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COT4210.02, Fall 2001



S. Lang

Solution Key to Test #2 (11/08/2001)

Part I. (50 pts., 10 pts. each for Problems 1 through 5)

1. Suppose L1 is a regular language and L1 ( {a, b, c}*.  Prove that the language L2 is also a regular language, where L2 = {w | w belongs to L1 and w contains symbol a at least once}.

Note that L2 = {w | w belongs to L1 and w doesn’t belong to {b, c}*} = L1– {b, c}*.

Since L1 is regular by assumption, and {b, c}* is regular, so L2 is regular by the closure property of regular languages (closed under set difference). 

2. Consider the following DFA M in which the states are labeled 1 through 3, and the input alphabet ( = {a, b}.  Recall the notation R(k) ij = the set of the labels of the paths in M that connect state i to state j passing through states with the labels ( k, where 1 ( i, j ( 3 and 0 ( k ( 3.  Answer the following questions (a) and (b):







L(M) = R(3)13 
(b) Give a regular expression for each of R(k) ij when k = 0 and 1 ( i, j ( 3.  (There are 9 such expressions.)  Specify whether you use ( or ( (circle one) for the empty string.


(i, j)
(1,1)   (1,2)   (1,3)   (2,1)    (2,2)   (2,3)   (3,1)   (3,2)  (3,3)


R(0)ij   
  (         a        b         (      (  + b     a        b        a         (
3. Convert the following DFA to an equivalent regular expression.








Thus, the regular expression for the DFA = (a + ba*b)((a+b)a*b)*


4. Suppose a regular language L is accepted by the following DFA M.  Construct a DFA that accepts Lrev = {w | the string reversal of w belongs to L}.  Explain your strategy in constructing the answer.








Step 2: Convert the resulting NFA to a DFA if the desired answer is a DFA (note that the result of Step 1 is typically an NFA).

5. Give a NFA (or DFA) that accepts the language defined by the regular expression    (( + ab)*a(b + ().  (You may first simplify the expression if you wish.)

First, we can simplify:

(( + ab)*a(b + () = (ab)*ab.

Thus, the associated NFA can be constructed as follows:





Part II. (30 pts., 15 pts. each for Problems 6 and 7)

6. Consider a language L = {wwR | w belongs to {a, b}*, and wR stands for the string reversal of w}.  (For example, some strings in L are abba, baaaab, etc.)  Prove that the language L is not regular using the Pumping Lemma.  (Hint: Choose a string x of the form apb qb qa p in your proof that leads to a contradiction.) 

Suppose L is regular, we prove this leads to a contradiction.  

Let ( denote the number of states of a DFA that recognizes L.  

Choose string x = (a( b) (ba().  Note that x belongs to L (since (a( b) R = (ba()), and |x| = 2( + 2 ( (.  We now prove that this string x leads to a contradiction to the Pumping Lemma.  More precisely, consider any decomposition of x = uvw with |uv| ( ( and |v| ( 1.  We prove that the string uv0w = uw doesn’t belong to language L, which would contradict to the Pumping Lemma.

Since x = (a( b) (ba() = uvw and |uv| ( (, so u = am and u = an for m ( 0 and n ( 1, because |v| ( 1, and m + n ( (.  Thus, w = a( – (m + n) b (ba().  

Therefore, uw = am a(  – (m + n) b (ba() = a( – n b (ba().  Note that this string doesn’t belong to language L because the string ends with ( a’s but begins with (( – n) a’s, and ( – n is less than ( because n ( 1.

7. Minimize the following DFA by showing your work in the following two steps:

(a) Show all the pairs of the states that are distinguishable (not equivalent) because one state is a final state but the other is not.











(b) Show other pairs of states that are distinguishable, and briefly explain why.  Finally, show the minimized DFA.
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Give the language accepted by M, L(M), in terms of the appropriate R(k) ij ‘s, e.g., L(M) = R(2)21 + R(3)32 , without computing the R(k) ij  expressions.
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DFA M
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Reduce by state 2:
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(a+b)a*b
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Step 1: Make each final state a start state; make the start


state the only


final state;


reverse


each 


transition:
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Final states are in boldface:


(1, 2),


(1, 5),


(2, 3),


(2, 4),


(2, 6),


(3, 5),


(4, 5),


(5, 6).
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Pairs of states that are distinguishable are marked by X





(1,3) distinguished by b because


     reading b, the pair lead to states


     (2,1) which are distinguishable


     from Step (a).


(1,4) distinguished by b because the


      pair lead to states (2,3) which 


     are distinguishable from Step (a).


(1,6) distinguished by b because the


      pair lead to states (2,3) which 


     are distinguishable from Step (a).


(2,5) cannot be distinguished because


     reading a leads to (4,4), reading b


     leads to (5,5).


(3,4) distinguished by b because the


      pair lead to states (1,3) which 


     are distinguishable from above.


(3,6) distinguished by b because the


      pair lead to states (1,3) which 


     are distinguishable from above.


(4,6) cannot be distinguished because


     reading a leads to (6,6), reading b


     leads to (3,3).











Minimized DFA:
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