COT4210.02, Fall 2001



S. Lang

Solution Key to Test #1 

October 4, 2001

Part I. (40 pts., 5 pts. per question)

1. Give a regular expression for the set of strings over the alphabet {a, b} that contain substring aa and contain substring ab.  (Note that the string aab belongs to the set.)

(a+b)*aab(a+b)* + (a+b)*aa(a+b)*ab(a+b)* + (a+b)*ab(a+b)*aa(a+b)* 


(that is, those strings that contain aab, plus those that contain aa and ab in that order, plus those that contain ab and aa in that order)

2. (Extra credit) Give a regular expression for the set of strings over the alphabet {a, b, c} such that each occurrence of symbol a is immediately followed by exactly one occurrence of symbol b.  (Thus, strings of the set cannot contain substrings abb, ac, or aa.)





3. Suppose an NFA (non-deterministic finite automata) M = (Q, (, (, Q0, A) is converted into an equivalent DFA (deterministic finite automata) named P using the powerset machine construction method.  (Note that the textbook’s notation for M is M = (Q, (, (, q0, F).)  Write the following in terms of the components of M:

The set of states of P =  2Q  (that is, the power set of set Q)

The transition function of P is defined as:  For S ( Q and a belongs to (,


(P(S, a) = ((closure( (q belongs to ((closure(S) (((q, a)), or, alternatively,



 = (q belongs to S ((*(q, a))



(Note: use (* in place of ((closure if using Dr. Workman’s notation.)

4. Use an example of an NFA to demonstrate the following fact about its extended transition function (* (note that the text’s notation is (^):

(* (q, a) ( ((closure(((q, a)), where ( is the transition function of the NFA, q is a state, and a is a symbol of the alphabet.

 (You may give your NFA using a transition diagram or a transition table.  The ((closure is denoted (* in Dr. Workman’s notes.)





5. Draw a transition diagram of a DFA for the language L = aa*bb*, where the alphabet is {a, b}.







6. Given a DFA defined by the following transition table.  Determine and explain if the string baba belongs to the language accepted by the DFA:



7. Give a recursive definition for the language a*b*.  (That is, give the base and the recursive rules for constructing this language.)

Base rule: The empty string (  belongs to the language.

Recursive rule: If string w belongs to the language, then strings aw and wb belong to the language.

8. Let M = (Q, (, (, Q0, A) denote an NFA (or M = (Q, (, (, q0, F) using the Text’s notation).  Give a definition of the “yield” relation M( between configurations.  That is, define when a configuration yields another configuration:   (q, x) M( (p, y), where q, p are states and x, y are strings.


(q, x) M( (p, x) if  p belongs to ((q, () ; and for any a of (,


(q, ax) M( (p, x) if  p belongs to ((q, a). 

Part II. (40 pts., 20 pts. per question)

9. Answer each of the following questions (a) – (c) based on the NFA given in the transition diagram:

(a) (4 pts.) Compute the ((closures for each of the states q0 through q3:








(b) (6 pts.) Give a state transition table for the NFA.




(c)  (10 pts.) Convert the NFA into an equivalent DFA and show either the transition diagram or the transition table of the resulting DFA.




10. Consider a language L over the alphabet {a, b, c} defined by the following recursive rules:


Base step:  a belongs to L, and b belongs to L, and c belongs to L;

Recursive step: if w belongs to L, then bw belongs to L and wc belongs to L.

Answer each of the following questions (a) – (c):

(a) (4 pts.) Show why the string bacc belongs to L; that is, show what rules and how they are used to generate this string.

a belongs to L (the base step) 
( ba belongs to L (the recursive step, w = a)


( bac belongs to L (the recursive step, w = ba) 
( bacc belongs to L (the recursive step, w = bac)

(b)  (12 pts.) For n ( 1, define Ln = {w | w belongs to L and |w| ( n} = the set of strings of L that are of length ( n.  Prove by induction that |Ln| ( 3(2n) – 3.   (Hint: Use the fact that the number of strings in L that are length exactly n is ( 3 (2n–1).)
(Basis) When n = 1. Then L1 = {a, b, c}, and | L1| = 3.  Also, 3(2n) – 3 = 6 – 3 = 3.  Thus,  |Ln| ( 3(2n) – 3 is true when n = 1.

(Induction Hypothesis) Suppose |Lk| ( 3(2k) – 3 is true for some k ( 1.

(Induction) Consider n = k + 1.  We want to prove |Lk+1| ( 3(2k+1) – 3.

Since Lk+1 = the set of strings of L of length ( k+1, 

          Lk+1 = Lk ( {w | w belongs to L and |w| = k+1}.  

Thus, |Lk+1| 
( |Lk| + |{w | w belongs to L and |w| = k+1}|


( 3(2k) – 3 + 3 (2k), by the I.H. and the given hint


= 6(2k) – 3 = 3(2k+1) – 3.

So the induction step is proved.  

By induction, we proved |Ln| ( 3(2n) – 3 for all n ( 1.

(c) (4 pts.) Use the definition of Ln defined in (b) to give an example to show the following is false: 

For every n ( 1, |Ln| = 3(2n) – 3.
Consider n = 2.  Since L1 = {a, b, c}, L2 = {a, b, c, ba, bb, bc, ac, cc} using the recursive rules.  Thus, |L2| = 8, but 3(22) – 3 = 12 –3 = 9 ( 8, so |Ln| = 3(2n) – 3 is false when n = 2. 
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Regular expression:


(b+c+ab(ab)*c)* + (b+c)*ab(ab+c(b+c)*ab)*
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In this NFA, (* (q0, a) = {q2}, but ((closure(((q0, a)) = ((closure{(} = (.
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Since (q0, baba) ( (q1, aba) ( (q2, ba) ( (q0, a) ( (q0, (), and q0 is not an accepting state, so string baba doesn’t belong to the language accepted by the DFA.





((closure(q0) = { q0, q1}


((closure(q1) = { q1}


((closure(q2) = { q2}


((closure(q3) = { q2, q3}
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