Lab 2 Key (From Book)

2.3

6. For primitive statements p, q, and r, let P denote the statement

    [p ( (q ( r)]  (  ¬[p ( (q ( r)],  while P1 denotes the statement

    [p ( (q ( r)]  (  ¬[p ( (q ( r)].

   a.  Use the rules of inference to show that   q ( r → q ( r

Steps                                                             Reasons

1) q ( r                                                           Premise

2) q                                                                Simplification on Step 1

3) ( q ( r                                                    Amplification on Step 2

b. Is it true that P →  P1?   No (Verify by truth table)


7.  Give the reason(s) for each step needed to show that the following argument is valid.

              [p ( (p → q) ( (s ( r) ( (r → ¬q)]  →  (s ( t)

Steps                                                      Reasons

1) p                                                         Premise 

2) p → q                                                 Premise

3) q                                                        Detachment on Step 1 and 2

4) r → ¬q                                               Premise

5) q → ¬r                                               Contrapositive on Step 4

6) ¬r                                                       Detachment on Step 3 and 5

7) s ( r                                                   Premise

8) s                                                         Disjunctive Syllogism using Step 6 and 7

9) ( s ( t                                             Amplification on Step 8

8.  Give the reasons for the steps verifying the following argument.




(¬p ( q) → r




r → (s ( t)




¬s ( ¬u



            ¬u → ¬t______




( p 

Steps                                                  Reasons

1) ¬s ( ¬u                                           Premise

2) ¬u                                                    Simplification on Step 1

3) ¬u → ¬t                                          Premise

4) ¬t                                                    Detachment on Step 2 and 3

5) ¬s                                                    Simplification on Step 1

6) ¬s ( ¬t                                            Conjunction of Step 5 and 4

7) r → (s ( t)                                       Premise

8) ¬(s ( t) → ¬r                                   Contrapositive on Step 7

9) (¬s ( ¬t) → ¬r                                 DeMorgan’s Law using Step 8

10) ¬r                                                   Detachment using Step 6 and 9

11) (¬p ( q) → r                                 Premise

12) ¬r → ¬ (¬p ( q)                           Contrapositive on Step 11

13) ¬r → (p ( ¬q)                               DeMorgan’s Law using Step 12

14) p ( ¬q                                           Detachment on Step 10 and 13

15) ( p                                              Simplification on Step 14

10.  Establish the validity of the following arguments.

a) [(p ( ¬q) ( r] → [(p ( r) ( q]

Steps                                                  Reasons

1) p ( ¬q                                            Premise

2) r                                                      Premise

3) p                                                     Simplification on Step 1

4) p ( r                                               Conjunction of Steps 2 and 3

5) ( (p ( r) ( q                                 Amplification on Step 4

b) [p ( (p → q) ( (¬q ( r)] → r

Steps                                                  Reasons

1) p                                                     Premise

2) p → q                                             Premise

3) ¬q ( r                                            Premise

4)  q                                                   Detachment on Steps 1 and 2

5) (  r                                               Disjunctive Syllogism on Steps 3 and 4

c)    p → q

       ¬q

   __¬r____

   (¬(p ( r)

Steps                                                  Reasons

1) p → q                                             Premise

2) ¬q                                                   Premise

3) ¬r                                                    Premise

4) ¬p                                                   Modus Tollens on Steps 1 and 2

5) ¬p ( ¬r                                           Conjunction of Steps 3 and 4

6) ¬(p ( r)                                           DeMorgan’s Law on Step 5

d)     p → q

        r → ¬q

    __r_____
    (¬p

Steps                                                  Reasons

1) r                                                       Premise

2) r  →  ¬q                                           Premise

3) p  →  q                                            Premise

4) ¬q                                                   Detachment on Steps 1 and 2

5) ¬q → ¬p                                          Contapositive on Step 3

6) ( ¬p                                               Detahment on Steps 4 and 5

e)     p → (q → r)

        ¬q → ¬p

  ___p_________
     ( r

Steps                                                  Reasons

1) p                                                     Premise

2) p → (q → r)                                    Premise

3) ¬q →  ¬p                                        Premise

4) q → r                                               Detachment on Steps 1 and 2

5) p → q                                            Contrapositive on Step 3

6) q                                                    Detachment on Steps 1 and 5

