
states) independent of the length of the input. Because all computersraageljtiimited in
the amount of accessible memory space, one could argue that the input language of all
existing programs is, in a practical sense, a regular language!

2. The family of languages defined by TyBggrammarsee Example B or theContexifree
languagesproperly includes the Regular languages and can be recognized-by non
deterministic pusfdown automata (finite automata with a pushdown store or stack). The
Contextfree family includes a subfamily called tBeterministic Contextree languags
This family is particularly important because it is the family from which all programming
languages are defined. DCFLs can be acceptetgyministic pushdown automatad
defined by LR(k) grammars.

3. The family of languages defined by Typegrammas(see Example % or theContext
sensitive languagegroperly includes the Contekie languages and can be recognized by
Linear-bounded automat@luring machines with memory space bounded by the length of
the input).

4. The family of languages defined Bype-0 grammarsiee Example } or theRecursively
Enumerabldanguages, properly includes the Recursive languages, which properly includes
the Contextsensitive languages, and can be recognized byatarministic (and
deterministic)Turing machines

Figure A2 illustrates graphically the inclusion relationships among these language families. In
the remainder of this course, we will study the family of Regular languages in depth and
introduce the fundamental properties of the Confied family. The sequel to this course, COT
5310, is a study of the remaining families of the Chomsky Hierarchy.

2 A left-linear grammar(LLG) is a PSG for whichi PN 3 (N C {I })(S*). It will be shown later
that the LLGs and the RLGs define exactly the family of Regular Languages. For this reason,
the LLGs and RLGs are commonly (and collectively) caRedulargrammars LLGs and

RLGs are properly included in a larger subfamily of Fgpgrammars called the Linear Context
free grammars (LCFG). A linear CFGeg Example Bis one for which

PI N3 (S (NC{l}(S";thatisu- vi Pimplies uis a single neterminal and v can have

at most one neterminal but it can occur anywhere relative to the other terminals (if any).
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Type-O Recursively Enumerable

(NDTM)

(LBAS)

(NPDAS)

(DPDASs)(LR(1))

Regular Languages
e e (DFAs = NFAs)

Figure A-2. Chomsky Hierarchy

Recursive Languages
(TMs that always halt)

Context-sensitive Languages

Context-free Languages

Deterministic Context-free Language

NOTE: Technically, Contexsensitive languages cannot contain the null string. So, it is
somewhat incorrect to depittte Contexffree languages as being a proper subfamily of the
Contextsensitive family (Contextree languages may inclutl¢. However, this relationship

holds for all Typel and Type2 languages NOT containirig a "small" error, and so we

illustrate thé relationship as shown in Figure A
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Equivalence of NFAs to Rightlinear Grammars

To establish the first equivalence suggested by the Chomsky Hierarchy, we now show that the
Regular languages (defined by DFAs and NFASs) is exactly the same fanalygoidges that can
be defined by Typ& or Rightlinear grammars. This is the subject of our next theorem.

Theorem 3. LetM = (Q, S, d,Qo, A) be an arbitrary NFA, then there is a Rigjhear grammar
G =(N,S, P, S), such that L(G) = L(M). Conversgily G is an arbitrary RLG, then one can
construct an NFA, M, for which L(M) = L(G).

Proof. Let M be given. We construct G from M essentially by (a) introducing eromnal

for each state of M, and (b) introducing one production for each trangftddn Formally, we

define N = QC {S}, where S denotes the start symbol of G and is distinct from all symbols
denoting states of M. P is then defined to be the union of three sets of rules denoted P[1] , P[2],
and P[3].

P]={sS- q |d Qb ,
P[2]={ g- sq 0 | |dm(q, s) tprésomesl SC {L}}, and
PBI={a- | | ql A}

To show that L(G) = L(M), we have to show thai »(G) if and only if xi L(M). Suppose

that xi L(M). Then there is some accepting computation ofhat is there is some sequence of
configurations: (g yo) mY (1, Y))mY € wmY (Gm, Ym) = (G, | ), where @l Qo, yo=x, and

gnl A. Thenin G we have the following derivation:c% o cY P Yoom cY Yo=X. The first
step of the derivation applies a rule in P[1] to rewrite S as the particular initial g)abé Ngthat
determines an accepting computation. Each rupecofrresponds to a move of M in the
accepting computatiohwhatever inputs, isconsumed by M on any given mowewill be
produced as output by the corresponding rule in P[8]AfL, then no input is consumed by M
and nothing is written to the sentential form by G. Thus, if M consup€3 will generate y

by mimicking the same transitions, but opposite in the 10 sense. Finally, the last rule of the
derivation is a rule in P[3] these rules permit the derivation in G to terminate if and only if M is
in an accept state.

