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1) (4 pts) Prove the following set equality properties by membership table: 

 

     (𝐴 − 𝐶) ∩ (𝐶 − 𝐵) = ∅. 

 

𝐴 𝐵 𝐶 𝐴 − 𝐶 𝐶 − 𝐵 (𝐴 − 𝐶) ∩ (𝐶 − 𝐵) ∅ 
0 0 0 0 0 0 0 
0 0 1 0 1 0 0 
0 1 0 0 0 0 0 
0 1 1 0 0 0 0 
1 0 0 1 0 0 0 
1 0 1 0 1 0 0 
1 1 0 1 0 0 0 
1 1 1 0 0 0 0 

 

2) (4 pts) Prove the following set equality properties by membership table: 

 

     𝐴 ∩ (𝐵 ∩ 𝐶) = (𝐴 ∩ 𝐵) ∩ 𝐶. 

 

𝐴 𝐵 𝐶 𝐵 ∩ 𝐶 𝐴 ∩ 𝐵 𝐴 ∩ (𝐵 ∩ 𝐶) (𝐴 ∩ 𝐵) ∩ 𝐶 
0 0 0 0 0 0 0 
0 0 1 0 0 0 0 
0 1 0 0 0 0 0 
0 1 1 1 0 0 0 
1 0 0 0 0 0 0 
1 0 1 0 0 0 0 
1 1 0 0 1 0 0 
1 1 1 1 1 1 1 

 

3) (4 pts) Prove by simplification using set equality laws that 

 

     ((𝐴 ∩ 𝐵) ∪ (𝐴 ∩ 𝐵̅) ∪ (𝐴̅ ∩ 𝐵)) = (𝐴 ∪ 𝐵). 

 

1.    ((𝐴 ∩ 𝐵) ∪ (𝐴 ∩ 𝐵̅) ∪ (𝐴̅ ∩ 𝐵))                                                                   𝑔𝑖𝑣𝑒𝑛 

2.   ((((𝐴 ∩ 𝐵) ∪ 𝐴) ∩ ((𝐴 ∩ 𝐵) ∪ 𝐵̅)) ∪ (𝐴̅ ∩ 𝐵))                                      𝐷𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑣𝑒 𝐿𝑎𝑤𝑠 

3.   (((𝐴 ∪ (𝐴 ∩ 𝐵)) ∩ (𝐵̅ ∪ (𝐴 ∩ 𝐵))) ∪ (𝐴̅ ∩ 𝐵))                                      𝐶𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒 𝐿𝑎𝑤𝑠 

4.   ((𝐴 ∩ (𝐵̅ ∪ (𝐴 ∩ 𝐵))) ∪ (𝐴̅ ∩ 𝐵))                                                              𝐴𝑏𝑠𝑜𝑟𝑝𝑡𝑖𝑜𝑛 𝐿𝑎𝑤𝑠 

5.   ((𝐴 ∩ ((𝐵̅ ∪ 𝐴) ∩ (𝐵̅ ∪ 𝐵))) ∪ (𝐴̅ ∩ 𝐵))                                                   𝐷𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑣𝑒 𝐿𝑎𝑤𝑠 

6.   ((𝐴 ∩ ((𝐵̅ ∪ 𝐴) ∩ 𝑈)) ∪ (𝐴̅ ∩ 𝐵))                                                               𝐼𝑛𝑣𝑒𝑟𝑠𝑒 𝐿𝑎𝑤𝑠 



7.   ((𝐴 ∩ ((𝐵̅ ∪ 𝐴))) ∪ (𝐴̅ ∩ 𝐵))                                                                       𝐼𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝐿𝑎𝑤𝑠 

8.   ((𝐴 ∩ (𝐴 ∪ 𝐵̅)) ∪ (𝐴̅ ∩ 𝐵))                                                                           𝐶𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒 𝐿𝑎𝑤𝑠 

9.    (𝐴 ∪ (𝐴̅ ∩ 𝐵))                                                                                                   𝐴𝑏𝑠𝑜𝑟𝑝𝑡𝑖𝑜𝑛 𝐿𝑎𝑤𝑠 

10.  (𝐴 ∪ 𝐴̅) ∩ (𝐴 ∪ 𝐵)                                                                                           𝐷𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑣𝑒 𝐿𝑎𝑤𝑠 

11.  𝑈 ∩ (𝐴 ∪ 𝐵)                                                                                                       𝐼𝑛𝑣𝑒𝑟𝑠𝑒 𝐿𝑎𝑤𝑠 

11.  (𝐴 ∪ 𝐵)                                                                                                               𝐼𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝐿𝑎𝑤𝑠 

 

 

 

 

4) (5 pts) Prove by simplification using set equality laws that 

 

 

𝐴 ∩ (((𝐴 ∪ 𝐵) ∩ 𝐶) ∪ ((𝐴 ∪ 𝐵) ∩ 𝐶̅)) = 𝐴 

 

𝐴 ∩ ((((𝐴 ∪ 𝐵) ∩ 𝐶) ∪ (𝐴 ∪ 𝐵)) ∩ (((𝐴 ∪ 𝐵) ∩ 𝐶) ∪ 𝐶̅))                     𝐷𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑣𝑒 𝑙𝑎𝑤𝑠 

𝐴 ∩ (((𝐴 ∪ 𝐵) ∪ ((𝐴 ∪ 𝐵) ∩ 𝐶)) ∩ (𝐶̅ ∪ ((𝐴 ∪ 𝐵) ∩ 𝐶)))                     𝐶𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒 𝑙𝑎𝑤𝑠 

𝐴 ∩ ((𝐴 ∪ 𝐵) ∩ (𝐶̅ ∪ ((𝐴 ∪ 𝐵) ∩ 𝐶)))                                                         𝐴𝑏𝑠𝑜𝑟𝑝𝑡𝑖𝑜𝑛 𝑙𝑎𝑤𝑠 

𝐴 ∩ ((𝐴 ∪ 𝐵) ∩ ((𝐶̅ ∪ (𝐴 ∪ 𝐵)) ∩ (𝐶̅ ∪ 𝐶)))                                             𝐷𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑣𝑒 𝑙𝑎𝑤𝑠 

𝐴 ∩ ((𝐴 ∪ 𝐵) ∩ ((𝐶̅ ∪ (𝐴 ∪ 𝐵)) ∩ 𝑈))                                                         𝐼𝑛𝑣𝑒𝑟𝑠𝑒 𝑙𝑎𝑤𝑠 

𝐴 ∩ ((𝐴 ∪ 𝐵) ∩ ((𝐶̅ ∪ (𝐴 ∪ 𝐵))))                                                                 𝐼𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑙𝑎𝑤𝑠 

𝐴 ∩ ((𝐴 ∪ 𝐵) ∩ (((𝐴 ∪ 𝐵) ∪ 𝐶̅)))                                                                 𝐶𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒 𝑙𝑎𝑤𝑠 

𝐴 ∩ (𝐴 ∪ 𝐵)                                                                                                         𝐴𝑏𝑠𝑜𝑟𝑝𝑡𝑖𝑜𝑛 𝑙𝑎𝑤𝑠 

𝐴                                                                                                                             𝐴𝑏𝑠𝑜𝑟𝑝𝑡𝑖𝑜𝑛 𝑙𝑎𝑤𝑠 

 

 

 

 

 

 

 

 

  
 

 

 

 

 



Please follow these directions for questions 5 - 8: 

 

Prove the following subset and set equality properties by considering arbitrary elements of the 

subset and applying the principle of universal generalization.  (For set equalities, you have to do 

this twice.) 