7) (r                                               Detachment on Steps 6 and 4

f)     p ( q

       p → (r ( q)

       r → (s ( t)

   __¬s________

      ( t

Steps                                                  Reasons

1) p ( q                                              Premise

2) p → (r ( q)                                     Premise

3) r → (s ( t)                                      Premise

4) ¬s                                                   Premise

5) p                                                     Simplification on Step 1

6) r ( q                                               Detachment on Steps 5 and 2

7) r                                                      Simplification on Step 6

8) s ( t                                               Detachment on Step 3

9) (  t                                               Disjunctive Syllogism on Steps 4 and 8

g)     p → (q → r)

        p ( s

        t → q

   __¬s_________
   (  ¬r → ¬t

Steps                                                  Reasons

1) p → (q → r)                                   Premise

2) p ( s                                               Premise

3) t → q                                              Premise

4) ¬s                                                    Premise

5) p                                                     Disjunctive Syllogism on Steps 2 and 4

6) q → r                                              Detachment on Steps 5 and 1

7) t → r                                              Law of the Syllogism on Steps 3 and 6

8) (  ¬r → ¬t                                   Contrapositive on Step 7 

h)   p ( q

      ¬p ( r

  __¬r_____

   ( q

Steps                                                  Reasons

1) p ( q                                              Premise

2) ¬p ( r                                             Premise

3) ¬r                                                    Premise

4) ¬p                                                   Disjunctive Syllogism on Steps 2 and 3

5) (  q                                               Disjunctive Syllogism on Steps 4 and 1

2.4
1.  Let p(x), q(x) denote the following open statements.

      p(x):    x ≤ 3             q(x):      x  +  1  is odd

If the universe consists of all integers, what are the truth values of the following statements?

a. q(1)                       False : q(3) :  1 + 1 = 2 = even

b. ¬p(3)                     False : p(3):   3 ≤ 3  =  True

c. p(7) ( q(4)            False :  p(7) is False

d. p(3) ( q(4)            True:   Both statements are True

e. ¬(p(-4) ( q(-3))     False:  p(-4) is True, making the entire statement False

f. ¬p(-4) ( ¬q(-3)      False: This statement is DeMorgan’s law performed on the previous

6. Let p(x, y), q(x, y) denote the following open statements.


p(x, y):   x² ≥ y          q(x, y):    x + 2 < y

If the universe for each x, y consists of all real numbers, determine the truth value for each of the following statements .

a. p(2, 4)                             True:      4 ≥ 4

b. q(1, π)                             True:      3 < π

c. p(-3, 8) ( q(1,3)              False:     q(1, 3) is False

d. p(½, ⅓) ( ¬q(-2, -3)       True:     ¬q(-2, -3)  is True 

e. p(2, 2) → q(1, 1)             False:     p(2,2) is True; q(1, 1) is False

f. p(1, 2) ↔ ¬q(1,2)            False:     p(1, 2) is False; ¬q(1,2) is True

8. Let p(x), q(x), and r(x) denote the following open statements.


p(x):  x² - 8x + 15 = 0


q(x):  x is odd


r(x):  x > 0

For the universe of all integers, determine whether the following statements are true or false.  If the statement is false, give a counter example. 

a. (x [p(x) → q(x)]                  True

b. (x [q(x) → p(x)]                  False:   x = 1

c. (x [p(x) → q(x)]                   True

d. (x [q(x) → p(x)]                  True

e. (x [r(x) → p(x)]                    True

f. (x [¬q(x) → ¬p(x)]              True 

g. (x [p(x) → (q(x) ( r(x))]      True

h. (x [(p(x) ( q(x)) → r(x)]     False:    x = -1

21. For the following statements the universe comprises all nonzero integers.  Determine the truth value of each statement.

a. (x (y  [xy = 1]                                          True

b. (x (y [xy = 1]                                          False

c. (x (y [xy = 1]                                           False

d. (x (y [(2x + y = 5) ( (x – 3y = -8)]          True

e. (x (y [(3x – y = 7) ( (2x + 4y = 3)]          False

22. Answer exercise 21 for the universe of all nonzero real numbers.

a.   True

b.   False

c.    True

d.   True

e.    True

25.  Let the universe for the variables in the following statements consist of all real numbers.  In each case negate and simplify the given statement.