Using a similar argument it is eBsshown that any string x generated by G can also be accepted
by M. Thus M and G are equivalent specifications for the same language.

The converse result is established in a similar fashion, but there are some details that are
different. So, let us bgiven an arbitrary RLGG = (N, S, P, S). To construct M we will

introduce a state for each ntarminal, analogous to our previous construction of G from M.
Consistent with the previous construction one might infer that we will also define a traokition

M for each rule of G. The problem with this idea is that a rule of G has one of the general forms:
X - wY,and X- w, wherewi S*and X,Y denote noterminals. If |w| > 1, then M would

have to consume 2 or more symbols on a given transition,saystate X to state Y this

violates what an NFA can do. To solve this problem, it is necessary to introduce some additional
intermediate states between X and Y, in fact we must introdueg (wjque intermediate states
(states other than X or Y) whéw| > 1. If |w|¢ 1, then a transition in M can be defined that
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exactly mimics the given rule, X wY. Furthermore, for terminating rules of G of the form,

X- w, what is the fAnext stateo? To dedM with
Using this idea, we can think of terminating rules as being of the form W, and then

treating them exactly like rules of the form XwY. Putting this all together formally, we have:

Q=NCN&{W, where NO6 is the set of i nlongruleeedi at e
(rules with |w| > 1);

Qo = {S}, the set consisting of the start symbol of G;
A ={W}, andd, the transition relation of M is defined by,
[1] if X - wY [ P then
case (w3 ) : define Yi d(X, L),
case (W S): define Yi d(X, w),
case(w = @é a,l S", forsomen>1):letZZ, &be unique new state
and define Zi d(X, a), YI d(Z.1, &), and for all 1¢ k < n define
Zk,+1|, d(Zx, ac+1).
[2] if X - w]l Pthenapply[1]toXx wW.

Note that there are no transitions defined for atatéf'he NFA M will halt precisely when the
derivation in G terminates with a rule of the form [2].

Like before, we must prove that L(M)éxactly the same language as L(G). However, since the
argument follows much the same line of thought as that given for the converse result, we will not
present it here. Nevertheless, there is one detail worth noting: M must complete exactly the
sequen e of transitions defined through inter medi
long rule of G. To guarantee this will happen, it is essential in [1] that the set of intermediate

states defined for long rules is unique to thatfuleese it es cannot be Ar eused
long rules, for otherwise M might be able to make unintended transitions leading to accepting

strings that could not be generated by G.

We apply the construction techniques introduced by Theorem 3 in Examples 14lsiowl5
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Example 14. Converting an NFA to a Righinear Grammar.

-

b
b b a
a
a L
start ’
5 .
a
NFA, M

From the NFA, M, shown in the diagram above we note that there are two initial states, {3,5}and
three accept states {1, 4, 5}. Applying the constructiohTdfeorenT 3 we obtain the following

RLG, G =(N,S, P, S), where N ={ S, A(=1), B(=2), C(=3), D(=4), X(=5), Y(=6), Z(=7) },

S={a, b}, and P is given by:

P[1]={1:S- C, 22S X}
P[2]={3:C- bB, 4:C- aD,5:A- bB, 6:A- C,7:A- aX, 8 B- aA, 9:B- aZ,
10: D- aC, 11: D bB, 12: X- aA, 13: X- bB, 14: X- Z, 15:Y- aX,
16: Y- aC,17:Y- D,18:Z- aD,19:Z- by }
P[8]={20: A- 1,21:D- |,22: X- |}
Example 15. Converting a Rightinear grammar to an NFA. Let G be given by:
N={S, X, Y}, S={0,1},and P={1:S- 3, 2:S- 91S, 3:S 110X, 4: X - 9Y,
5:Y - 21, 6:Y- 20} The corresponding NFA is illustrated by the transition diagram below.

Pay particular attention to the new intermediate states, thégtamied Zij, where i denotes the
rule of G and j is a unique index.