 

5) (3 pts) (𝐴 ∪ 𝐵) ⊆ (𝐴 ∪ 𝐵 ∪ 𝐶)  
 

𝐿𝑒𝑡 𝑥 𝑏𝑒 𝑎𝑛 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 (𝐴 ∪ 𝐵), 𝑡ℎ𝑎𝑡 𝑚𝑒𝑎𝑛𝑠 𝑏𝑦 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑢𝑛𝑖𝑜𝑛 𝑡ℎ𝑎𝑡 
 𝑥 ∈ 𝐴 ∨ 𝑥 ∈ 𝐵, 𝑠𝑖𝑛𝑐𝑒 𝑡ℎ𝑒 𝑠𝑡𝑎𝑡𝑒𝑚𝑒𝑛𝑡 𝑥 ∈ 𝐴 ∨ 𝑥 ∈ 𝐵 𝑖𝑠 𝑡𝑟𝑢𝑒 𝑡ℎ𝑒𝑛  
𝑥 ∈ 𝐴 ∨ 𝑥 ∈ 𝐵 ∨ 𝑥 ∈ 𝐶 𝑖𝑠 𝑡𝑟𝑢𝑒 𝑠𝑖𝑛𝑐𝑒 𝑓𝑜𝑟 𝑎 𝑠𝑡𝑎𝑡𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚  𝑃 ∨ 𝑄 𝑜𝑛𝑙𝑦 𝑃 𝑜𝑟 𝑄  
𝑏𝑒𝑖𝑛𝑔 𝑡𝑟𝑢𝑒 𝑖𝑠 𝑒𝑛𝑜𝑢𝑔ℎ 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑤ℎ𝑜𝑙𝑒 𝑠𝑡𝑎𝑡𝑒𝑚𝑒𝑛𝑡 𝑡𝑜 𝑏𝑒 𝑡𝑟𝑢𝑒 𝑠𝑜 𝑖𝑓 𝑤𝑒 𝑡𝑟𝑒𝑎𝑡  
𝑥 ∈ 𝐴 ∨ 𝑥 ∈ 𝐵 𝑎𝑠 𝑃 𝑎𝑛𝑑 𝑥 ∈ 𝐶 𝑎𝑠 𝑄, 𝑥 ∈ 𝐴 ∨ 𝑥 ∈ 𝐵 𝑏𝑒𝑖𝑛𝑔 𝑡𝑟𝑢𝑒 𝑖𝑠  
𝑒𝑛𝑜𝑢𝑔ℎ 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑤ℎ𝑜𝑙𝑒 𝑠𝑡𝑎𝑡𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝑥 ∈ 𝐴 ∨ 𝑥 ∈ 𝐵 ∨ 𝑥 ∈ 𝐶 𝑡𝑜 𝑏𝑒 𝑡𝑟𝑢𝑒. 𝑆𝑜  
𝑥 ∈ 𝐴 ∨ 𝑥 ∈ 𝐵 ∨ 𝑥 ∈ 𝐶 𝑖𝑠 𝑡𝑟𝑢𝑒 𝑤ℎ𝑖𝑐ℎ 𝑚𝑒𝑎𝑛𝑠 𝑡ℎ𝑎𝑡 𝑥 ∈ (𝐴 ∪ 𝐵 ∪ 𝐶) 𝑖𝑠 𝑡𝑟𝑢𝑒, 𝑠𝑜  
𝑥 ∈ (𝐴 ∪ 𝐵) → 𝑥 ∈ (𝐴 ∪ 𝐵 ∪ 𝐶), 𝑎𝑛𝑑 𝑠𝑖𝑛𝑐𝑒 𝑥 𝑤𝑎𝑠 𝑐ℎ𝑜𝑠𝑒𝑛 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑙𝑦 𝑤𝑒 𝑐𝑎𝑛 𝑢𝑠𝑒 𝑡ℎ𝑒 
 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑙𝑒 𝑜𝑓 𝑢𝑛𝑖𝑣𝑒𝑟𝑠𝑎𝑙 𝑔𝑒𝑛𝑒𝑟𝑎𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑡𝑜 𝑠𝑎𝑦 𝑡ℎ𝑎𝑡 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑦  
𝑖𝑓 𝑦 𝑖𝑠 𝑖𝑛 (𝐴 ∪ 𝐵) 𝑡ℎ𝑒𝑛 𝑦 𝑖𝑠 𝑖𝑛 (𝐴 ∪ 𝐵 ∪ 𝐶), 𝑜𝑟 𝑠𝑦𝑚𝑏𝑜𝑙𝑖𝑐𝑎𝑙𝑙𝑦 

∀𝑦(𝑦 ∈ (𝐴 ∪ 𝐵) → 𝑦 ∈ (𝐴 ∪ 𝐵 ∪ 𝐶)). 𝑎𝑛𝑑 𝑡ℎ𝑖𝑠 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑎𝑠 𝑠𝑎𝑦𝑖𝑛𝑔 𝑡ℎ𝑎𝑡  

(𝐴 ∪ 𝐵) ⊆ (𝐴 ∪ 𝐵 ∪ 𝐶) 
  
 

6) (3 pts) (𝐴 ∩ 𝐵 ∩ 𝐶) ⊆ (𝐴 ∩ 𝐵) 

 

𝐿𝑒𝑡 𝑥 𝑏𝑒 𝑎𝑛 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 (𝐴 ∩ 𝐵 ∩ 𝐶), 𝑡ℎ𝑎𝑡 𝑚𝑒𝑎𝑛𝑠 𝑏𝑦 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑡ℎ𝑎𝑡 

