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School of Computer Science

	COT3100                             Introduction to Discrete Structures                       Spring 2005

March 11, 2005                                                                                                       50 Points


HW#2

Due Date: March 26 at 7:30 am

YOU MUST READ THE FOLLOWING INSTRUCTIONS:

(a) You must submit a hard copy in class on the due date BEFORE class begins.

(b) ONLY late assignments are to be submitted via WebCT (http://webct.ucf.edu).  The file must be in Word format and its name is LastName_FirstName_HW2.doc

(for example, Gordon_Matt_HW2.doc).  OR you may submit a late hard copy to 


your lab instructor in your designated lab section. Any other late submissions will 

NOT be accepted.

(c) Late assignments will be penalized 20% per day up to 2 days.  After 2 days late you 


may not submit any assignments.

(d) The homework must be submitted in a high-quality and professional manner.  They 


should be well written and understandable.  The steps/methods of solving the 


problems should be clearly written.

(e) Upon receiving grades for the homework, you have two weeks to question/contest 


your grade. After that, you will not be able to contest your grade that you received.  


This is to ensure that the grader remembers the grading criteria and is able to fairly 


consider re-grading request.

(f) Feel free to talk to other students in the class, the TA's, or myself.  However, you are 


not allowed to look at or copy another student's solution.  Exchanging them is 


cheating and will be reported to the University. Both the source and the recipient will


get a grade F for the course.

(g) You should print this sheet out and use the space provided for your work.  If you need


more room, you may use the back.  Any modifications to this document may distort 


the questions and is not recommended.

1. (7 points) Prove that for every positive integer n, 
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Base Case: n = 1
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=      1³ = (2/2)²

=      1 = 1²

=      1 = 1    Base Case holds true

IH. Assume that for n = k, the following is true:
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IS. Prove that for n = k + 1, the following:
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LHS = 
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   True

2. (8 points) Prove that for every positive integer n, 
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Base Case: n = 1

31+3 > (1 + 3)³

34 > 4³

81 > 64

True

I.H.  For n = k, assume that 
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I.S.  For n = k + 1, prove that 
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      3k+1+3 

=    3k+4 

=    3k+3 * 3

>    (k + 3)³ * 3                By I.H

=    (k³ + 9k² + 27k + 27) * 3

=    3k³ + 27k² + 81k + 81       

>     k³  + 12k² + 48k + 64

=     (k + 4)³

Therefore 
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3. (5 points) Prove part (c) of Theorem 4.3 on page 221: 

[(a | b) ( (b | c)] → a | c   for all a, b, c ( Z
Assume that                    (a | b) ( (b | c)

Then                                b = a * n  and c = b * m    (m,n ( Z

Substitute b                      c = (a * n) * m
Using associativity          c = a * (n * m)

Sub z = n * m                  c = a * z
Since multiplication is a closure property of Integers we know that z ( Z, making the following step true          a | c            by definition of the divides operator.   

4. (# 6 pg 230) (6 points) Let n ( Z+ where n ≥ 2. 

Prove that if a1, a2, ... , an, b1, b2, ... , bn  ( Z+  and  ai | bi  for all 1 ≤ i ≤ n, 

then (a1a2a3 ... an) | (b1b2b3 ... bn).  

(Hint: Use induction on n)
Base Case: n = 2

Assume

a1 | b1  and a2 | b2  

This means that      b1 = a1 * n      (n ( Z         and

                               b2 = a2 * m     (m ( Z         

b1 = a1 * n                       (n ( Z       Take the first equation

b1b2 = a1 * n * b2             (n ( Z       Multiply both sides by b2
b1b2 = a1 * n * a2 * m      (n, (m ( Z   Use second equation to sub in for b2
b1b2 = a1a2 * nm              (n, (m ( Z   Use associativity to simplify

Let p = nm.  We know that p is an integer since both n and m are integers and integers are closed under multiplication. Thus we have now:

b1b2 = a1a2 * p              (p ( Z   
a1a2 | b1b2  

True

I.H. For n = k, assume that if a1, a2, ... , ak, b1, b2, ... , bk  ( Z+  and  ai | bi  for all 1 ≤ i ≤ k, 

then (a1a2a3 ... ak) | (b1b2b3 ... bk).

I.S. For n = k + 1, prove that if a1, a2, ... , ak+1, b1, b2, ... , bk+1  ( Z+  and  ai | bi  

for all 1 ≤ i ≤ k + 1, then (a1a2a3 ... ak) | (b1b2b3 ... bk).

Since ai | bi  for all 1 ≤ i ≤ k + 1, it is also true that ai | bi  for all 1 ≤ i ≤ k. Thus the following is true by our I.H.

b1b2b3 ... bk = a1a2a3 ... ak * n     (n ( Z      

We also know that since ak+1 | bk+1 , then bk+1 = ak+1 * m   (m ( Z.  So:

b1b2b3 ... bk = a1a2a3 ... ak * n     (n ( Z     Take the first equation

b1b2b3 ... bkbk+1 = a1a2a3 ... ak * n * bk+1     (n ( Z     Mult. both sides by bk+1    

b1b2b3 ... bkbk+1 = a1a2a3 ... ak * n * ak+1 * m   (n, (m ( Z     Use second equation to sub 

b1b2b3 ... bkbk+1 = a1a2a3 ... akak+1 * nm   (n, (m ( Z     Use associativity to simplify

Let p = nm.  We know that p is an integer since both n and m are integers and integers are closed under multiplication. Thus we have now:

b1b2b3 ... bkbk+1 = a1a2a3 ... akak+1 * p   (p ( Z

(a1a2a3 ... ak+1) | (b1b2b3 ... bk+1).