G ®
1

1
1 @® -
=

0
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Closure Properties of Regular Languages

Definition 17. Let A, B be arbitrary languages ov&rand letD be an arbitrary alphabet, then
we define:

(@) A-B (theDifferenceof Aand B) = {x| X Aandxl B}
(b) ~A =S* - A (the Complement of Avith respect taS)
(c) A (Reverse oh) = {rev(x) | xI A}, where

rev( ) =1, and rev(ax=rev(x)a, for xi S*and al S.
(d) Ahomomorphisnis a mapping, hS* - D*, defined as follows:
h() =1,

h(@a)i D* forallal S, and
forx=amé dS,n>1 hxXEh@h@é h) a
Finally, for Al S*, we define h(A) ={h(x) |{ A}

(e) Asubstitution fromS* to [ is a mappings: S* - 2™, where
s()=A{} )
Foreach a S, s(a) =R, D*is alanguage ovdD, and
forxi S, and d S, s(ax) =s(a)s(x) ands(xa) =s(x)s(a).

Finally, for Al S*, we defines(A) = & S(X) |

xI A
A substitution map is said to beegular substitutiorfrom S* to D* if for everyal S,
s(a) = R, is aregular language ovBr Finally, ifD=S, we says is a substitutioron S.

Theorem 4. Rsis closed under finite application of the operations listed below. That is,
ifLI Rsa n di Rg6hisahomomorphism @8, ands is a regular substitution @, then
each of the following languages belong®i®

(a) ~L

(b)LI‘eV

(c) h(L)

(d)s(L)

(e)L-L b

(HLALS

(QLCLDO

(h) L* (Kleene*)

(h) LLO (concatenation of L with LO)

Proof (sketch). For all parts we assume L=LjM and b),owhere M=((Q4 S;, dh,as,

Ap) and M = (Q, Sy, 0z, @2, Ap) are DFAs. We further assume that their state sets are disjoint.

The objective in establishing@o@agh Apda)r,t siusc ht ot
L(M6é6) is the desired tar get;,;ahdairgsoneedashioand MO i
Alternatively, in light of Theorem 3, we can
RLGs, G and G, respectivel vy, and then attempt to co
desired language. Finally, each of the construction technigjlid illustrated by example.
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(a) L ( M6y Given Mil=(QM Sy, di, aA) , def i Boedo M A0)QO wher ¢
Q0 F5FS0QSEdd ds Q,={ 2 and 1A = MP i s withadiffetentset | y M
of accepting states: an accepting state pidvionaccepting i n MO6 and vice

and it isessentiato this construction that L be defined by a DFA, and not an NFA. The reason

is that if the accepting states of akRAlare complemented, the resulting NFA may still be able

to accept strings it did before. The first example illustrates the correct construction. The second
example illustrates an incorrect construction using an NFA.

Example 16. (Complementing a DFA)

MO ©) @ ®

/ /

©

M1 M’

Observe that NFA Macceptd and ba, as does M' = M
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(b) L(R&ELM.L

To obtain M' from M we simply reverse the direction of transitions and interchange start states
with accepting states; that is, the start state pb&omes thenly accept statef M' and eah

accept state of Moecomes a start state for M’ Formally we have=NQi, Si, di,ai, Ay),

M6 =S§de®,, Ad), whed & @dA,= K&} andforeachd Q and

al S6d6 ( g, ad.ar=df.q" |

Example 18. M6 t he reverse of M

a3

M4 M

To prove that, WMeM&)i rstL(oMWserve that M6 has no
Consequently, every move of MO must consume o0
x | L(M1), then there is some computatien@i, x) wiY (9,1 ), where d A;. Becauseld =

di?, the comptationpi s reversible in M ®@E)e Thistanbea | | vy,
formally established by induction on [x|gt. | It follows, then, that rev()L ( M6) and t hat
L1 L( MO) . The reverse inclusion can be establ

(c) L(M6) ). h(L) = h(L(M
(d) Ls (MG JL(M=)).

First we observe that every homomorphisnSdms a special type of regular substitution $h
Specifically, h(L) =sn(L), wheresn(a) = {h(a)}, for each & S. Since all finite languages ovér
are Regularsy, is a regular substitution. Consequently, if we can demonstrate ghistclosed

under regular substitution, then it will follow as a corollary fRais cloed under
homomorphism.

