Lab 5 key

4.3 (page 230)

2.  a, b, c, d  (  Z+.  Prove that 

a)  [(a|b) ( (c|d)] → ac|bd
Assume [(a|b) ( (c|d)]

↔    b = an  (  d = cm     (n,m  (  Z+       Definition of “divides” operator 
=     d * b = d * a * n                              Multiply both sides by d 

=     bd = cm * a * n                                Substitute in cm
=    bd = acmn                                        Since mn (  Z+   (By closure property of Integers) ↔   ac|bd     
b)  a|b → ac|bc
Assume a|b

↔   b = an​​​    (n (  Z+       

=     c * b = c * a * n        

↔   bc|ac
thus a|b → ac|bc
c)  ac|bc  →  a|b.

Assume ac|bc  

↔    bc = acn​​​    (n (  Z+       

=      b = an                           

↔    b|a
3.  If p, q are primes, prove that p|q if and only if p = q.    p,q > 1

Assume for primes p,q that p|q
↔   q = pn

Since q is prime, it must be true that either p = q and n = 1  or  p = 1 and n = q.
Since p > 1, it follows that p = q.

Assume for primes p,q that p = q.

=    p * 1 = q                       let  n = 1

=    pn = q

=   p|q
9.  Let a, b  (  Z+.  If b|a  and  b|(a + 2), prove that b = 1 or b = 2.

Assume that b|a and b|(a + 2)

↔     a = bn  (  a + 2 = bm      (n,m (  Z+   

=      bn + 2 = bm
=      2 = bm – bn
=      2 = b (m – n) 

Since 2 is a prime it follows that (b = 2  ( m – n = 1)  (  (b = 1 ( m – n = 2)

Thus it follows that b = 2 ( b = 1.

13.  If n ( N, prove that 3|(7n - 4n).

Base Case  n = 0

3|(1 – 1)

3|0

True

Induction Hypothesis

Assume for n = k,  k ( N    3|(7k - 4k).

Inductive Step

Prove for n = k + 1,  k + 1 ( N         3 |(7k+1 - 4k+1).

         3 |(7k+1 - 4 k+1)

=       3 | (7 * 7k  -  4 * 4k)

=       3 | ((4 – 3) * 7k  - 4 * 4k)

=       3 | (4 * 7k   –   4 * 4k  –  3 * 7k)

=       3 | 4 (7k – 4k) – 3 * 7k
By the Induction Hypothesis we know that 3|(7k - 4k) and therefore it is true that 

3 | 4(7k - 4k)

Since it is true that 3 | -3, it is also true that 3 | -3 * 7k
Therefore it follows that 3 |(7k+1 - 4k+1)

7 a)  (pg. 245) For all n ( Z, n ≥ 0, prove that  22n+1  + 1 is divisible by 3.

Base Case    n = 0

3 | 21 + 1

3 | 3

True

I.H.   Assume for n = k , k ≥ 0    that  3 | 22k+1 

I.S. Prove that for n = k + 1, k + 1 > 0      3 | 22(k+1)+1     

     3 | 22(k+1)+1     

=   3 | 22k+3     

=   3 | 22 * 22k+1      

=   3 | 4 * 22k+1 

=   3 | 22k+1 + 3 * 22k+1 

Since it is true by the Induction Hypothesis that 3 | 22k+1  and it is also true that

 3 | 3 * 22k+1  (Since 3 | 3), it follows that  =   3 | 22k+1 + 3 * 22k+1.  Hence 3 | 22(k+1)+1.

15.  Write each of the following integers in base 2 and base 16.

a)  22

Base 2:    0001 0110

Base 16:  16

b)  527

Base 2:   0010 0000 1111

Base 16: 20F

c)  1234

Base 2:   0100 1101 0011

Base 16:  4D3 

d)  6923

Base 2:    0001 1011 0000 1000                     

Base 16:  1B08

16.  Convert each of the following hexadecimal numbers to base 2 and base 10.

a)  A7

Base 2:    1010 0111

Base 10:  167

b)  4C2

Base 2:    0100 1100 0010

Base 10:  1218

c)  1C2B

Base 2:    0001 1100 0010 1011

Base 10:  7211

d)  A2DFE

Base 2:    1010 0010 1101 1111 1110

Base 10:  667134

17. Convert each of the following binary numbers to base 10 and base 16.

a)  11001110

Base 10: 206 

Base 16: CE

b)  00110001

Base 10: 49

Base 16: 31

c)  11110000

Base 10: 240

Base 16: F0

d)  01010111

Base 10: 87

Base 16: 57

4.4 (page 237)

1.  For each of the following pairs a, b (  Z+,  determine gcd(a,b) and express it as a linear combination of a, b.

a) 231, 1820


1820 = 7 (231) + 203

231 = 1 (203) + 28

203 = 7 (28) + 7

28 = 4 (7)

gcd(1820, 231) = 7

7 = 203 – 7 (28)

   = 203 – 7 (231 – 203)

   = 8 (203) – 7 (231)

   = 8 (1820 – 7 (231)) – 7(231)

   = 8 (1820) – 63 (231)

b) 1369, 2597

2597 = 1 (1369) + 1228

1369 = 1 (1228) + 141

1228 = 8 (141)  + 100

141 = 1 (100) + 41

100 = 2 (41) + 18

41 = 2 (18) + 5

18 = 3 (5) + 3

5 = 1 (3) + 2

3 = 1 (2) + 1

2 = 2 (1)

gcd(2597, 1369) = 1

c) 2689, 4001

4001 = 1 (2689) + 1312

2689 = 2 (1312) + 65

1312 = 20 (65) + 12

65 = 5 (12) + 5

12 = 2 (5) + 2

5 = 2 (2) + 1

2 = 2 (1)

gcd(2689, 4001) = 1

20.  For each pair a, b in the previous exercise, find lcm(a, b).

a) 231, 1820


lcm(1820, 231) = 
[image: image1.wmf]7

231

*

1820

= 60060

b) 1369, 2597

lcm(2597, 1369) = 2597 * 1369 = 3555293

c) 2689, 4001

lcm(2689, 4001) = 2689 * 4001 = 10758689
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