5. (# 10 pg 230) (6 points) If n ( Z+, and n is odd, prove that 8 | (n² - 1).       

(Hint: Use induction on n)

Base Case: n = 1

8 | (1 – 1)

8 | 0

True

I.H. For n = k, k is odd, assume that 8 | (k² - 1)

I.S. For n = k + 2, k + 2 is odd (We use k + 2 since k + 1 cannot be odd if k is odd), prove that 8 | (k + 2)² - 1

So we want to prove:

        8 | (k + 2)² - 1

↔    8 | k² + 4k + 4 – 1

↔    8 | (k² - 1) + 4(k + 1)     (rearrange and factor)

In order for this to be true, 1) 8 | k² - 1 must be true and 2) 8 | 4(k + 1) must be true.  1) is automatically true due to I.H. Thus we only need to show that 2) is true.  Looking at the equation 4(k + 1), we can see that it must be true that k + 1 is even, since k is assumed to be odd. Since k + 1 is even, we can assume that it takes on the equation k + 1 = 2j, (j ( Z and thus can sub this into the equation. Now we have 8 | 4(2j), (j ( Z. But this is just

8 | 8j, (j ( Z, which is always true.   Therefore 8 | (k + 2)² - 1 is true.

6. a) (5 points) Using only the division algorithm write each of the following integers in base 2, base 4, and base 8 

i) 137

137/2 = 68      r0 = 1

68/2 = 34        r1 = 0

34/2 = 17        r2 = 0

17/2 = 8          r3 = 1

8/2 = 4            r4 = 0

4/2 = 2            r5 = 0

2/2 = 1            r6 = 0

1/2 = 0            r7 = 1

100010012 

137/4 = 34        r0 = 1

34/4 = 8            r1 = 2

8/4 = 2              r2 = 0

2/4 = 0              r3 = 2

20214

137/8 = 17       r0 = 1

17/8 = 2           r1 = 1

2/8 = 0             r2 = 2

2118

ii) 513

513/2 = 256      r0 = 1

256/2 = 128      r1 = 0  

128/2 = 64        r2 = 0 

64/2 = 32          r3 = 0

32/2 = 16          r4 = 0

16/2 = 8            r5 = 0

8/2 = 4              r6 = 0

4/2 = 2              r7 = 0

2/2 = 1              r8 = 0

1/2 = 0              r9 = 1           

10000000012 

513/4 = 128     r0 = 1

128/4 = 32       r1 = 0

32/4 = 8           r2 = 0

8/4 = 2             r3 = 0

2/4 = 0             r4 = 2

200014    

513/8 = 64      r0 = 1

64/8 = 8          r0 = 0

8/8 = 1            r0 = 0

1/8 = 0            r0 = 1

10018

b) (5 points) For (i) and (ii) write the binary numbers in base 10 and in hexadecimal and for (iii) write the binary number just in hexadecimal. Be sure to show your work.

i) 0101 1010

0*20 + 1*21 + 0*22 + 1*23 + 1*24 + 0*25 + 1*26 + 0*27         

90               

0101 = 5 in Hex

1010 = A in Hex

5A 

ii) 1111 0001 1011

1*20 + 1*21 + 0*22 + 1*23 + 1*24 + 0*25 + 0*26 + 0*27 + 1*28 + 1*29 + 1*210 + 1*211 

3867

1111 = F in Hex

0001 = 1 in Hex

1011 = B in Hex

F1B                

iii) 1010 1000 0111 0101 1011 1111 0101 1110

1010 = A in Hex

1000 = 8 in Hex

0111 = 7 in Hex

0101 = 5 in Hex

1011 = B in Hex

1111 = F in Hex

0101 = 5 in Hex

1110 = E in Hex

A875BF5E

7) (8 points) For each of the following pairs a, b ( Z+, determine GCD(a,b) and express it as a linear combination of a, b. (i.e. GCD(a,b) = ax + by)

a) 264, 168

264 = 1(168) + 96

168 = 1(96) +72

96 = 1(72) + 24

72 = 3(24) + 0

GCD(264, 168) = 24

24 = 96 – 72

24 = 96 – (168 – 96)

24 = 2(96) – 168

24 = 2(264 – 168) – 168

24 = 2(264) – 3(168)

b) 606, 4626

4626 = 7(606) + 384

606 = 1(384) + 222

384 = 1(222) + 162

222 = 1(162) + 60

162 = 2(60) + 42

60 = 1(42) + 18

42 = 2(18) + 6

18 = 3(6) + 0

GCD(606,4626) = 6

6 = 42 – 2(18)

6 = 42 – 2(60 – 42)

6 = 3(42) – 2(60)

6 = 3(162 – 2(60)) – 2(60)

6 = 3(162) – 8(60)

6 = 3(162) – 8(222 – 162)

6 = 11(162) – 8(222)

6 = 11(384 – 222) – 8(222)

6 = 11(384) – 19(222)

6 = 11(384) – 19(606 – 384)

6 = 30(384) – 19(606)

6 = 30(4626 – 7(606)) – 19(606)

6 = 30(4626) – 229(606)     
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