COT 3100 Final Exam Details

Date: 4/24/2014
Time: 4 – 6:50 PM

Place: NSB-101
Exam Format
Very similar to a Foundation Exam: There will be eight questions on the following topics with the following point totals:

1) Induction (15)

2) Logic (10)

3) Sets (10)

4) Number Theory (15)

5) Counting (15)

6) Probability (15)

7) Relations (10)

8) Functions (10)

Material on our exam will be specific to this semester. There may be some items on this final that won’t appear on the actual Foundation Exam, such as the sum of the divisors of an integer.

What to Study

1) Skim Typed Notes, Printed Notes, Text for definitions

2) Look at past homework, recitations and exams for common problem solving patterns

3) Go to the website with past foundation exam and solve problems in your areas of weakness:

http://www.cs.ucf.edu/academics/foundationexam.php
COT 3100 Topics Covered

Logic : Use of truth tables, logical connectives, implications, logic and implication laws, use of quantifiers

Sets : Definition, Union, Intersection, Minus, Some Counting, Set Laws, Set Table, Venn Diagrams, Inclusion/Exclusion Principle

Counting: Sum Principle, Product Principle, Subtraction Principle, Permutations, Combinations, Combinations with repetition

Probability: Sample Space, Independent Events, Conditional Probabilities, Mutually Exclusive Events, Bayes Law, Inclusion-Exclusion Principle, Application of Counting

Proof techniques: Induction, Direct Proof, Proof by contradiction, Proof of contrapositive

Relations & Functions: Definition of a relation, reflexive, irreflexive, symmetric, anti-symmetric, transitive, injection, surjection, and bijection

Number Theory: Induction, Definition of divisibility, Use of mod and mod rules, Euclid’s Algorithm, Extended Euclidean Algorithm, Fundamental Theorem of Algebra, Proof that (2 is irrational.

Relevant parts in the book:

Logic – Chapter 1
Sets – Chapter 2

Number Theory – 4.1- 4.4 (but no CRT)

Induction – 5.1 – 5.2

Counting – Chapter 6

Probability – Chapter 7

Relations & Functions – Chapter 9
Logic problem

Show that the following is a tautology:
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Set Problem

Prove or disprove: ((A ( C) ( (B ( C)) ( ((A ( B) – C = ()

PROVE




 if ((A ( C) ( (B ( C)), that means we can assume if x(A, then x(C, and if x(B then x(C.

Now, we need to show that ((A ( B) – C = ().

Consider to the contrary that there is an element x((A ( B) – C, That would mean by definition of set difference, that x( A ( B , but x(C.

If x( A ( B, we must have either x(A  or x(B.

In the first case, we find x(C, by the assumption. And we find the same thing in the second case. But this contradicts that x(C. Thus the set (A ( B) – C must be empty.

Counting Problem

What is the sum of all the five-digit integers obtained from the arrangements of the digits 1, 1, 2, 3, and 4?

First, let's count the total number of permutations: 5!/2!, since there are five objects to be permuted, and one of them is repeated twice.

Thus, we have that we are summing 60 numbers. Notice how over the total permutations, each digit is in each place (the units digit, the tens digit, the hundreds digit, etc.) at equal number of times. (This is because when we fix a particular digit, say 2, to be in the units digit, there are exactly 4!/2! = 12 ways to permute the other digits. This DOESN'T change when we fix the digit 2 to another location.)

Thus, over the 60 permutations, 2, 3, and 4 appear in each position exactly 4!/2! times. Finally to deal with the 1s, we see that we choose 2 locations out of 5 for the 1s to appear. When we fix these two locations, we can permute the other three objects in 3! ways.

When we look through all 10 choices of locations for the 1s, we see that we use each location exactly 4 times. For each of these four uses, we have 6 permuations of the 2, 3, and 4. Thus, over the sum of the 60 numbers, a 1 appears in each digit exactly 4x6 = 24 times.

Thus the sum of the numbers can be written as follows:

12(22222 + 33333 + 44444) + 24(11111) =

12((2+3+4)(11111)+24(11111) =

12(9)(11111) + 24(11111) =

(12*9 + 24)(11111) =

(108+24)(11111) =

132(11111) =

1466652

Probability Problem

What is the probability that a randomly chosen permutation of the letters CANADA does not have two consecutive A's appearing in it?

Total number of permutations of CANADA is 6!/3! = 120.

