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o N

Definition 1: If a,b € Z with a # 0, we say that « divides b If
there exists ¢ € Z such that b = ac.

When a divides b we say that « is a factor of b and that b Is
a multiple of a.
P oAb

The notation «a | b denotes that « divides b. We write 44 if o
does not divide ».

a|b 1fandonlyif dc(ac=0b)

Y1 Ao
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Integers Divisible by d
-

fExample 2. Let n and d be positive integers. How many
positive integers not exceeding n are divisible by #?

d
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Integers Divisible by d
. -

xample 2: Let n and d be positive integers. How many
positive integers not exceeding n are divisible by #7?

a

0 <dk <n, orequivalently, with 0<k <n/d.

This equals the number of integers k& with

Therefore, there are |n/d| positive integers not exceeding n
that are divisible by d.

=1l d=3
3 4 9 \la[IS lg:ﬁ%&:@
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Properties of the Divides Relation

E

alb A a]c:>a\(b—|—c)
alb = Vc(albe)
alb N blc = alc

Corollary 1.

alb AN alc = VmVn(a|mb+ nc)

o

ntro to Discrete

Structures

-

heorem 1: Let a, b, and ¢ be integers. Then .
((5{ B) +c

|
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The Division Algorithm
-

fTheorem 2. Let a be an integer and d a positive integer.

Then there are unigue integers ¢ and r, with 0 < r < d, such
that a = dg + r.

Quotient
q=adivd = |a/d]

Remainder
r=amodd=a — dq

O = H 0\:3 YT—Q\J

3
L |
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Modular Arithmetic

-

Definition 3: If « and b are integers and m IS a positive
Integer, then a is congruent b modulo m if m divides a — b.

-

We use the notation ¢ = b (mod m) to indicate that a IS
congruent to b modulo m.

If there are not congruent, then we write a Z b (mod m)

a=b (modm) Ifandonlyif m|a—2>b
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Modular Arithmetic

f’[‘W@vag -
o.=b (WOO/VM) iﬁf
O Wmod W = b med

?Wovw 4

L,Eb@moo/ lﬂn) [Jgf;k o+ L(Wl:é






Modular Arithmetic

+ — té |6;_.(m00/3)
7 ﬂ /{El(lﬂnodf)
q 20| (mod 3
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Modular Arithmetic

- %l@l (le 3)

\Ol, = 0 (\/mool 3)
1-9\‘5__“1‘”'\0
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Primes

o N

Definition 1. A positive integer p greater than 1 is called
prime if the only positive 'E:%L,Lsf ers of p are 1 and p.
C ")

A positive integer p greater than 1 and is not prime is called
eoprime. (0 mposile

http://en.w ki pedi a. org/w ki-/ Pri me_nunber
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The Fundamental Theorem of Arithmetic

fTheorem 1: Every positive integer greater than 1 can be T

written uniquely as a prime or as the product of two or more

primes where the prime factors are written in order of
nondecreasing size.

9 =233 =23

o |
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Bound on Largest Prime Factor

-

Theorem 2: If n iIs a composite integer, then n has a prime

divisor less than or equal to /n.
!

i (/OIMPOJ{% — o-b
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The Infinitude of Primes

-

Theorem 3: There are infinitely many primes.

At Hot Hroe (s OVDL\D OC %‘M'LL n,uu,\ée/
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Greatest Common Divisor

-

Definition 2: Let ¢ and b be integers, not both zero. The
largest integer d such that d | « and d | b Is called the
greatest common divisor of ¢ and b.

-

It is denoted by gcd(a, b).

g0 [24,3¢) = 124

o |
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Least Common Multiple

o N

Definition 5: Let ¢ and b be integers, not both zero. The
smallest positive d such that a | d and b | d Is called the

Wt common multiple of a and b.

It Is denoted by lem(a, b).

ﬁcm(ﬁ\%/%) =1

36:01 - 3 { cm 233 = 1
- -
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Prime Factorization/GCﬂﬁ/Lcm

L

et ¢« and b be two positive integers and

n

a = pilpgz.np%nznpjj
7=1
n

h — p{1p£2._.p£n:Hij
i=1

their prime factorizations.

o |
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Prime Factorization/Gecm/Lcm

-

fThen, the greatest common divisor and the least common
multiple are given by

ged(a,b) = prin(enhpmintenp) . pmin(en.f) H a(esnf;)
7=1
n
lcm(a,b) — p]inax(elaﬁ)pglax(emh)“ max (€, fn) H ]ax (ej,f;)

mox (e A+ i AL ec {|

Pl o
We also have the identity € ‘ﬂ

—_——,

ab = ged(a, b) - lem(a, b) .

o |
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The Euclidean Algorithm
-

Lemma 1: Let
a=0bqg+r

where a, b, ¢, and r are integers. Then

ged(a, b) = ged(b, 7).



The Euclidean Algorithm



The Euclidean Algorithm
-

Example 12: Find gcd(414, 662) using the Euclidean
Algorithm.

-



Some Useful Facts

E

heorem 1:

Va Vbds 3t ged(a,b) = sa + tb.

The pair (s,t) can be efficiently computed with the extended
Euclidean algorithm.

o |
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Some Useful Facts

-

Lemma 2: If pis a prime and p | ajas - - - a,, Where each a; IS
an integer, then p | a; for some .

-



Some Usful Facts

L

emma 1.
ged(a,b) =1 ANalbc =alc

Proof of the uniqueness of the prime factorization of a
positive integer:

o |
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Mathematical Induction
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