Answer to Ex. 7.1.3 (p. 271 of the text).

Given the CFG (context-free grammar) G with rules: S( 0A0, S( 1B1, S( BB, A ( C, B ( S, B ( A, C ( S, C ( (.  Perform the following steps to reduce the grammar to Chomsky Normal Form (CNF).

(a) Eliminate useless rules.

First, we eliminate non-terminating rules:

Q0 = {C ( (}

Z0 = {C}

Q1 = Q0 ( {A ( C}

Z1 = Z0 ( {A} = {C, A}

Q2 = Q1 ( {S( 0A0, B ( A}

Z2 = Z1 ( {S, B} = {C, A, S, B}

Q3 = Q2 ( { S( 1B1, S( BB, B ( S, C ( S}

Z3 = Z2  (because all Z2 contains non-terminals) 

Note Q4 = Q3 because Q3 contains all rules of the grammar, so HALT.


We then eliminate unreachable symbols:


Z0 = {S}


Q0 = {S( 0A0, S( 1B1, S( BB}


Z1 = Z0 ( {A, B} = {S, A, B}


Q1 = Q0 ( {A ( C, B ( S, B ( A}


Z2 = Z1 ( {C} = {S, A, B, C}


Q2 = Q1 ( {C ( S, C ( (}


Z3 = Z2 because Z2 contains all nonterminals already, so HALT.


Thus, no useless rules were found; the original grammar is already in reduced form.

(b) Eliminate ( productions.

First, we compute Nullable(G):

Z0 = {C} because of the rule C ( (. 

Z1 = Z0 ( {A} = {C, A} because of the rule A ( C.

Z2 = Z1 ( {B} = {C, A, B} because of the rule B ( A.

Z3 = Z2 ( {S} = {C, A, B, S} because of the rule S( BB.

Z4 = Z3 because Z3 contains all nonterminals already.  

Thus, Nullable(G) = {C, A, B, S}

We then eliminate ( productions:

S( 0A0 generates S( 0A0, S( 00

S( 1B1 generates S( 1B1, S( 11

S( BB generates S( BB, S( B

A ( C generates A ( C

B ( S generates B ( S

B ( A generates B ( A

C ( S generates C ( S.

Thus, the new grammar G’ = ({S, A, B, C}, {0, 1}, P’, S} where P’ consists of rules:

S( 0A0, S( 00, S( 1B1, S( 11, S( BB, S( B, A ( C, B ( S, B ( A, C ( S.  Note that since S ( Nullable(G), L(G’) = L(G)  – {(}.  Also note that grammar G’ is already in reduced form (applying the method of Part (a)). 

(c) Eliminate unit rules.

First, we compute the Unit sets:

Unit(S) = {S}

Unit(A) = {A, C, S}

Unit(B) = {B, A, S, C}

Unit(C) = {C, S}

We then eliminate unit rules:

S( 0A0 generates S( 0A0, S( 0C0, S( 0S0

S( 00 generates S( 00

S( 1B1 generates S( 1B1, S( 1A1, S( 1S1, S( 1C1

S( 11 generates S( 11

S( BB generates 
S( BB, S( BA, S( BS, S( BC,


S( AB, S( AA, S( AS, S( AC,


S( SB, S( SA, S( SS, S( SC,


S( CB, S( CA, S( CS, S( CC

We then reduce this grammar using the procedure of Part (a), which eliminates all rules that start with nonterminals A, B, or C because they are not terminating, resulting in a grammar G’’ = ({S}, {0, 1}, P’’, S) where the production set P’’ consists of rules: S ( 0S0, S( 00, S( 1S1, S( 11, S( SS.

(d) Put grammar G’’ into Chomsky Normal Form (CNF).

Introduce nonterminal Z0 and add the rule Z0 ( 0. 

Similarly, introduce nonterminal Z1 and add the rule Z1 ( 1.  

Introduce nonterminal A1 and replace rule S ( 0S0 with S ( Z0A1 and A1 ( S Z0

Replace rule S( 00 with S( Z0Z0
Introduce nonterminal A2 and replace rule S ( 1S1 with S ( Z1A2 and A2 ( S Z1

Replace rule S( 11 with S( Z1Z1
Keep rule S( SS unchanged.

Finally, the grammar in Chomsky normal form is G’’’ = ({S, Z0, Z1, A1, A2}, {0, 1}, P’’’, S} where the production set P’’’ consists of rules: 


S ( Z0A1 , A1 ( SZ0 , S( Z0Z0 , S ( Z1A2  , A2 ( SZ1 , S( Z1Z1 , S( SS,


Z0 ( 0, Z1 ( 1.  