To this end, for eachiaS, lets(a) = R | S*beregular. Let M= (Q, S, da @a As) be a DFA

that accepts RWe will assume that the state sets {@i S} are pairwise disjoint. To

il lustrate our method for constr weéyhinitgbet he NF
accepted by Mbaxé apisaeceites bylMywherelybs(a)aRa. We bui |l d M

by rewiring the transitions of Mn the following way. Letq#i( p, a) . I n M6, we
introduce &_-transition from p to the start state of a copy qf &hd then from each accept state
of My, wewireaL-t r ansition back to . The diagram be
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will only be able to reach state g from p by reading some string yhat would be accepted by
the copy of M. To implement this construction, we will need m copies gfftt each d S,
where m is the number of statesin.M The si zem+od |QQP6 wi | | be

as

Copy of M,

m
Formally t rsed@aé,MmoqQ'fv%&BBQé,withm=|Q|and the

i=lal S

superscript designates thd copyof @ ad ag( st art state of MO A& = he
Ai(the accept states of). TMdefinedd ¢ Ht=8pe pQ@céje pg st at

Then for each transition,; p di(px, &) definedd b y
a(p.L)=ag;

d (g,b) = dX (q,b) oor allgqi QX andbi S;
d(q,L)=p; foralgi AX.

It may now be argued bwyduction on x|, that if x =1&€ a,, n21, is accepted by Mthen yis
accepted by WY, swwhaadeachy s(a). Yhe converse may be estab

|l i shed by decomposing an accepting computatio
endingwith states of @(each such intermediate configuration must be reachable oihly by

transitions from accept states of some copy gfftt some &S.) An induction on the number

of such segments can then be used to establish there is a string& a,paccepted by Y|

where y = yy»€ y,l s(x) and eachyi s(a).

10/27/2009 Page53



COT 4210 Finite State Automata © D.A. Workman

Example 19. Building a substitution NFA from constituent DFAs. Shown below are DFAs M,
Ra and R. L(M) = {ab}*, L(R3) = {1H{0}* and L(R p) = {1}*{0H1}*. We want to construct an
NFA, M6, tsh()), weees{a,lpt -s {0,1}* is the regular substitution defined by:
s(a) = L(Ry) ands (b) = L(Ry).

. 0 1 1
@ OO o o o
b a
0 1 0
R
“ @ - "
0,1 0,1

a,b

Before constructing MO swanpdb dercwud i wensc dre crmallse
an NFA rather than a DFA. Specifically, we can eliminate transitions that cannot possibly lead
to acceptance. This yields a legal NFA, but would not be legal if we were building a DFA. In M
we can immediatelyemove state 3 and the transitions that lead to it. In like fashion, and for the

same reason, we caanal 3,oihenasuliehg MFAssateeepr8diced n R
below.
0 1 1
b
@ O ® e o o
R
M Ba -

Now to construct MO W™Weanddewie thernby spontanebuslg@ nsi t i ons
transitions to the start states of a copy of the appropriate m&awmeRb. SinceM only has

one transition for each symbol, we only need one cofRa@ndRb. The resulting NFA is

shown below.

0

M

O ©® 0 o
1 1L
® -
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(e) L(M®) = L
(f) L(MmB) = L
(g) L(®M&p = L

As with all previous cases, letiM (Qq, S1, di,a1, A1) and M= (Q, Sy, th, a2, Az). Without

any loss of generality we assu®e S; = S,. To demonstrate each of these closure properties,

M" will be acrossproductmachine That i s, M6 wi | | be a DFA th
behavior of each component DFA; Bind M, on the ngt input. Specifically, define

M'=(Q:® Q2 S, d, a1? az A'), whered' =d; 3 d;, that is,d'( (cr,0p), @) = Ch(tw,a)dx(q2.2)), for
allal S.

(e) No w, to’desi,gn MO T Is®@ = hildv),iwe define | | accept L
A={(1%) |lal Arand gl (Qz2-A2)}=A13 (Q2T Ap).

MHTo desig,n Mc‘),to accept the intersection of t
A0 :quDl Q(|q3\18.nd(1| Az}:Als Ai.

@Finally, to design M6 to accept the union of
A={(Ou%) ol Arorgl A2}=A13 Q. C Q2 Az

To prove L(MO6) i s t hae)addd(®t), one first praves thatfomanyi on o f

qi Qrandanyd Q.,dwmd (@, p), X) = € m1(0,X), d wm2(p,x)). This can be done easily by
induction on |x|.We leave this as an exercise.

To complete the proof for case (e) as an example,ilet X M6 ) dvdt@, enx)i Ad, but

this holds if and only itl w4 (a, p), X) = @ m1(a1,x), d m2(a2x)) I A6 . This holds if
d'wi(@,x) i Aizandd ya(azx) i (Q.- Ay). But this is true if and only if k L(M,) and

x1 L(My). The last conclusion depends on the fact thaisM DFA, as we illustrated in the

proof of complement (~) in part (a).

Example 20. (Cross Product Machine)Let M; and M, be the DFAs shown below.