a. (x (y [(x > y) → (x – y > 0)]                   True

b. (x (y [(x < y) → (z (x < z < y)]              True

c. (x (y [( |x| = |y| ) → (y = ± x)]                  True

2.5 (page 116)

9. Provide the reasons for the steps verifying the following argument. 

        (x [p(x) → (q(x) ( r(x))]

  ___(x [p(x) ( s(x)]_________
   ( (x [r(x) ( s(x)]

Steps                                                      Reasons

1)  (x [p(x) → (q(x) ( r(x))]                  Premise

2)  (x [p(x) ( s(x)]                                 Premise

3)  p(a) → (q(a) ( r(a))                           Universal Specification (US) on Step 1

4)  p(a) ( s(a)                                          US on Step 2        

5)  p(a)                                                    Simplification on Step 4

6)  q(a) ( r(a)                                          Detachment on Steps 5 and 3

7)  r(a)                                                     Simplification on Step 6    

8)  s(a)                                                     Simplification on Step 4

9)  r(a) ( s(a)                                           Conjunction of Steps 7 and 8     

10) (  (x [r(x) ( s(x)]                          Universal Generalization (UG) on Step 9

10. Provide the reasons for the steps verifying the following argument:

        (x [p(x) ( q(x)]

        (x ¬p(x)

        (x [¬q(x) ( r(x)]

  ___(x [s(x) → ¬r(x)]_____
    (  (x ¬s(x)

Steps                                                      Reasons

1)  (x [p(x) ( q(x)]                                 Premise

2)  (x ¬p(x)                                             Premise

3)  ¬p(a)                                                   Existential Specification (ES) on Step 2

4)  p(a) ( q(a)                                          US on Step 1

5)  q(a)                                                     Disjunctive Syllogism on Steps 3 and 4

6)  (x [¬q(x) ( r(x)]                               Premise

7)  ¬q(a) ( r(a)                                        US on Step 6

8)  q(a) → r(a)                                        Definition of Implication on Step 7

9)  r(a)                                                    Detachment on Steps 5 and 8

10) (x [s(x) → ¬r(x)]                             Premise

11)  s(a) → ¬r(a)                                    US on Step 10

12)  r(a) → ¬s(a)                                    Contrapositive on Step 11

13)  ¬s(a)                                                Detachment on Steps 9 and 12

14) (  (x ¬s(x)                                     Existential Generalization (EG) on Step 13                                                       

(Not From Book)

Provide a demonstration to prove the following statement forms.

1.
(x [p(x) → q(x)]

      ___(x p(x)_________

          ( (x q(x)

Steps                                                      Reasons

1)  (x [p(x) → q(x)]                               Premise

2)  (x p(x)                                              Premise

3)  p(a)                                                    US on Step 2

4)  p(a) → q(a)                                        US on Step 1

5)  q(a)                                                    Detachment on Steps 3 and 4

6)  ( (x q(x)                                        EG on Step 5

2.           (x [p(x) → q(x)]

        ___(x p(x)_______

         ( (x q(x)

Steps                                                      Reasons

1)  (x [p(x) → q(x)]                               Premise

2)  (x p(x)                                              Premise

3)  p(a) → q(a)                                        ES on Step 1  (Must use first)

4)  p(a)                                                    US on Step 2

5)  q(a)                                                    Detachment on Steps 3 and 4

6)  ( (x q(x)                                         EG on Step 5

3.            (x [p(x) → r(x)]

               (x q(x) → ¬(x r(x)

        ___(x [p(x) ( r(x)]_____
            (  (x ¬q(x)

Steps                                                      Reasons

1)  (x [p(x) → r(x)]                               Premise

2)  (x q(x) → ¬(x r(x)                          Premise

3)  (x [p(x) ( r(x)]                                Premise

4)  (x r(x) → ¬ (x q(x)                         Contrapositive on Step 2

5)  p(a) ( r(a)                                         US on Step 3

6)  p(a)                                                   Simplification on Step 5

7)  p(a) → r(a)                                        US on Step 1

8)  r(a)                                                    Detachment on Steps 6 and 7

9)  (x r(x)                                              UG on Step 8

10)  ¬ (x q(x)                                         Detachment on Steps 4 and 9

11)  (  (x ¬q(x)                                   Negation of Existential (NE) on Step 10

4.         (x [p(x) → q(x)]

