Lab 4 key

4.1 (page 208)

1. Prove each of the following for all n ≥ 1 by the Principle of Mathematical Induction.

a)  1² + 3² + 5² + … + (2n – 1)² =      
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Base Case:  n = 1

(2 * 1 – 1)² = 
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1 = (1 * 1 * 3) / 3

1 = 1

Property holds for base case

Induction Hypothesis:   Assume for some n = k
1² + 3² + 5² + … + (2k – 1)² =      
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Inductive Step:  Prove that 1² + 3² + 5² + … + (2(k + 1) – 1)² =   
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     1² + 3² + 5² + … + (2(k + 1) – 1)²

     1² + 3² + 5² + … + (2k – 1)² + (2(k + 1) – 1)²

=   
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 + (2(k + 1) – 1)²

= 
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Now take (k +1)(2(k + 1) – 1)(2(k + 1) + 1)

=  (k +1)(2k + 1)(2k + 3)

=  (k + 1)(4k² + 8k + 3)

=  4k³ + 8k² + 3k + 4k² + 8k + 3

= 4k³ + 12k² + 11k + 3.

They are equal.

b)  (1 * 3) + (2 * 4) + (3 *5) + … + n(n + 2) = 
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Base Case:  n = 1

1 * (1 + 2) = 
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Base Case holds true

Inductive Hypothesis:   Assume that for n = k
(1 * 3) + (2 * 4) + (3 *5) + … + k(k + 2) = 
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Inductive Step:  Prove that  (1 * 3) + (2 * 4) + (3 *5) + … + (k + 1)(k + 1 + 2) = 
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    (1 * 3) + (2 * 4) + (3 *5) + … + (k + 1)(k + 1 + 2)

=  (1 * 3) + (2 * 4) + (3 *5) + … + k(k + 2) + (k + 1)(k + 1 + 2)

= 
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Now take (k + 1)(k + 2)(2k + 9) = 2k³ + 15k² + 31k + 18

(k² + 3k + 2)(2k + 9) = 2k³ + 15k² + 31k + 18

2k³ + 6k² + 4k + 9k² + 27k + 18 = 2k³ + 15k² + 31k + 18

2k³ + 15k² + 31k + 18 = 2k³ + 15k² + 31k + 18

True

c)  
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Base Case:   n = 1
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Base Case holds true

Inductive Hypothesis:  Assume that for n = k   
[image: image23.wmf]1
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Inductive Step:  Prove that 
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2.  Establish each of the following for all n ≥ 1 by the Principle of Mathematical Induction.

a) 
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Base Case:    n = 1

20 = 21 – 1

1 = 1

Base Case holds true

Inductive Hypothesis:  Assume for n = k     
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Inductive Step:   Prove that  
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=    2k – 1  + 2k
=    2k + 1 – 1 

True

b)  
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Base Case:  n = 1

1 * (21) = 2 + (1 – 1)21+1

2 = 2

Base Case holds true

Inductive Hypothesis:  Assume that for n = k   
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Inductive Step:  Prove that 
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=     2 + (k – 1)2k+1 + (k + 1)(2k+1)

=    2 + 2k+1((k – 1) + (k + 1))

=    2 + 2k+1(2k)

=    2 + k*2k+2    

True

c)   
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 Base Case:  n = 1

1 * 1! = (1 +1)! – 1

1 = 2 – 1

1=1

Base Case holds true

Inductive Hypothesis:   Assume that for n = k   
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Inductive Step:   Prove that   
[image: image44.wmf]1

)!

1

1

(

)

!

)(

(

1

1

-

+

+

=

å

+

=

k

i

i

k

i


     
[image: image45.wmf]å

+

=

1

1

)

!

)(

(

k

i

i

i


=   
[image: image46.wmf])

)!

1

)((

1

(

)

!

)(

(

1

+

+

+

å

=

k

k

i

i

k

i


=   (k + 1)! – 1 + (k + 1)((k + 1)!)

=  (k + 1)! * (1 + k + 1) – 1

=  (k + 1)! * (k + 2) – 1

=  (k + 2)! – 1

True

14.   Prove that for all n ( Z+, n > 3  →  2n < n!

Base Case:   n = 4

24 < 4!

16 < 24

Base Case holds true

Inductive Hypothesis:  Assume that for n = k    2k < k! 

Inductive Step:  Prove that 2k+1 < (k + 1)!