 𝑥 ∈ 𝐴 ∧ 𝑥 ∈ 𝐵 ∧ 𝑥 ∈ 𝐶 𝑖𝑠 𝑡𝑟𝑢𝑒 𝑎𝑛𝑑  𝑠𝑖𝑛𝑐𝑒 𝑡ℎ𝑖𝑠 𝑖𝑠 𝑡𝑟𝑢𝑒, 𝑡ℎ𝑒𝑛 𝑥 ∈ 𝐴 ∧ 𝑥 ∈ 𝐵 𝑖𝑠 𝑡𝑟𝑢𝑒, 
 𝑠𝑖𝑛𝑐𝑒 𝑓𝑜𝑟 𝑥 ∈ 𝐴 ∧ 𝑥 ∈ 𝐵 ∧ 𝑥 ∈ 𝐶 𝑡𝑜 𝑏𝑒 𝑡𝑟𝑢𝑒  𝑥 ∈ 𝐴 ℎ𝑎𝑠 𝑡𝑜 𝑏𝑒 𝑡𝑟𝑢𝑒 𝑎𝑛𝑑 𝑥 ∈ 𝐵 ℎ𝑎𝑠 𝑡𝑜 𝑏𝑒 𝑡𝑟𝑢𝑒 

 𝑎𝑛𝑑 𝑥 ∈ 𝐶 ℎ𝑎𝑠 𝑡𝑜 𝑏𝑒 𝑡𝑟𝑢𝑒 𝑎𝑛𝑑 𝑠𝑖𝑛𝑐𝑒 𝑥 ∈ 𝐴 𝑎𝑛𝑑 𝑥 ∈ 𝐵  ℎ𝑎𝑣𝑒 𝑡𝑜 𝑏𝑒 𝑡𝑟𝑢𝑒 𝑔𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 

 𝑥 ∈ 𝐴 ∧ 𝑥 ∈ 𝐵 ∧ 𝑥 ∈ 𝐶 𝑖𝑠 𝑡𝑟𝑢𝑒, 𝑡ℎ𝑒𝑛 𝑥 ∈ 𝐴 ∧  𝑥 ∈ 𝐵 𝑖𝑠 𝑡𝑟𝑢𝑒 𝑤ℎ𝑖𝑐ℎ 𝑚𝑒𝑎𝑛𝑠  
𝑥 ∈ (𝐴 ∩ 𝐵), 𝑠𝑜 𝑥 ∈ (𝐴 ∩ 𝐵 ∩ 𝐶) → 𝑥 ∈ (𝐴 ∩ 𝐵)  𝑎𝑛𝑑 𝑠𝑖𝑛𝑐𝑒 𝑥 𝑤𝑎𝑠 𝑐ℎ𝑜𝑠𝑒𝑛 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑖𝑙𝑦  
𝑤𝑒  𝑐𝑎𝑛 𝑢𝑠𝑒 𝑡ℎ𝑒 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑙𝑒 𝑜𝑓 𝑢𝑛𝑖𝑣𝑒𝑟𝑠𝑎𝑙 𝑔𝑒𝑛𝑒𝑟𝑎𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑡𝑜 𝑠𝑎𝑦 𝑡ℎ𝑎𝑡 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑦  
𝑖𝑓 𝑦 𝑖𝑠 𝑖𝑛 (𝐴 ∩ 𝐵 ∩ 𝐶), 𝑡ℎ𝑒𝑛 𝑦 𝑖𝑠 𝑖𝑛 (𝐴 ∩ 𝐵),  𝑤ℎ𝑖𝑐ℎ 𝑠𝑦𝑚𝑏𝑜𝑙𝑖𝑐𝑎𝑙𝑙𝑦 𝑚𝑒𝑎𝑛𝑠 

 ∀𝑦(𝑦 ∈ (𝐴 ∩ 𝐵 ∩ 𝐶) → 𝑦 ∈ (𝐴 ∩ 𝐵)), 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑎𝑠  
𝑠𝑎𝑦𝑖𝑛𝑔 (𝐴 ∩ 𝐵 ∩ 𝐶) ⊆ (𝐴 ∩ 𝐵). 

  
 

7) (6 pts) (𝐵 − 𝐴) ∪ (𝐶 − 𝐴) = (𝐵 ∪ 𝐶) − 𝐴  
 

𝐿𝑒𝑡 𝑥 𝑏𝑒 𝑎𝑛 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 (𝐵 − 𝐴) ∪ (𝐶 − 𝐴) 𝑡ℎ𝑎𝑡 𝑚𝑒𝑎𝑛𝑠 𝑏𝑦 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑒𝑡 𝑠𝑢𝑏𝑡𝑟𝑎𝑐𝑡𝑖𝑜𝑛 

𝑎𝑛𝑑 𝑢𝑛𝑖𝑜𝑛 𝑡ℎ𝑎𝑡 𝑥 𝑖𝑠 𝑖𝑛 𝐵 𝑎𝑛𝑑 𝑛𝑜𝑡 𝑖𝑛 𝐴, 𝑜𝑟 𝑥 𝑖𝑠 𝑖𝑛 𝐶 𝑎𝑛𝑑 𝑛𝑜𝑡 𝑖𝑛 𝐴, 𝑤ℎ𝑖𝑐ℎ 𝑠𝑦𝑚𝑏𝑜𝑙𝑖𝑐𝑎𝑙𝑙𝑦 𝑖𝑠 

 (𝑥 ∈ 𝐵 ∧ 𝑥 ∉ 𝐴) ∨ (𝑥 ∈ 𝐶 ∧ 𝑥 ∉ 𝐴), 𝑤𝑒 𝑐𝑎𝑛 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡 𝑡ℎ𝑒 𝑠𝑡𝑎𝑡𝑒𝑚𝑒𝑛𝑡𝑠 𝑎𝑠 𝑠𝑦𝑚𝑏𝑜𝑙𝑠, 𝑤𝑒 𝑤𝑖𝑙𝑙 
 𝑑𝑜 𝑡ℎ𝑖𝑠𝑒 𝑙𝑖𝑘𝑒 𝑠𝑜, 𝑃 𝑤𝑖𝑙𝑙 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡 𝑥 ∈ 𝐵, 𝑄 𝑤𝑖𝑙𝑙 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡 𝑥 ∉ 𝐴 𝑎𝑛𝑑 𝑅 𝑤𝑖𝑙𝑙 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡  
𝑥 ∈ 𝐶. 𝑆𝑜, 𝑤𝑒 ℎ𝑎𝑣𝑒 (𝑃 ∧ 𝑄) ∨ (𝑅 ∧ 𝑄) 𝑎𝑛𝑑 𝑤𝑒 𝑐𝑎𝑛 𝑢𝑠𝑒 𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑜𝑛𝑠 𝑡𝑜 𝑡𝑟𝑦 𝑡𝑜 𝑑𝑒𝑟𝑖𝑣𝑒  
(𝑃 ∨ 𝑅) ∧ 𝑄 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 (𝑥 ∈ 𝐵 ∨ 𝑥 ∈ 𝐶) ∧ 𝑥 ∉ 𝐴. 
  