SOk

Ml MZ

The transition tables below define M’ for ttiéference andintersection, respectively, of Land
Lo. Accepting states are mar kedeneianaccemgm ©* 0,
10/27/2009 Page55




COT 4210 Finite State Automata © D.A. Workman

stateare shaded.

d a b d a b
(1,1) (1,1) (2,2) (1,1) (1,1) (2,2)
(2,1) (3,1) 4,2) *(2,1) (3,1) (4,2)
(3,1) (4,1) (3,2) *(3,1) (4,2) (3,2)
(4,1) (4,1) 4,2) (4,1) (4,1) (4,2)
1,2) (1,3) (2,1) (1,2) (1,3) (2,1)

*(2,2) (3,3) (4,1) (2,2) (3,3) (4,1)
*(3,2) (4,3) (3,1) (3,2) (4,3) (3,1)
(4,2) (4,3) (4,1) (4,2) (4,3) (4,2)
(1,3) (1,3) (2,3) (1,3) (1,3) (2,3)
*(2,3) (3,3) (4,3) (2,3) (3,3) (4,3)
*(3,3) (4,3) (3,3) (3,3) (4,3) (3,3)
(4,3) (4,3) (4,3) (4,3) (4,3) (4,3)
Li-L> L:ZEL>

Exercise 10.Def i ne t he set of accept states for MO
languages.

(@ LCL:
(b) LT Lg

(h) L* (Kleene-*)

To show closure under Kleetiet is easier, perhaps, to use a grammar construction. So, if L is
Regular, then L = L(G), for some Riglmear grammar, G = (Ng, P, S). We wish to construct

an RLG, %06 P®%H,( 8®d, , s u ¢ hcantbb dohe, the( [@idhgoren 3,L * . | f
L* must be Regular.

Define G as f GNIl awd, Po-N®, £2 41 5$08& 0
{X- wY| XYl NandX- wYTIP}C{X- wS0O -|wi FXaterminating rule of P}.

Suppose X Xo, &l Ix foranyn2 1. Then we mustshowthapxsé X L( G6) and t ha
ITL(GO6). This willlL(eGot)ab | iRsuh eed 2t bho@f G 6PLO* e nSsou,r e s
suppose thaty, 2, p . nare derivatipns, respectively, of, x,, &l Ixin G. Furthermore,

letm, ,m ..be,corresponding der i \pahbipo. R eespectiveGd cons
by replacing the last rule of the form,-Xw, by X- wS 6 . theTdlosvimg is a derivation in

Go: Y I xS Y xxS0 " xx26 B8 xpx2é X Thusxxoé X L( Go) .
Showi ng 1 h*aststraigl{ti@wayd and essentially involves reversing the argument we

just presented. The details are left to the interested reader.

Example 21. Closure under Kleené.
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LetL=L(G),where G=(NS$, P,S)isgivenby, N={S, X,YS={a, b},and P =

{1. S- aX,2:S- Y,3:X- bbX,4:X- | ,5:Y- baS,6:Y- b } . Go6 is given
N6 = {S6, S, X, I|lY P- 8BI3:B6 aX, 4:{51 ¥,5X6 bbX,
7:Y- baS}C{6:X- S6 ,- BSOY}. Rules 1 & 28apopé ®0i Que

obtained directly from rulesil6 of G, respectively. Rules 1,2,3,5 of G are copied exactly,
while rules 4 and 6 of G ar e mo dighfendagaobthry appe

rules 6 and 8 of GO0, respectively.

Observe that 1334 and 25256 are derivations i
the corresponding derivation of fnAnabbbbbababo
you self.

()LL O (Concatenation )

Concatenation follows a construction similar to that of Kleeneet L=L(G;) and 4,06 = L ( (

where G=(Ny, S;, P, §) and G = (N, S, P, ) are Rightlinear grammars. We also assume
that their norterminal alphabets are disjoihnote, too, that they may have different terminal

alphabets. We wish to constructaRight near gr anm3ar P6GO6 S )( Sau,ch t 1

LLO. Tdo dteH ii 9L ENNSD S; ON\5,, %060 a&ndS,C P66 = P
{X- wY| XYl NjandX- wYI P }C{X- wS;| X- wi Py, aterminating rule of
P1 and S is the start symbol of £ . A derivation in GO poist begi
Giand continueinPunt i | a r ul e wShisusdd.eThit sequencerobrules X
duplicates a derivation of some strinf*(G;) = L, because XOH wins based
G1. Now the derivation i n GoOlhigsagsdnce ofoutes mustue us
also define a derivation of some stringy ink(G = L 0. The compl ete der
results ina string xy L L 6 . Thus 6L ( G&Bhowing the reverse in

exercise for the interested reader.

