Lab 6 key

5.1 (page 252)

1.  If A = {1, 2, 3, 4}, B = {2, 5}, and C = {3, 4, 7}, determine the following:

a)   A ( B
              {(1, 2), (1, 5), (2, 2), (2, 5), (3, 2), (3, 5), (4, 2), (4, 5)} 

b)   B ( A                       {(2, 1), (5, 1), (2, 2), (5, 2), (2, 3), (5, 3), (2, 4), (5, 4)}

c)   A ( (B ( C)              {1, 2, 3, 4, (2, 3), (2, 4), (2, 7), (5, 3), (5, 4), (5, 7)}

d)  (A ( B) ( C              {(1, 3), (1, 4), (1, 7), (2, 3), (2, 4), (2, 7), (3, 3), (3, 4), (3, 7),    (4, 3), (4, 4), (4, 7), (5, 3), (5, 4), (5, 7)}
e)  (A ( C)  (  (B ( C)   {(1, 3), (1, 4), (1, 7), (2, 3), (2, 4), (2, 7), (3, 3), (3, 4), (3, 7),     (4, 3), (4, 4), (4, 7), (5, 3), (5, 4), (5, 7)}

5.  a)  Prove that A ( B  (  C ( D  if and only if  A ( C and B ( D.

   A ( B  (  C ( D  ↔  A ( C ( B ( D
1. Show that A ( B  (  C ( D  →  A ( C ( B ( D
Assume         A ( B  (  C ( D  

That means  (x(y [(x,y) ( A ( B → (x,y) ( C ( D]

       ↔          (x(y [x ( A ( y ( B → x ( C ( y ( D]

       ↔          (x(y [x ( A → x ( C  (  y ( B → y ( D]

       ↔           A ( C ( B ( D
2.  Show that  A ( C ( B ( D → A ( B  (  C ( D  

Assume       A ( C ( B ( D

That means (x(y [x ( A → x ( C  (  y ( B → y ( D]

↔               (x(y [x ( A ( y ( B → x ( C ( y ( D]

↔               (x(y [(x,y) ( A ( B → (x,y) ( C ( D]

↔                A ( B  (  C ( D  

7. a)  If A = {1, 2, 3, 4, 5} and B = {w, x, y, z}, how many elements are there in           ((A ( B)?  

|A| = 5

|B| = 4

|A ( B|= 20

|((A ( B)| = 220
9.  Prove that  (A ( B) ( C  =  (A ( C)  (  (B ( C).

1.    (A ( B) ( C  (  (A ( C)  (  (B ( C)

Assume (x,y) ( (A ( B) ( C
Then    x ( (A ( B) ( y ( C
↔        (x ( A ( x ( B) ( y ( C

↔        (y ( C ( x ( A) ( (y ( C ( x ( B)

↔        (x,y) ( (A ( C) ( (x,y) ( (B ( C)

↔        (x,y) ( (A ( C)  (  (B ( C)

2. (A ( C)  (  (B ( C) ( (A ( B) ( C  

Assume (x,y) ( (A ( C)  (  (B ( C)

Then     x ( A ( x ( B  (  y ( C ( y ( C

↔         x ( (A ( B)  (  y ( C
↔         (x,y) ( (A ( B) ( C   

11.  For A, B, C ( U,  prove that   A ( (B – C)  =  (A ( B) – (A ( C).

1.    A ( (B – C)  (  (A ( B) – (A ( C)

Assume (x,y) ( A ( (B – C)

Then    x ( A ( y ( (B – C)

↔        x ( A ( y ( B ( y ( C

↔        (x ( A ( x ( A) ( y ( B ( y ( C

↔        (x ( A ( y ( B) ( (x ( A ( y ( C)

↔        (x,y) ( (A ( B)  (  (x,y) ( (A ( C)

↔        (x,y) ( (A ( B) – (A ( C)

2. (A ( B) – (A ( C) ( A ( (B – C)  

Assume (x,y) ( (A ( B) – (A ( C)

Then     (x,y) ( (A ( B)  (  (x,y) ( (A ( C)
↔         (x ( A ( y ( B) ( (x ( A ( y ( C)
→          x ( A ( y ( B ( y ( C                 (Hypothetical Syllogism)

↔          x ( A ( y ( B – C

↔         (x,y) ( A ( (B – C) 

13.  Let R ( N ( N where (m, n) ( R   if and only if  n = 5m + 2.

a)  Give a recursive definition for R.

