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Hints for HW1
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Hints for HW1
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Formal Notation & Meaning

- N

® Letpi,po,...,p, and c be (compound) propositions. The

notation
P1
P2
Pn
C
means

(pl/\pg/\---/\pn)—>CET.

® pi.po,...,pn are called the premises and c is called the
conclusion.

o |
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|. Rules of Inference

-

# Modus ponens

® Modus tollens
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ll. Rules of Inference

-

# Hypothetical syllogism

pP—4q
q—7T

p—T

# Disjuctive syllogism

pVyq




Modus Ponens — Disjunctive syllogism

fP P\/ﬂ E’wP-—-;a] -

P P



l1l. Rules of Inference

f.o Addition
p
. pVgq
# Simplification
pAq
. D
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V. Rules of Inference

- |

v (prg) bk

# Conjunction

® Resolution




Resolution

-

® The Iinference rule “resolution”

—pVr

qVr
IS based on the tautology

(V@ AN(=pVrT)) = (qVr).

# We recover disjunctive syllogism by setting » = F

(pV@) AN (—p) —q.

o |
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Hypothetical Syllogism — Resolution
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Hypothetical Syllogism — Resolution
- a



Rules of Inference for Quantified Statements

- N

® Universal instantiation

Ve P(x)
. P(o)

# Universal generalization

P(c) for an arbitrary ¢
. VaP(z)




Rules of Inference for Quantified Statements

- N

® Existential instantiation

Jx P(x)
. P(c) for some element ¢

# Existential generalization

P(c) for an some element ¢
. dxP(x)
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Universal Modus Ponens

- N

® Universal Modus Ponens

Vo (P(r) — Q(z))

P(a), where a Is a particular element in the domain

. Qa)

A Grecks ove Madol  Vx (6005 H(x)
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o

UMP Iin Math

® Assume that the statement

“For all positive integers n, if n is greater than 4, then n?
IS less than 2™”

is true. Use UMP to show that 1002 < 2100
- n7Y

P(n)
@((n)) %<’ P( IOO) s [

\(/r‘l( n)—-?&(n)
P(100]




Universal Modus Tollens

- N

® Universal Modus Tollens

Vo (P(r) — Q(z))

—Q(a), where a Is a particular element in the domain
ﬁP(

a)



Introduction to Proofs

-

# Some Terminology

s Axiom (or Postulate)

s Theorem

s Proposition

s Lemma (Lemmas or Lemmata)
s Corollary

s Proof

s Conjecture

o |
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Proofs Methods
=

# Direct Proof
# Proof by Contraposition (or Indirect Proof)
# Proof by Contradition

# Proof by Induction

o |
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Direct Proof

o N

Definition 1: The integer n is even if there exists an integer
k such that n = 2k, and n Is odd Iif there exists an integer k

such that n = 2k + 1.

Example 1: Give a direct proof of the theorem “If n Is odd,
then n? is odd.”

Proo,gz OSSUume 111§ oo{ol ::731,< |‘].—:2[<+/
= Ak Y = (QJL&I)Q“ :(Q\R)Q\’Jm’l(ﬂ()i\—lg"
= Lfk”z%}ﬂ
= A (2k k| +
ek 3 =7 7+ W hav e Q:«kaﬁ?k
L—-—:b N~ 15 oolo |
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Direct Proof

-

Definition: An integer a IS a perfect square if there is an
integer b such that a = v?.

Example 2: Give a direct proof that if m and n are both
perfect squares, then nm Is also a perfect square.

M = v -
2 V,j ove lﬂj&j’erj

-
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Indirect Proof

-

Example 3: Prove that if n Is an integer and 3n + 2 Is odd,
then n Is odd.

-

The direct approach does not work!

Sn+ly 15 odd = Sn+l =2k+]
wa Somy W[&jev Kk
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Indirect Proof

-

Example 3: Prove that if n Is an integer and 3n + 2 Is odd,
then n Is odd.

-

Use contraposition!

Vn € N (odd(3n + 2) — odd(n))

= YneN (rodd(n) = 10dd ($n2)
= Vnell\l( even (0] = Q/vm(i'mlj}

N v —> 1= Qk fow (ome l‘mlboer [(

v

—> 3n+ 4 = g(ZL(JwZ =6k+4,
= l
L____; Sn+d 15 ey, _ A gL(\: )L Q: %\U’\ J
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Indirect Proof

-

Example 4: Prove that |f n = ab, where a and b are positive
mtegers thena < ./n add b < < /n.

=ob => ooed™ o \ bs{n
OcSSame Hrodk o<\ osssd b<Ar’ "M"—

-
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Proof Strategy
- -

# We have seen two important methods for proving
theorems of the form Vz(P(z) — Q(z)) .

These two methods are

s the direct proof and

s the indirect proof
methods.

# |t takes some practice (solving homework problems) to
learn to recognize quickly the correct approach.

# Try first the direct approach. If it does not work then try

L the indirect approach. ENO or L,EC 6 J
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Direct or Indirect Proof?

o N

Definition: The real number r Is rational If there exist
Integers p and ¢ with ¢ # 0 such that » = p/q.

Example 7: Prove that the sum of two rational numbers is
rational.

o |
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Direct or Indirect Proof?

-

Example 8: Prove that if » is an integer and »? is odd, then
n IS odd.



Proof by Contradition

- N

# We can prove that p is true if we can show that
—p — (r V —r) IS true for some proposition r.
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