 (𝑃 ∧ 𝑄) ∨ (𝑅 ∧ 𝑄)                                                                        𝑔𝑖𝑣𝑒𝑛 



 ((𝑃 ∧ 𝑄) ∨ 𝑅) ∧ ((𝑃 ∧ 𝑄) ∨ 𝑄)                                                𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑣𝑒 𝑙𝑎𝑤𝑠 

 ((𝑃 ∧ 𝑄) ∨ 𝑅) ∧ 𝑄                                                                        𝑎𝑏𝑠𝑜𝑟𝑝𝑡𝑖𝑜𝑛 𝑙𝑎𝑤𝑠 

 ((𝑃 ∨ 𝑅) ∧ (𝑄 ∨ 𝑅))  ∧ 𝑄                                                           𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑣𝑒 𝑙𝑎𝑤𝑠 

 (𝑃 ∨ 𝑅) ∧ ((𝑄 ∨ 𝑅) ∧ 𝑄)                                                           𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑖𝑣𝑒 𝑙𝑎𝑤𝑠 

 (𝑃 ∨ 𝑅) ∧ 𝑄                                                                                   𝑎𝑏𝑠𝑜𝑟𝑝𝑡𝑖𝑜𝑛 𝑙𝑎𝑤𝑠 

 

𝑆𝑜 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑑𝑒𝑟𝑖𝑣𝑒𝑑 (𝑃 ∨ 𝑅) ∧ 𝑄 𝑠𝑜 𝑤𝑒 𝑐𝑎𝑛 𝑠𝑎𝑦 𝑡ℎ𝑎𝑡 (𝑃 ∧ 𝑄) ∨ (𝑅 ∧ 𝑄) →  (𝑃 ∨ 𝑅) ∧ 𝑄, 
(𝑛𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝑑𝑒𝑟𝑖𝑣𝑖𝑛𝑔 𝑣𝑖𝑎 𝑗𝑢𝑠𝑡 𝑙𝑜𝑔𝑖𝑐 𝑙𝑎𝑤𝑠 𝑦𝑜𝑢 𝑐𝑎𝑛 𝑠𝑎𝑦 𝑡ℎ𝑎𝑡 
(𝑃 ∧ 𝑄) ∨ (𝑅 ∧ 𝑄) ↔  (𝑃 ∨ 𝑅) ∧ 𝑄 𝑎𝑛𝑑 𝑡ℎ𝑎𝑡 𝑚𝑒𝑎𝑛𝑠 (𝑃 ∧ 𝑄) ∨ (𝑅 ∧ 𝑄) →  (𝑃 ∨ 𝑅) ∧ 𝑄 

𝑎𝑛𝑑 (𝑃 ∨ 𝑅) ∧ 𝑄 →  (𝑃 ∧ 𝑄) ∨ (𝑅 ∧ 𝑄) 𝑎𝑟𝑒 𝑏𝑜𝑡ℎ 𝑡𝑟𝑢𝑒). 
𝑆𝑜, 𝑤𝑒 𝑐𝑎𝑛 𝑠𝑎𝑦 𝑡ℎ𝑎𝑡 (𝑥 ∈ 𝐵 ∧ 𝑥 ∉ 𝐴) ∨ (𝑥 ∈ 𝐶 ∧ 𝑥 ∉ 𝐴) → (𝑥 ∈ 𝐵 ∨ 𝑥 ∈ 𝐶) ∧ 𝑥 ∉ 𝐴, 𝑎𝑛𝑑 
(𝑥 ∈ 𝐵 ∨ 𝑥 ∈ 𝐶) ∧ 𝑥 ∉ 𝐴 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑎𝑠 𝑠𝑎𝑦𝑖𝑛𝑔 𝑡ℎ𝑎𝑡 𝑥 ∈ (𝐵 ∪ 𝐶) − 𝐴, 𝑠𝑜 𝑤𝑒 𝑐𝑎𝑛 𝑠𝑎𝑦 𝑡ℎ𝑎𝑡 

𝑥 ∈ (𝐵 − 𝐴) ∪ (𝐶 − 𝐴) → 𝑥 ∈ (𝐵 ∪ 𝐶) − 𝐴 𝑎𝑛𝑑 𝑏𝑦 𝑠𝑖𝑛𝑐𝑒 𝑥 𝑤𝑎𝑠 𝑐ℎ𝑜𝑠𝑒𝑛 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑖𝑙𝑦 𝑤𝑒 𝑐𝑎𝑛 

𝑢𝑠𝑒 𝑡ℎ𝑒 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑙𝑒 𝑜𝑓 𝑢𝑛𝑖𝑣𝑒𝑟𝑠𝑎𝑙 𝑔𝑒𝑛𝑒𝑟𝑎𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑡𝑜 𝑠𝑎𝑦 𝑡ℎ𝑎𝑡 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑦 𝑖𝑓 𝑦 𝑖𝑠 

𝑖𝑛 (𝐵 − 𝐴) ∪ (𝐶 − 𝐴) 𝑡ℎ𝑒𝑛 𝑦 𝑖𝑠 𝑖𝑛 (𝐵 ∪ 𝐶) − 𝐴, 𝑜𝑟 𝑖𝑛 𝑠𝑦𝑚𝑏𝑜𝑙𝑖𝑐 𝑛𝑜𝑡𝑎𝑡𝑖𝑜𝑛 𝑤𝑒 𝑐𝑎𝑛 𝑠𝑎𝑦  
∀𝑦(𝑦 ∈ (𝐵 − 𝐴) ∪ (𝐶 − 𝐴) → 𝑦 ∈ (𝐵 ∪ 𝐶) − 𝐴), 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑎𝑠 𝑠𝑎𝑦𝑖𝑛𝑔 𝑡ℎ𝑎𝑡 
(𝐵 − 𝐴) ∪ (𝐶 − 𝐴) ⊆ (𝐵 ∪ 𝐶) − 𝐴. 𝑁𝑜𝑤 𝑤𝑒 𝑚𝑢𝑠𝑡 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 
(𝐵 ∪ 𝐶) − 𝐴 ⊆ (𝐵 − 𝐴) ∪ (𝐶 − 𝐴), 𝑡𝑜 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 (𝐵 − 𝐴) ∪ (𝐶 − 𝐴) = (𝐵 ∪ 𝐶) − 𝐴. 
 