Example 22. Closure under Concatenation.

Let L = {a}* @a=rdStyad, {1=S:{ 8%, 2:S:- | },6,) and
GZ:( {SZ} ' { b }2'1 b%,l 6826 :|S}1 SZ)
Then G§Sk{ab}{{:S:1- aS,2:S- $£.,3: - bS,4:S- 1}, S1).

Observe that 1112 i sanad dledrliovadt ii ,sn ao.fd efr & avaa G iom
the corresponding derivation is 1112334, and

TTheoremT 5. Let h:S* - D* be a homomorphism. Then theverse homomorphisadefined
by his a mapping, f: D* - S*, defined by: for all ¥ D*, h*(x) ={y i S*| h(y) =x}. h'is
extendedo subsets db* in the obvious way.Then,Rs is closedunderinverse homomorphism
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onS.
Proof. A homomorphism h is said to leeasingif and only if h(a) 9 , for some d S.

To illustrate, let h: {a,b,c}* {0,1}* be given by h(a) 4, h(b) = 1010, h(c) = 10.

Then h'(101010) = { ucvewex | u,v,w,k{a}*} C {ucvbx |u,v,xi {a}*} C

{ ubvex | u,v,xi {a}* ). Thus, if h is an erasing homomorphismilgx) can be an infinite set. In
fact, h'(x) is infinite if and only if h is erasing. Also note thatth) = {I } if and only if h is
nonerasing, that is, h(a)l , for all al S.

To show that H(L) is regular if L is regular we assume that L = L(M), for some DFA,
M=(Q,D,d, o, A), and let hS* - D* be a homomorphism. Defirfg = { al S|h() =l }
andS;=S-So  we want to defSlLde absODER o) Mb (S LETD), First wehdefine, M1 = (Q
C{a}, S1,d1, A)s wherea is a new start state, 1 A, anddl(a,a) =d(q0,a), for alld S. It should be clear that L(M1) = L(M){1 }. Now we

construct Mo from inw|@Qisreachablesfrombs - AGRBAT 0Q &

do: 306Q06 i s ddﬁf(iqn,Qjal)m,yh(a)),foralldSl. Since the start state of Q6 is not al
+
does not contaih. Further mofk (eg,l) ,X i=s aalcac2eépatne d le (@ o hi( fa 19 mdi Adf grié ynlf ialfgx)i )
-1 +
L(M1)=LM) -{I'} . T hus(l) I£E(($zl)3 .) The didgram below illustrates what has been established so far.
S*
L( Md)
Sl*
L
h(L)

The stringsin (L) -L ( M6 ) i™d x=I(Ss)d iel ihL, and all strings of the form
XoaX180X2...8Xn Where X1 (Sg)" and aa...a,1 L ( MO ) . Thus

[1] h*L)=s( L ( MO Bo)* if | T L,or
2] WYL =s( L( MoalIJD,, if

wheres: (S;)- S* is the substitution given by(a) = So)*{a}( So)*, for all ai S;. Since the
regular languages are closed under union and substitution, it follows'thjisregular.
(NOTE: the representation for'fL) in terms ofs andS; is valid even in the cas® is empty.)

To complete the proof, we deén D F A, MO, su¢h)thatfL[{MPORpPpP! h
can be obtained from M6 by aanladcaptstate,am (b i mp |l e
extenddd S=®; C Syby definingdd ( q, b) =i QP, afnolliSy.adf [2]appties, then

we must ensure thaB* EL ( M6 6 ) . To this end, apply the co
makea an accept state; that is, do only part (b).
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Example 23. (Inverse Homomorphism)

Let h: {a,b,c,d,e}*-

{0,1}* be the homomorphism defined by: h(d) = h(eD =

h(a) =01, h(b) =10, h(c) =0. LetL = {i0,1}* | x=uvw and |v| =
v i {01,10}}. Construct an NFA or DFA that accepts(h). Note: :S{d e} and
S;={a,b,c}

Step 1: Construct a DFA, M, for LNote: | | L.

- "\0
Step2: Construct he
Mo :
c
a
b
10/27/2009
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Step 3:h}(L) =s( L ( MDD (Bo)*, wheres(a) = (d+e)*a(d+e)*s(b) = (d+e)*b(d+e)*, and (c)

= (d+e)*c(d+e)*.Note: Sg) * = L[ (d+e) *] . To obt@aniaccept he DFA
state and for each symbol$= { d, e} and each state add a trar
same state (asdlfoop ) . This machi ne | IsL tseh wevobtaintrel ow as
machine illustrated in MOO[ 2] .