      ___(x [p(x) ( r(x)]___
         (  (x [p(x) ( q(x)]

Steps                                                      Reasons

1)  (x [p(x) → q(x)]                               Premise

2)  (x [p(x) ( r(x)]                                  Premise

3)  p(a) ( r(a)                                          ES on Step 2   (Must use first)

4)  p(a)                                                    Simplification on Step 3

5)  p(a) → q(a)                                        US on Step 1

6)  q(a)                                                     Detachment on Steps 4 and 5

7)  p(a) ( q(a)                                          Conjunction of Steps 4 and 6

8)  ( (x [p(x) ( q(x)]                           EG on Step 7

5.           (x [p(x) ( (y (p(y) → q(x, y))]  →  (x [p(x) ( q(x, x)]

Steps                                                      Reasons

1)  (x [p(x) ( (y (p(y) → q(x, y))]       Premise

2)  p(a) ( (y (p(y) → q(a, y))                ES on Step 1

3)  p(a)                                                    Simplification on Step 2

4)  (y (p(y) → q(a, y))                           Simplification on Step 2

5)  p(a) → q(a, a)                                    US on Step 4

6)  q(a, a)                                                 Detachment on Step 3 and 5

7)  p(a) ( q(a, a)                                      Conjunctions of Steps 3 and 6

8)  ( (x [p(x) ( q(x, x)]                       EG on Step 7

6.         (x (y [p(x) ( q(y)]  →  (y (x [p(x) ( q(y)]

Steps                                                      Reasons

1)  (x (y [p(x) ( q(y)]                           Premise

2)  (y [p(a) ( q(y)]                                 US on Step 1

3)  p(a) ( q(b)                                         ES on Step 2

4)  (x [p(x) ( q(b)]                                UG on Step 3 (Valid since conjunction is present)

5)  ( (y(x [p(x) ( q(y)]                      EG on Step 4

7.         (x [b(x) → (y (g(y) ( k(y, x))]

             (x [g(x) ( h(x)]

       ___¬ (x [g(x) ( (y (b(y) → k(x, y))]___
          (  (x [b(x) ( (y [g(y) ( k(y, x)]  ( ¬ (y [g(y) → k(y, x)]]

Steps                                                               Reasons

1)  (x [b(x) → (y (g(y) ( k(y, x))]                 Premise

2)  (x [g(x) ( h(x)]                                          Premise

3)  ¬ (x [g(x) ( (y (b(y) → k(x, y))]              Premise

4)  (x[ ¬g(x) ( ¬(y (b(y) → k(x, y))]            NE and DeMorgan’s on Step 3

5)  (x[ ¬g(x) ( ¬(y (¬b(y) ( k(x, y))]           Def. of Implication on Step 4

6)  (x[ ¬g(x) ( (y (b(y) ( ¬k(x, y))]              Negation of Universal (NU) and 

                                                                         DeMorgan’s on Step 5

7)  (x[ g(x) → (y (b(y) ( ¬k(x, y))]              Def. of Implication on Step 6

8)  g(a) ( h(a)                                                  ES on Step 2

9)  g(a)                                                             Simplification on Step 8

10)  g(a) → (y (b(y) ( ¬k(a, y))                     US on Step 7

11)  (y (b(y) ( ¬k(a, y))                                  Detachment on Steps 9 and 10

12)  b(c) ( ¬k(a, c)                                           ES on Step 11

13)  b(c)                                                           Simplification on Step 12

14)  ¬k(a, c)                                                     Simplification on Step 13

15)  g(a) ( ¬k(a, c)                                          Conjunction of Steps 9 and 14

16)  (y [g(y) ( ¬k(y, c)]                                  EG on Step 15

17)  (y ¬[¬g(y) ( k(y, c)]                                DeMorgan’s on Step 16

18)  (y ¬[g(y) → k(y, c)]                                Def. of Implication on Step 17

19)  ¬(y [g(y) → k(y, c)]                               NU on Step 18

20)  b(c) → (y (g(y) ( k(y, c))                       US on Step 1

21)  (y (g(y) ( k(y, c))                                    Detachment on Steps 13 and 20

22)  b(c) ( (y (g(y) ( k(y, c)) ( ¬(y [g(y) → k(y, c)]       Conjunction of Steps 13, 19, 21

23)  ( (x [b(x) ( (y (g(y) ( k(y, x)) ( ¬(y [g(y) → k(y, x)]]   EG on Step 22