 𝑆𝑜 𝑛𝑜𝑤 𝑤𝑒 𝑤𝑖𝑙𝑙 𝑐ℎ𝑜𝑜𝑠𝑒 𝑎𝑛 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑧 𝑖𝑛 (𝐵 ∪ 𝐶) − 𝐴, 𝑡ℎ𝑎𝑡 𝑚𝑒𝑎𝑛𝑠 𝑡ℎ𝑎𝑡   
(𝑧 ∈ 𝐵 ∨ 𝑧 ∈ 𝐶) ∧ 𝑧 ∉ 𝐴, 𝑤𝑒 𝑐𝑎𝑛 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡 𝑧 ∈ 𝐵 𝑎𝑠 𝑇, 𝑧 ∈ 𝐶 𝑎𝑠 𝑆 𝑎𝑛𝑑 𝑧 ∉ 𝐴 𝑎𝑠 𝐾, 𝑠𝑜 

𝑤𝑒 𝑐𝑎𝑛 𝑤𝑟𝑖𝑡𝑒 (𝑧 ∈ 𝐵 ∨ 𝑧 ∈ 𝐶) ∧ 𝑧 ∉ 𝐴 𝑎𝑠 (𝑇 ∨ 𝑆) ∧ 𝐾, 𝑎𝑛𝑑 𝑠𝑖𝑛𝑐𝑒 𝑤𝑒 𝑎𝑙𝑟𝑒𝑎𝑑𝑦 𝑝𝑟𝑜𝑣𝑒𝑑 𝑡ℎ𝑎𝑡 
(𝑃 ∧ 𝑄) ∨ (𝑅 ∧ 𝑄) ↔  (𝑃 ∨ 𝑅) ∧ 𝑄, 𝑎𝑛𝑑 𝑃, 𝑄 𝑎𝑛𝑑 𝑅 𝑎𝑟𝑒 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑠𝑒𝑛𝑡𝑒𝑛𝑐𝑒𝑠 𝑤𝑒 𝑐𝑎𝑛 𝑠𝑎𝑦  
𝑡ℎ𝑎𝑡 (𝑇 ∨ 𝑆) ∧ 𝐾 ↔ (𝑇 ∧ 𝐾) ∨ (𝑆 ∧ 𝐾) 𝑎𝑛𝑑 (𝑇 ∨ 𝑆) ∧ 𝐾 ↔ (𝑇 ∧ 𝐾) ∨ (𝑆 ∧ 𝐾) 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑡ℎ𝑎𝑡 
(𝑇 ∨ 𝑆) ∧ 𝐾 → (𝑇 ∧ 𝐾) ∨ (𝑆 ∧ 𝐾) 𝑖𝑠 𝑡𝑟𝑢𝑒 𝑎𝑛𝑑 (𝑇 ∧ 𝐾) ∨ (𝑆 ∧ 𝐾) →  (𝑇 ∨ 𝑆) ∧ 𝐾 𝑖𝑠 𝑡𝑟𝑢𝑒  
𝑆𝑜 𝑤𝑒 𝑐𝑎𝑛 𝑠𝑎𝑦 (𝑇 ∨ 𝑆) ∧ 𝐾 → (𝑇 ∧ 𝐾) ∨ (𝑆 ∧ 𝐾)  𝑤ℎ𝑖𝑐ℎ 𝑖𝑓 𝑤𝑒 𝑑𝑜 𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑜𝑛 𝑎𝑔𝑎𝑖𝑛 𝑖𝑠 
(𝑧 ∈ 𝐵 ∨ 𝑧 ∈ 𝐶) ∧ 𝑧 ∉ 𝐴 → (𝑧 ∈ 𝐵 ∧ 𝑧 ∉ 𝐴) ∨ (𝑧 ∈ 𝐶 ∧ 𝑧 ∉ 𝐴) 𝑎𝑛𝑑 𝑠𝑖𝑛𝑐𝑒 
(𝑧 ∈ 𝐵 ∧ 𝑧 ∉ 𝐴) ∨ (𝑧 ∈ 𝐶 ∧ 𝑧 ∉ 𝐴) 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑎𝑠 𝑠𝑎𝑦𝑖𝑛𝑔 𝑧 ∈ (𝐵 − 𝐴) ∪ (𝐶 − 𝐴), 𝑤𝑒 𝑐𝑎𝑛 
𝑠𝑎𝑦 𝑧 ∈ (𝐵 ∪ 𝐶) − 𝐴 → 𝑧 ∈ (𝐵 − 𝐴) ∪ (𝐶 − 𝐴) 𝑎𝑛𝑑 𝑠𝑖𝑛𝑐𝑒 𝑧 𝑤𝑎𝑠 𝑐ℎ𝑜𝑠𝑒𝑛 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑙𝑦, 𝑤𝑒 𝑐𝑎𝑛 
𝑢𝑠𝑒 𝑡ℎ𝑒 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑙𝑒 𝑜𝑓 𝑢𝑛𝑖𝑣𝑒𝑟𝑠𝑎𝑙 𝑔𝑒𝑛𝑒𝑟𝑎𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛, 𝑡𝑜 𝑠𝑎𝑦 𝑡ℎ𝑎𝑡 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑦 𝑖𝑓 𝑦 
𝑖𝑠 𝑖𝑛  (𝐵 ∪ 𝐶) − 𝐴 𝑡ℎ𝑒𝑛 𝑦 𝑖𝑠 𝑖𝑛 (𝐵 − 𝐴) ∪ (𝐶 − 𝐴), 𝑤ℎ𝑖𝑐ℎ 𝑖𝑛 𝑠𝑦𝑚𝑏𝑜𝑙𝑖𝑐 𝑛𝑜𝑡𝑎𝑡𝑖𝑜𝑛 𝑖𝑠  
∀𝑦(𝑦 ∈ (𝐵 ∪ 𝐶) − 𝐴 → 𝑦 ∈ (𝐵 − 𝐴) ∪ (𝐶 − 𝐴)) 𝑎𝑛𝑑 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑎𝑠 𝑠𝑎𝑦𝑖𝑛𝑔 
(𝐵 ∪ 𝐶) − 𝐴 ⊆ (𝐵 − 𝐴) ∪ (𝐶 − 𝐴). 𝑆𝑜 𝑤𝑒 ℎ𝑎𝑣𝑒 (𝐵 ∪ 𝐶) − 𝐴 ⊆ (𝐵 − 𝐴) ∪ (𝐶 − 𝐴) 𝑎𝑛𝑑 
(𝐵 − 𝐴) ∪ (𝐶 − 𝐴) ⊆ (𝐵 ∪ 𝐶) − 𝐴  𝑠𝑖𝑛𝑐𝑒 𝑏𝑜𝑡ℎ 𝑎𝑟𝑒 𝑠𝑢𝑏𝑠𝑒𝑡𝑠 𝑜𝑓 𝑒𝑎𝑐ℎ 𝑜𝑡ℎ𝑒𝑟 𝑡ℎ𝑒𝑛 𝑏𝑦  
𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 (𝐵 − 𝐴) ∪ (𝐶 − 𝐴) = (𝐵 ∪ 𝐶) − 𝐴. 
 