The next definition introduces the notion of a finite state machine that produces output.
Sequential Transducgras they are called, model a class of translators or encoding devices that
translate strings over some input alphabet into strings over some output alphabet. Sequential
Transducers (STs) are, in their most general formsdetarministic finite state &aobmata that

can output a string on each transition (spontaneous and reading). Deterministic versions, called
Mealymachines antoore machines, can be defined by imposing restrictions on the ST model.
The reader will also note that substitutions and hoorphisms accomplish essentially the same
result, but, as we shall see, are really special instances of sequential transducer maps.
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Definition 19. A Sequential Transduceis a 6tuple, S = (QS, D, d, Q,, A), where

Q = finite, norempty set of state§ = input alphabetD = output alphabet; §J Q, the set of

initial statesA 1 Q, the set of accepting states; ahdQ3 (SC{L}) - Q3 D*is thetransition
relation Specifically, if S is in state g, then it can choose either to ré&ifeom its input tape,

or ignore its inputl(), in making a transition to one of several possible next states. In addition,
the result of making either type of transition is to write some string y (po$9iblyts output

tape. If S can enter an acceptstate after having read all its input (just like an NFA), then the
contents of its output tape a valid translation of that inputThis is illustrated in the figure

below.

input tape
(v & ...a8., ...

[b,b,bs ... bb,, ...
output tape

More formally, we define a configuration oft®& be a 3uple, (q, X, y), where g denotes the
current state of S, x denotes the remaining input (left most symbol next to be read), and y the
current contents of its output tape (right end most recently written).

Similar to NFAs, we define th@ove elation(Y s) on configurations of S as follows:
[1@xy)Ys(ad, x, yu) iifdgapd only if (g6, u)

A

[2]forai S, (g, ax,y)Ys( g6, x, yu) iifdgand only if (q6, u)
Finally, we define théanguage recognizday S to be

L(S) ={xI S*| (p,x,1) (Y 9*(f, | ,y) forsome d Quand fi A}

For xi L(S), we define théranslation of ¥oroduced by S to be

Sx)= {yl D*|(p, x,1) (Y S)*(f,|,y) for some g Qoand fi A}

Finally, for some i S* we definethetranslation of Lto be

S(L) = 8 S(X)

xi LAEL(S)
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Example 24. Consider the homomorphism h:{a,b}* {0,1}* defined by h(a) = 110, h(b) =
010. Then the following sequential transducer realizes the same mapping as h.

S = ({qi}.{a,b},{0,1}, d, {qi}, {g1}), whered s illustrated by the state transition diagram below.
Observe how transitions are represented in this diagram. Since S accepts all of {a,b}* it behaves
exactly like a homomorphism by writing h(a) to its output tape whenever a is read<noipuit

tape and writing h(b) whenever b is read from the input.

a/110

b/010

Example 25. Consider the regular substitutiast,{a,b,c}* - {0,1}*, where s(a) = {01}*,

s(b) ={l ,1,01},s(c) ={l }. Observe that the sequential transducer can produce an unbounded
sequence of output symbols for every input symbol by making any number of transitions that
ignore the input and write some string to its output tape. Thus sequential transducers can also
emulate regulasubstitutions.

I
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Theorem 6 Rs is closed under sequential transducer maps. That is, if L is a regular subset of
S*and S:S* - D* is a sequential transducer map, then S(L) is regular.

Proof. Because a formal proofs@mewhat involved, we only sketch the salient details. First
observe that we can describe a transition of S akipld, t = (g, s, Yy, &), where g denotes the
current state of & I S C{L} the input read (if any), ¥ D* the output written, and.ghe next
state. If we think of these "tuples" as symbols in a third alph@béhen we can see that a
string zI W* represents a valid sequence of transitions in S if and only if z au(oy1, %)

(O, &, Y2, ®B)  €n, &, ¥, Gh+1). That is, foreach tuple the currestate component must agree
with nextstate of the preceding tuple, and the curstate component of the first tuple must be
one of the initial states of S. If z is to represent an accepting computation of S, then, of course,
the rextstate component of the last tuple must be an accepting staéFof ISshould therefore
not be difficult to see how to define a DFA, M = (Q¥,d', o, A'), that accepts only strings in

W that represent accepting computations of S. Clearly, lisMagular.