Of these, we can either have the A's in slots (1,3,5) , (1,3,6), (1,4,6) or (2,4,6). In each option, the C, N and D can be in 3! or 6 arrangements, so the final probability is 4*3!/120 = 1/5.

Function Problem

Let f: A( B and g: B ( C denote two functions. If g(f is an injection, prove that f must be an injection. Also, show that it is not necessary for g to be an injection. That is, show that there is a case where g is not an injection, but g(f  is an injection.

We must show that f is an injection. We are given the fact that g(f is an injection. 

We will prove the statement using contradiction. Assume that f is not an injection. In this situation, we can find two distinct elements of the set A, a and a’, such that f(a) = f(a’).

Let each of these be inputs to the function g. Then we have the following:

g(f(a)) = g(f(a’)), where a(a’, since we assumed the two to be distinct.

BUT, this contradicts the assumption that g(f is an injection. Thus, we can conclude that f must be injective.

Here is a small example that satisfies the restrictions of the question, but where g is not injective:

A = {1} B={a,b} C={z}

f(1) = a

g(a) = z

g(b) = z

g(f(1)) = z

Here we have that g(f is not only injective, but also bijective. But, g is not injective since g(a)=g(b).

Induction Problem
Show that for all n ( 0 and x > 2, 
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Use induction on n.

Base case: n=0. LHS = x0 = 1, RHS = x. With given information we find LHS < RHS as desired.

Inductive hypothesis: Assume for an arbitrary value of n=k that, 
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Inductive Step: Under this assumption we must prove our formula for n=k+1. That is, we must show 
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       < xk+1 + xk+1, by the inductive hypothesis.

       = 2xk+1
       <(x)xk+1, using given information about x.

       = x(k+1)+1, proving the inductive step.

Thus, we can conclude that 
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Number Theory Problem
Given that  5 | (2x + 5y), where x and y are integers, show that 5 | x.

Using our given information, we find that

2x + 5y = 5c, for some integer c.

2x = 5c – 5y

x = 5(c – y)/2

We are given that x is an integer. Thus, we must have that 2 | (5(c – y)). But if c – y is odd, this will be false. So, we must have that 2 | (c – y). In this case we can let c – y = 2d, for some integer d. Substituting, we have

x = 5(2d)/2

x = 5d, so we can conclude that 5 | x.

Relation composition Problem

Prove or disprove: If a relation R, defined as a subset of A x A, is symmetric, then show that R ( R is symmetric as well.

Since R is symmetric, we know that if (a,b)(R, then (b,a)(R. We must prove under this assumption that if (a,b)(R(R, then (b,a)(R(R.

If (a,b)(R(R, by the definition of function composition, we must have an element c(A such that (a,c)(R and (c,b)(R. 

But we know R is symmetric. Thus, we can deduce that (c,a)(R and (b,c)(R. 

But, if this is the case, by the definition of function composition, we must have (b,a)(R(R, because (b,c)(R and (c,a)(R. This is exactly what we needed to prove. Thus, R(R is symmetric.

Prove: R is transitive (  R( R (  R.

We must show that if (a,b)(R(R, then (a,b)(R.

First of all, if (a,b)(R(R, then by the definition of function composition, there exists an element c of A such that (a,c)(R

and (c,b)(R.

But, we also know that R is transitive. Since we have (a,c)(R

and (c,b)(R, we can conclude that (a,b)(R, which is exactly what we were trying to prove. Thus, R( R (  R.

Let A denote an arbitrary set, and let R denote a transitive relation over A, that is, R ( A ( A, and for all x, y, z ( A, if (x, y) ( R and (y, z) ( R then (x, z) ( R.  Prove that the composition relation R2 = R o R is transitive.

We must show the following:

if (x, y) ( R o R and (y, z) ( R o R, then (x, z) ( R o R,

in order to prove that R o R  is transitive.

Since we have (x, y) ( R o R, (w| (x,w) ( R and (w,y) ( R, by definition of relation composition. Since we also have that R is transitive, it follows that (x,y) ( R.

Since we have (y, z) ( R o R, (v| (y,v) ( R and (v,z) ( R, by definition of relation composition. Since we also have that R is transitive, it follows that (y,z) ( R.

Now, but definition of relation composition, since (x,y) ( R and (y,z) ( R, it follows that (x,z) ( R o R, which is exactly what we wanted to show.
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