  
8) (6 pts) 𝐴 ∪ (𝐴 ∩ 𝐵) = 𝐴 

 

𝐿𝑒𝑡 𝑥 𝑏𝑒 𝑎𝑛 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝐴 ∪ (𝐴 ∩ 𝐵), 𝑡ℎ𝑎𝑡 𝑚𝑒𝑎𝑛𝑠 𝑏𝑦 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑢𝑛𝑖𝑜𝑛 𝑎𝑛𝑑  
𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑡ℎ𝑎𝑡 𝑥 ∈ 𝐴 ∨ (𝑥 ∈ 𝐴 ∧ 𝑥 ∈ 𝐵), 𝑤𝑒 𝑐𝑎𝑛 𝑛𝑜𝑤 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡 𝑥 ∈ 𝐴 𝑎𝑠 𝑃 𝑎𝑛𝑑  
 𝑥 ∈ 𝐵 𝑎𝑠 𝑄, 𝑠𝑜 𝑤𝑒 𝑐𝑎𝑛 𝑤𝑟𝑖𝑡𝑒 𝑥 ∈ 𝐴 ∨ (𝑥 ∈ 𝐴 ∧ 𝑥 ∈ 𝐵) 𝑎𝑠 𝑃 ∨ (𝑃 ∧ 𝑄), 𝑛𝑜𝑤 𝑤𝑒 𝑤𝑖𝑙𝑙  
𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡  𝑃 ∨ (𝑃 ∧ 𝑄) 𝑐𝑎𝑛 𝑏𝑒 𝑤𝑟𝑖𝑡𝑡𝑒𝑛 𝑎𝑠 𝑃, 𝑚𝑒𝑎𝑛𝑖𝑛𝑔 𝑤𝑒 𝑤𝑖𝑙𝑙 𝑝𝑟𝑜𝑣𝑒  
 𝑃 ∨ (𝑃 ∧ 𝑄) ↔ 𝑃. 

 



 𝑃 ∨ (𝑃 ∧ 𝑄)                                                                 𝑔𝑖𝑣𝑒𝑛 

𝑃                                                                                     𝑎𝑏𝑠𝑜𝑟𝑝𝑡𝑖𝑜𝑛 𝑙𝑎𝑤𝑠 
 

𝑇ℎ𝑢𝑠 𝑃 ∨ (𝑃 ∧ 𝑄) ↔ 𝑃, 𝑚𝑒𝑎𝑛𝑖𝑛𝑔 𝑃 ∨ (𝑃 ∧ 𝑄) → 𝑃 𝑎𝑛𝑑 𝑃 → 𝑃 ∨ (𝑃 ∧ 𝑄), 𝑠𝑜 𝑏𝑦 𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔, 
𝑤𝑒 𝑔𝑒𝑡 𝑥 ∈ 𝐴 ∨ (𝑥 ∈ 𝐴 ∧ 𝑥 ∈ 𝐵) → 𝑥 ∈ 𝐴, 𝑎𝑛𝑑 𝑡ℎ𝑢𝑠 𝑤𝑒 𝑐𝑎𝑛 𝑠𝑎𝑦 𝑡ℎ𝑎𝑡  
𝑥 ∈ 𝐴 ∪ (𝐴 ∩ 𝐵) → 𝑥 ∈ 𝐴 𝑎𝑛𝑑 𝑠𝑖𝑛𝑐𝑒 𝑤𝑒 𝑢𝑠𝑒𝑑 𝑎𝑛 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑥 𝑤𝑒 𝑐𝑎𝑛 𝑢𝑠𝑒 𝑡ℎ𝑒 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑙𝑒 

𝑜𝑓 𝑢𝑛𝑖𝑣𝑒𝑟𝑠𝑎𝑙 𝑔𝑒𝑛𝑒𝑟𝑎𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑡𝑜 𝑠𝑎𝑦 𝑡ℎ𝑎𝑡 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑦 𝑖𝑓 𝑦 𝑖𝑠 𝑖𝑛 𝐴 ∪ (𝐴 ∩ 𝐵), 𝑡ℎ𝑒𝑛 

𝑦 𝑖𝑠 𝑖𝑛 𝐴, 𝑜𝑟 𝑠𝑦𝑚𝑏𝑜𝑙𝑙𝑖𝑐𝑎𝑙𝑦 ∀𝑦(𝑦 ∈ 𝐴 ∪ (𝐴 ∩ 𝐵) → 𝑦 ∈ 𝐴) 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑎𝑠 𝑠𝑎𝑦𝑖𝑛𝑔 𝑡ℎ𝑎𝑡 

𝐴 ∪ (𝐴 ∩ 𝐵) ⊆ 𝐴. 𝑁𝑜𝑤 𝑤𝑒 𝑛𝑒𝑒𝑑 𝑡𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝐴 ⊆ 𝐴 ∪ (𝐴 ∩ 𝐵), 𝑡𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 

 𝐴 ∪ (𝐴 ∩ 𝐵) = 𝐴. 
 

𝑁𝑜𝑤 𝑙𝑒𝑡 𝑧 𝑏𝑒 𝑎𝑛 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝐴, 𝑡ℎ𝑎𝑡 𝑚𝑒𝑎𝑛𝑠 𝑧 ∈ 𝐴 𝑎𝑛𝑑 𝑡ℎ𝑖𝑠 𝑐𝑎𝑛 𝑏𝑒 𝑤𝑟𝑖𝑡𝑡𝑒𝑛 𝑎𝑠 𝑅, 𝑙𝑖𝑘𝑒   
𝑏𝑒𝑓𝑜𝑟𝑒 𝑃 ∨ (𝑃 ∧ 𝑄) ↔ 𝑃 𝑎𝑛𝑑 𝑠𝑖𝑛𝑐𝑒 𝑃 𝑎𝑛𝑑 𝑄 𝑎𝑟𝑒 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑠𝑒𝑛𝑡𝑒𝑛𝑐𝑒𝑠, 𝑖𝑡 𝑐𝑎𝑛 𝑏𝑒 𝑠𝑎𝑖𝑑 𝑡ℎ𝑎𝑡 

 𝑅 ∨ (𝑅 ∧ 𝑆) ↔ 𝑅, 𝑤ℎ𝑒𝑟𝑒 𝑆 𝑖𝑠 𝑧 ∈ 𝐵, 𝑎𝑙𝑡ℎ𝑜𝑢𝑔ℎ 𝑖𝑡 𝑐𝑜𝑢𝑙𝑑 𝑏𝑒 𝑎𝑛𝑦𝑡ℎ𝑖𝑛𝑔. 𝑆𝑜, 𝑖𝑡 𝑐𝑎𝑛 𝑏𝑒 𝑠𝑎𝑖𝑑 𝑡ℎ𝑎𝑡 

𝑅 → 𝑅 ∨ (𝑅 ∧ 𝑆), 𝑎𝑛𝑑 𝑡ℎ𝑢𝑠 𝑧 ∈ 𝐴 →  𝑧 ∈ 𝐴 ∪ (𝐴 ∩ 𝐵) 𝑎𝑛𝑑 𝑠𝑖𝑛𝑐𝑒 𝑧 𝑤𝑎𝑠 𝑎𝑛 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦  
𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑤𝑒 𝑐𝑎𝑛 𝑢𝑠𝑒 𝑡ℎ𝑒 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑙𝑒 𝑜𝑓 𝑢𝑛𝑖𝑣𝑒𝑟𝑠𝑎𝑙 𝑔𝑒𝑛𝑒𝑟𝑎𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑡𝑜 𝑠𝑎𝑦 𝑡ℎ𝑎𝑡 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 