2k+1 < (k + 1)!

2k * 2 < (k + 1)!

We can use k! as an upper bound for 2k, since we know that 2k < k!

k! * 2 < (k + 1)!

k! * 2 < k! * (k + 1)

2 < (k + 1)

We know this is true since k > 3 by definition.

15.   Prove that for all n ( Z+, n > 4  →  n² < 2n
Base Case:    n = 5

5² < 25
25 < 32

Base Case holds true

Inductive Hypothesis:   Assume for n = k    k² < 2k
Inductive Step:      Prove that  (k + 1)² < 2k+1
Note that  k(k – 2) > 1

k² - 2k  > 1

k² > 2k + 1

And since k² < 2k   then  k² + k² < 2k  + 2k  

Since k² > 2k + 1, we know

k² + 2k + 1 < 2k+1  

(k + 1)² < 2k+1  

True

17. a)  For n ( Z+, let Hn denote the nth harmonic number.  For all n ( N prove that 
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Base Case:   n = 1

1 + (1/2) ≤ 
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2

H


1.5 ≤ 1 + (1/2)

Base Case holds true

Inductive Hypothesis:   Assume that for n = k   
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Inductive Step:  Prove that 
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We can use [image: image53.emf]k
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Which is always true.

4.2 (page 219)

1.  Give a recursive definition for each of the following integer sequences c1, c2, c3, …, where for all n ( Z+ we have

a) cn = 7n
      c1 = 7

      cn+1 = cn + 7  n ≥ 1      

b) cn = 7n
     c1 = 7

     cn+1 = cn * 7   n ≥ 1

c) cn = 3n + 7

    c1 = 10

    cn+1 = cn + 3    n ≥ 1           

d) cn = 7

     c1 = 7

     cn+1 = cn 

e) cn = n²

     c1 = 1

     cn+1 = cn + (2n + 1)                   

f) cn = 2 – (-1)n      

      c1 = 3

      c2 = 1

      cn+2 = cn        

4. a)  For n ( Z+  , n ≥ 2, prove that for any statements p1,  p2, …, pn,

    ¬ (p1 ( p2 ( … ( pn) ↔ ¬ p1 ( ¬ p2 ( … ( ¬ pn

Base Case: n = 2

¬ (p1 ( p2)  ↔ ¬p1 ( ¬p2        By DeMorgan’s Law, this is true

Base Case holds true

Inductive Hypothesis:  Assume for n = k ¬ (p1 ( p2 ( … ( pk) ↔ ¬ p1 ( ¬ p2 ( … ( ¬ pk      

Inductive Step:  Prove that ¬ (p1 ( p2 ( … ( pk+1) ↔ ¬ p1 ( ¬ p2 ( … ( ¬ pk+1

¬ (p1 ( p2 ( … ( pk+1) 

↔ ¬ (p1 ( p2 ( …( pk  ( pk+1)        Let P = p1 ( p2 ( …( pk  

↔ ¬ (P ( pk+1)

↔ ¬P ( ¬pk+1                     By DeMorgan’s Law and Base Case

↔ ¬ (p1 ( p2 ( … ( pk) ( ¬pk+1      
↔ ¬ p1 ( ¬ p2 ( … ( ¬ pk ( ¬pk+1

¬ p1 ( ¬ p2 ( … ( ¬ pk+1
True

12.  For n ≥ 0 let Fn  denote the nth Fibonacci number.  Prove that

       F0 + F1 + F2 + … + Fn = 
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Base Case:   n = 0

0 =  1 – 1 = 0

Base Case holds true

Inductive Hypothesis:   Assume for n = k      F0 + F1 + F2 + … + Fk = Fk+2 - 1

Inductive Step: Prove that for   F0 + F1 + F2 + … + Fk+1 = F(k + 1)+2 – 1

    F0 + F1 + F2 + … + Fk+1

= F0 + F1 + F2 + … + Fk + Fk+1
= Fk+2 – 1 + Fk+1
by definition of Fibonacci numbers      Fk+1 + Fk+2 = Fk+3

 = Fk+3 +1

True  

13.  Prove that for any positive integer n,  
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Base Case:  n = 1

0/2 = 1 – (2/2) = 0

Base Case holds true

Inductive Hypothesis:   Assume for n = k     
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Inductive Proof:    Prove    
[image: image61.wmf]1
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