Next we define a homomorphism,\W* - D*, given by h(t) =y, where t = (ga, y, @) | W. In
other words, h simply replaces t by its outpamponent, y. And, we define a homomorphism,
g: W - S*, given by g(t) = a, wheret={ga, y, @) | W.

Given some regular setiL S*, we now claim that S(L) = h(L(MyEg*(L £L(S))). L £L(S) is

the subset of L accepted by S and is a regular set because L was assumed to be regular and L(S),
the language accepted by S, is regular. Applyihtpghis set gives all strings W* that would

map to an input accepted by S. Intersecting this set with L(M) yields all the accepting

computations of S corresponding to some accepted input. Finally, applying the homomorphism

h to this set of computations yisl the set of outputs produced by accepting computations of S

only for inputs from LEL(S). To conclude that S(L) is regular requires closute for

intersection, homomorphism, and inverse homomorphism.

Exercise 11.We have seen that sequentiahtducer maps can emulate homomorphism and
regular substitution. What other closure operations can sequential transducers emulate?

® Actually, acceptance is a bit more complicated than this. We require that thetatextomponent be an accept
state of Ssometimeafter the last read transitiolA DFA can check this by remembering when an accept state has
been reached, and then whether any read transitions of S occur thereafter.
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Context-free Grammars and Languages

Definition 25. A Contextfree grammar (CFGjs a PSG, G = (NS, P, S), where P N 3 Vg*.
A production i P is denoted r: X w and means that an occurcerof X can be replaced by
w in any contextn which X occurs this is where the term "context free" originat@swriting

X "free of any contextual constrainttNOTE: Contextfree grammars were defined by

Chomsky to be Phrase Structure grammars \ugfiType 2 restriction. CFG andType2
grammars are synonymous terms.

The family of all languages defined by Contéee grammars is called tifiemily of Contextfree Languages
(CFLs).

Example 31. G.= ({E, T, F, X}, {n,v, +,-, *, /, (,)}, P, E), where

E={ LE- E+T,

2:E- E-T,
3:E- T,
4:17- T*F,
5:7- T/F,
6: T- F,
7:F- +X
8 F- -X
9:F- X

10: X- n,
11: X- v,
12: X- (E),

}

L(Ge) ={X T {n, v, +,-,* 1/, (,)} |xdenotes a wellormed arithmetic expression over the operator symbols
{+, -, *, } and operand symbols {v, n}allowing parenthesized-empressions nested arbitrarily deep.}

A derivation ofx = (n+v}ni L(Ge) is illustrated below. In generalj L(G) may have several
distinct derivations.Note: Y refers to G

[1] E3 TY T*F® F*F %Y X*FY (EVFLY (E+T)y F3Y (T+T)*FOY (F+T)F
% (X+T*F (n+TFOY (n+FFF °Y (n+X)*FMY (n+v)*F %Y (n+v)*X
0y (n+v)*n

Exercise 14:Show thaB3469(10)9(12)169(11)369(16) also a derivation for (n+¥h in G..

Can you construct yet another derivation for (+fvin G that is distinct from either of the ones
already identified?
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Definition 26. Let G = (NS,P,S) be a Contextee grammar. A derivatiop,i P in G is said
to beleftmost (rightmostif and only if every rule op rewrites the leftmost (rightmost)
nonterminal occurring in the sentential form defined at each step.

Example 32. Verify that derivation [1] above is a leftmost derivation of (n+v)*n, and [2] is a
rightmost derivation of (n+%h in G.

2] E3 T4 T*F% T*X % T*n® Fn % X*n '2Y (E)*n'Y (E+T)*n °Y
(E+F¥n %Y (E+X)*n'Y (E+v)*n 3Y (T+v)*n°Y (F+v)*n %Y (X+v)*n %Y (n+v)*n

p(rightmost)= 349(10)69(12)169(11)369(10)

Defintion 27. Let G = (NS,P,S) be a Contesttee grammar. LetX L(G). A syntax tree for x

is a twedimensional representation of a derivation of x as illustrated in the diagram below. Each
rule in the derivation of x that is used to rewrite a-tenminal is expanded as a subtree rooted at
the nonterminal (in thedure, X is expanded by the rule-XY1Y2€ Y, orx- .

X > Y,Y,...Y, €P
Withn >0 and Y, € V.

The syntax tree is complete and valid if the root node is the start symbol of G and each
nonterminal in the tree is expanded by one of its rules in G.fréhiger of asyrtax treeis the
sequence of leaves (terminal symbol$ penumerated in a lefo-right order.
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