𝑦, 𝑖𝑓 𝑦 𝑖𝑠 𝑖𝑛 𝐴, 𝑡ℎ𝑒𝑛 𝑦 𝑖𝑠 𝑖𝑛 𝐴 ∪ (𝐴 ∩ 𝐵), 𝑜𝑟 𝑖𝑛 𝑠𝑦𝑚𝑏𝑜𝑙𝑖𝑐 𝑛𝑜𝑡𝑎𝑡𝑖𝑜𝑛, 𝑖𝑡 𝑤𝑜𝑢𝑙𝑑 𝑏𝑒  
 ∀𝑦(𝑦 ∈ 𝐴 → 𝑦 ∈ 𝐴 ∪ (𝐴 ∩ 𝐵)), 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑎𝑠 𝑠𝑎𝑦𝑖𝑛𝑔 𝐴 ⊆ 𝐴 ∪ (𝐴 ∩ 𝐵), 𝑎𝑛𝑑 𝑡ℎ𝑢𝑠 

𝑠𝑖𝑛𝑐𝑒 𝑏𝑜𝑡ℎ 𝐴 ⊆ 𝐴 ∪ (𝐴 ∩ 𝐵) 𝑎𝑛𝑑 𝐴 ∪ (𝐴 ∩ 𝐵) ⊆ 𝐴 𝑎𝑟𝑒 𝑡𝑟𝑢𝑒, 𝐴 ∪ (𝐴 ∩ 𝐵) = 𝐴 𝑖𝑠 𝑡𝑟𝑢𝑒.    
 

 

 

9) (5 pts) Prove or disprove for arbitrary sets A, B and C:  

 

    if (𝐵 − 𝐴) ⊆ (𝐶 − 𝐴), then 𝐵 ⊆ 𝐶. 

 

This is false, let’s use a counter example to prove it is false. 

 

𝐵 = {1, 2, 3}, 𝐴 = {1, 2}, 𝐶 = {2, 3, 4} 

𝐵 − 𝐴 = {3},      𝐶 − 𝐴 = {3, 4}, {3} ⊆ {3, 4},   𝑠𝑜 (𝐵 − 𝐴) ⊆ (𝐶 − 𝐴) 
{1, 2, 3} ⊈ {2, 3, 4}, 𝑎𝑛𝑑 𝑡ℎ𝑢𝑠 𝐵 ⊈ 𝐶.  
𝑆𝑜, 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑎𝑛 𝑒𝑥𝑎𝑚𝑝𝑙𝑒 𝑜𝑓 (𝐵 − 𝐴) 𝑏𝑒𝑖𝑛𝑔 𝑡ℎ𝑒 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 (𝐶 − 𝐴) 𝑎𝑛𝑑 𝑎𝑡 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑡𝑖𝑚𝑒 

𝐵 𝑛𝑜𝑡 𝑏𝑒𝑖𝑛𝑔 𝑎 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝐶 𝑎𝑛𝑑 𝑡ℎ𝑢𝑠 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑑𝑖𝑠𝑝𝑟𝑜𝑣𝑒𝑛 𝑡ℎ𝑒 𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 𝑠𝑡𝑎𝑡𝑒𝑚𝑒𝑛𝑡.  
 

 

10) (5 pts) Prove or disprove for arbitrary sets A, B and C:  

 

    if 𝐵 ⊆ 𝐶, then 𝐴 ∩ 𝐵 ⊆ 𝐴 ∩ 𝐶 

 

𝑆𝑜, 𝑤𝑒 𝑤𝑖𝑙𝑙 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑖𝑠 𝑠𝑡𝑎𝑡𝑒𝑚𝑒𝑛𝑡 𝑏𝑦 𝑠ℎ𝑜𝑤𝑖𝑛𝑔 𝑡ℎ𝑎𝑡 𝑖𝑓 𝑤𝑒 𝑎𝑠𝑠𝑢𝑚𝑒 𝑡ℎ𝑎𝑡 𝐵 ⊆ 𝐶 𝑖𝑠 𝑡𝑟𝑢𝑒, 𝑖𝑡 

𝑤𝑖𝑙𝑙  𝑏𝑒 𝑡ℎ𝑒 𝑐𝑎𝑠𝑒 𝑡ℎ𝑎𝑡 𝐴 ∩ 𝐵 ⊆ 𝐴 ∩ 𝐶 𝑖𝑠 𝑡𝑟𝑢𝑒. 𝐿𝑒𝑡′𝑎𝑠𝑠𝑢𝑚𝑒 𝐵 ⊆ 𝐶 𝑖𝑠 𝑡𝑟𝑢𝑒, 𝑡ℎ𝑎𝑡 𝑚𝑒𝑎𝑛𝑠 𝑡ℎ𝑎𝑡 

𝑓𝑜𝑟 𝑎𝑙𝑙 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑦 𝑖𝑓 𝑦 𝑖𝑠 𝑖𝑛 𝐵, 𝑡ℎ𝑒𝑛 𝑦 𝑖𝑠 𝑖𝑛 𝐶, 𝑠𝑜 ∀𝑦(𝑦 ∈ 𝐵 → 𝑦 ∈ 𝐶), 𝑛𝑜𝑤 𝑤𝑒 𝑤𝑎𝑛𝑡 𝑡𝑜  
𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 ∀𝑦(𝑦 ∈ 𝐴 ∩ 𝐵 → 𝑦 ∈ 𝐴 ∩ 𝐶) 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑎𝑠 𝑠𝑎𝑦𝑖𝑛𝑔 𝑡ℎ𝑎𝑡 𝐴 ∩ 𝐵 ⊆ 𝐴 ∩ 𝐶 

𝑠𝑜 𝑔𝑖𝑣𝑒𝑛 ∀𝑦(𝑦 ∈ 𝐵 → 𝑦 ∈ 𝐶), 𝑤𝑒 𝑤𝑎𝑛𝑡 𝑡𝑜 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑦 𝑖𝑓 𝑦 𝑖𝑠 𝑖𝑛 𝐴 ∩ 𝐵,  
𝑡ℎ𝑒𝑛 𝑦 𝑤𝑖𝑙𝑙 𝑏𝑒 𝑖𝑛 𝐴 ∩ 𝐶. 𝑆𝑜, 𝑙𝑒𝑡𝑠 𝑎𝑠𝑠𝑢𝑚𝑒 𝑡ℎ𝑎𝑡 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑥, 𝑥 𝑖𝑠 𝑖𝑛  
𝐴 ∩ 𝐵, 𝑚𝑒𝑎𝑛𝑖𝑛𝑔 𝑥 ∈ 𝐴 ∧ 𝑥 ∈ 𝐵, 𝑠𝑖𝑛𝑐𝑒 𝑡ℎ𝑖𝑠 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑗𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑏𝑜𝑡ℎ 𝑥 ∈ 𝐴 𝑎𝑛𝑑 𝑥 ∈ 𝐵 𝑎𝑟𝑒 𝑡𝑟𝑢𝑒. 