(0, 2) ( R
if (x,y) ( R, then (x+1,y+5) ( R
b)  Use the definition from part (a) to show that (4, 22) ( R.

(4, 22) ( R, if (3, 17) ( R

(3, 17) ( R, if (2, 12) ( R

(2, 12) ( R, if (1, 7) ( R
(1, 7) ( R, if (0, 2) ( R

(0, 2) ( R
Therefore, (4, 22) ( R
5.2 (page 258)

1.  Determine whether or not each of the following relations is a function.  

a) {(x, y) | x, y ( Z, y = x² + 7}, a relation from Z to Z.     Yes

b) {(x, y) | x, y ( R, y² = x}, a relation from R to R.           No

c) {(x, y) | x, y ( R, y = 3x + 1}, a relation from R to R.    Yes

d) {(x, y) | x, y ( Q, x² + y² = 1}, a relation from Q to Q.   No

e) R is a relation from A to B where |A| = 5, |B| = 6, and |R| = 6.   No

3. Let A = {1, 2, 3, 4} and B = {x, y, z}.

a) List 5 functions from A to B.

{(1, x), (2, y)}, {(1, y), (2, z), (3, z)}, {(1, z)}, {(2, z), (4, x), (1, y)}, {(4, z), (2, x)}

Other answers exist


7. Determine each of the following:

a)  (2.3 – 1.6(  = 0

b) (2.3(  -  (1.6(  = 1

c) (3.4( (6.2( = 24

d) (3.4( (6.2( = 21

e) (2(( = 6

f) 2 ((( = 8

15.  For each of the following functions, determine whether it is one-to-one and determine its range.

a) f: Z → Z, f(x) = 2x + 1               one-to-one     f(Z) = odd integers

b) f : Q → Q, f(x) = 2x + 1             one-to-one     f(Q) = Q
c) f : Z → Z, f(x) = x³ - x               not one-to-one    f(Z) = {0, (6, (24, (60, …}

d) f: R → R, f(x) = ex                    one-to-one        f(R) = (0, +()

e) f : [-(/2, (/2] → R, f(x) = sin x     one-to-one    f([-(/2, (/2]) = [-1, 1]

f) f : [0, (] → R, f(x) = sin x          not one-to-one  f([0, (]) = [0, 1]

5.3 (page 265)

1.  Give an example of finite sets A and B with |A|, |B| ≥ 4 and a function f: A → B such that 

             Consider   A = {1,2,3,4,5}   B = {a,b,c,d}

a) f is neither one-to-one nor onto    f : {(1,a), (2, a), (5, c)}

b) f is one-to-one but not onto          f : {(1,a), (2, b), (3, c)}

c) f is onto but not one-to-one          f : {(1,a), (2, a), (3, c), (4, d), (5, b)}

d) f is onto and one-to-one              f : {(1,a), (2, b), (3, c), (4, d)}


3.  For each of the following functions g: R → R, determine whether the function is one-to-one and whether it is onto.  If the function is not onto, dertermine the range g(R).

a) g(x) = x + 7              one-to-one, onto

b) g(x) = 2x – 3
   one-to-one, onto

c) g(x) = -x + 5            one-to-one, onto

d) g(x) = x²                 not one-to-one, not onto   g(R) = [0, +(]
e) g(x) = x² + x             not one-to-one, not onto    g(R) = [- 1/4, +(]

f) g(x) = x³                   one-to-one, onto

5.4 (page 272)

1. For A = {a, b, c}, let f : A ( A → A  be the closed binary operation given in the following table.  Give and example to show that f is not associative.

	f
	a
	b
	c

	a
	b
	a
	c

	b
	a
	c
	b

	c
	c
	b
	a


f (f (a, b), c) = f (a, c) = c

f (a, f (b, c)) = f (a, b) = a, therefore f is not associative.

3. Each of the following functions f : Z ( Z → Z  is a closed binary operation on Z.  Determine in each case whether f is commutative and/or associative.

a) f (x, y) = x + y – xy          commutative and associative
b) f (x, y) = max(x, y)            commutative and associative
c) f (x, y) = xy                                    none

d) f (x, y) = x + y – 3            commutative and associative

5. Let |A| = 5.

a) What is |A ( A|?            25 

b) How many functions f : A ( A are there?     525

c) How many closed binary operations are there on A?
525
d) How many of these closed binary operations are commutative?   510

5.5 (page 277)

2. Show that if eight people are in the same room, at least two of them have birthdays that occur on the same day of the week.

A= people

B = days of week

|A| = 8,  |B| = 7

If every a ( A must be mapped to some b ( B, and since |A| > |B|,  it must be true that f : A → B is not one-to-one and therefore, 2 people must map to the same birthday.

3.  An auditorium has a seating capacity of 800. How many seats must be occupied to guarantee that at least two people seated in the auditorium have the same first and last initials?

26 letters to chose from for the first initial  

26 letters to chose from for the second initial  

262 total choices, therefore   262 + 1

4. Let S = {3, 7, 11, 15, 19, ..., 95, 99, 103}.  How many elements must we select from S to insure that there will be at least two whose sum is 110?

S = {3 7 11 15 19 23 27 31 35 39 43 47 51 55 59 63 67 71 75 79 83 87 91 95 99 103}

|S| = 26

13th element = 51

14th element = 55  

15th element = 59

59 + 51 = 110

15 elements

5.6 (page 288)

1. a)  For A = {1, 2, 3, 4, 5, 6, 7}, how many bijective functions f : A → A satisfy  f (1) ( 1?

7! – 6!

b)  Answer part a) where A = {x| x ( Z+ ​​, 1 ≤ x ≤ n}, for some fixed n ( Z+   

n! – (n – 1)! 

=  (n – 1)(n – 1)!

3. Let f, g: R → R, where g(x) = 1 –x + x² and f(x) = ax + b.  If (g ( f )(x) = 9x² - 9x + 3, determine a, b.
     (g ( f )(x) = 9x² - 9x + 3

=   g (ax + b) = 9x² - 9x +3

=   1 – (ax + b) + (ax + b)² = 9x² - 9x + 3

=   1 – ax - b + a²x² + 2bax + b² = 9x² - 9x + 3

=  a²x² + 2bax  – ax – b + 1 + b² = 9x² - 9x + 3

=  a²x² + (2ba  – a)x + (– b + 1 + b²)

a² = 9,  a = 3.

2b3 – 3 = 9,   b = 2

4. Let g: N → N be defined by g(n) = 2n. If A = {1, 2, 3, 4} and f : A → N is given by f = {(1,2),(2,3),(3,5),(4,7)},  find  g ( f.

     g ( f (n)

=  g(f(n))     where n ( A
=  g({2, 3, 5, 7})

= {4, 6, 10, 14}

g ( f = {(1,4), (2,6),(3,10), (4, 14)}

7.  Let f, g, h: Z → Z be defined by f (x) = x – 1, g (x) = 3x,

h(x) =      0,     if x is even               Determine the following

                1,     if x is odd 

a) g ( f   =  3 (x – 1) = 3x- 3 

 f ( g      =  3x - 1

g ( h      =  0,  if x is even

                  3,  if x is odd

 h ( g     =  0,     if 3x is even               

                  1,     if 3x is odd

 f ((g ( h) =  -1,  if x is even

                     2,  if x is odd

(f (g) ( h  =  -1,  if x is even

                     2,  if x is odd

b) f²    =  (x-1) – 1  = x -2

  f³      =  (x – 2) – 1 = x - 3

  g²     =  3(3x) = 9x

  g³     =  3(9x) = 27x

  h²    =    0,     if x is even           

                1,     if x is odd

  h³  =      0,     if x is even           

                1,     if x is odd

 h500 =     0,     if x is even           

                1,     if x is odd 

8. Let f : A → B, g : B → C.  Prove that a) if g ( f : A → C is onto, then g is onto; 

a)      g ( f : A → C is onto  → then g is onto

Assume   g ( f : A → C is onto  

↔  (c ( C,  (a ( A  |  g (f (a)) = c

↔  (c ( C,  (b ( B | g(b) = c  

↔   g is onto 
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