𝑆𝑖𝑛𝑐𝑒 ∀𝑦(𝑦 ∈ 𝐵 → 𝑦 ∈ 𝐶), 𝑤𝑒 𝑐𝑎𝑛 𝑢𝑠𝑒 𝑡ℎ𝑒 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑙𝑒 𝑜𝑓 𝑢𝑛𝑖𝑣𝑒𝑟𝑠𝑎𝑙 𝑠𝑝𝑒𝑐𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑡𝑜 𝑠𝑎𝑦  
𝑡ℎ𝑎𝑡 𝑥 ∈ 𝐵 → 𝑥 ∈ 𝐶 𝑎𝑛𝑑 𝑠𝑖𝑛𝑐𝑒 𝑥 ∈ 𝐵 𝑠𝑖𝑛𝑐𝑒 𝑥 ∈ 𝐵 𝑎𝑛𝑑 𝑥 ∈ 𝐴, 𝑤𝑒 𝑐𝑎𝑛 𝑠𝑎𝑦 𝑡ℎ𝑎𝑡 𝑥 ∈ 𝐶, 𝑠𝑜  
𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡ℎ𝑎𝑡 𝑥 ∈ 𝐶 𝑎𝑛𝑑 𝑥 ∈ 𝐴 𝑎𝑛𝑑 𝑡ℎ𝑢𝑠 𝑤𝑒 𝑐𝑎𝑛 𝑠𝑎𝑦 𝑡ℎ𝑎𝑡 𝑥 ∈ 𝐴 ∧ 𝑥 ∈ 𝐶, 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 

𝑎𝑠 𝑠𝑎𝑦𝑖𝑛𝑔 𝑡ℎ𝑎𝑡 𝑥 ∈ 𝐴 ∩ 𝐶, 𝑡ℎ𝑢𝑠 𝑏𝑦 𝑎𝑠𝑠𝑢𝑚𝑖𝑛𝑔  𝑥 ∈ 𝐴 ∩ 𝐵, 𝑤𝑒 𝑑𝑒𝑟𝑖𝑣𝑒𝑑 𝑥 ∈ 𝐴 ∩ 𝐶, 𝑡ℎ𝑢𝑠 𝑤𝑒 

𝑐𝑎𝑛 𝑠𝑎𝑦 𝑡ℎ𝑎𝑡 𝑥 ∈ 𝐴 ∩ 𝐵 → 𝑥 ∈ 𝐴 ∩ 𝐶, 𝑎𝑛𝑑 𝑠𝑖𝑛𝑐𝑒 𝑥 𝑖𝑠 𝑎𝑛 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑤𝑒 𝑐𝑎𝑛 𝑢𝑠𝑒 

𝑡ℎ𝑒 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑙𝑒 𝑜𝑓 𝑢𝑛𝑖𝑣𝑒𝑟𝑠𝑎𝑙 𝑔𝑒𝑛𝑒𝑟𝑎𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑡𝑜 𝑠𝑎𝑦 𝑡ℎ𝑎𝑡 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑦 𝑖𝑓 𝑦 𝑖𝑠 

𝑖𝑛 𝐴 ∩ 𝐵, 𝑡ℎ𝑒𝑛 𝑦 𝑖𝑠 𝑖𝑛 𝐴 ∩ 𝐶, 𝑤ℎ𝑖𝑐ℎ 𝑠𝑦𝑚𝑏𝑜𝑙𝑖𝑐𝑎𝑙𝑙𝑦 𝑐𝑎𝑛 𝑏𝑒 𝑤𝑟𝑖𝑡𝑡𝑒𝑛 𝑎𝑠 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 

  ∀𝑦(𝑦 ∈ 𝐴 ∩ 𝐵 → 𝑦 ∈ 𝐴 ∩ 𝐶), 𝑎𝑛𝑑 𝑡ℎ𝑢𝑠 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑝𝑟𝑜𝑣𝑒𝑛 𝑡ℎ𝑎𝑡  
𝑖𝑓 𝐵 ⊆ 𝐶 𝑡ℎ𝑒𝑛 𝐴 ∩ 𝐵 ⊆ 𝐴 ∩ 𝐶.  
 

11) (5 pts) Give a summary of the life and mathematical contributions of Daniel Bernoulli. Make 

sure to mention the Bernoulli Principle. 

 

Sample Summary 

The Bernoulli family is one of the best known families in mathematics, with multiple family 

members achieving notoriety in their lifetimes. Johann Bernoulli, Daniel's father as well as Jacob 

Bernoulli, Johann's brother, grew up in the late 1600s, just as the study of Calculus was being born. 

Both Jacob and Johann took an interest in mathematics, and Calculus, specifically, and are some 

of the first mathematicians to apply Calculus to solving a variety of problems.  

 

Daniel was born in near the turn of the eighteenth century, on February 8, 1700 in the Netherlands. 

He was Johann's second son and Johann tutored Daniel in mathematics. Incidentally, Johann also 

tutored perhaps the greatest mathematician of all time, Leonard Euler, and Daniel and Leonard 

were mathematical contemporaries. Just like his father, Daniel initially studied medicine in 

university, but actually had a passion for mathematics. Early in his career, Daniel wrote a well-

regarded paper on fluid flow, which helped him earn a faculty post at the prestigious Academy of 

Sciences at St. Petersburg. He happened to be there the same time Euler was and the two frequently 

worked together. He stayed at his post in St. Petersburg, where he lectured on medicine, physics 

and mechanics for eight years before returning to his native Switzerland, taking a post at the 

University of Basel, in 1732. 

 

Interestingly enough, Daniel had quite the feud with his father Johann. Johann at times seemed 

jealous that Daniel had superior mathematical talent to himself. For example, in a paper they co-

authored in 1735 on planetary orbits, Johann was extremely upset that Daniel got any credit for 

the work at all. So upset, in fact, that he supposedly threw Daniel out of the house! Later, in 1738, 

Daniel published one of his most famous works, Hydrodynamica, which further explored fluid 

flow, relating pressure, density and velocity. It is from this work that the famed Bernoulli Principle 

was published, namely that pressure in a fluid decreases as its velocity increases. Bernoulli came 

up with the idea of puncturing a pipe with a small straw and seeing how far up the straw the fluid 

went. Doctors actually used this idea for measuring blood pressure (painful!) for close to 200 years 

before a better method was discovered. 

 

Daniel lived until 1782, and continued his post at the University of Basel throughout the rest of 

his career. Over this time he won ten Grand Prizes from the Academy of Paris for work dealing 

with economics, navigation and astronomy. 

 



Sources 

https://en.wikipedia.org/wiki/Johann_Bernoulli 

 

https://en.wikipedia.org/wiki/Daniel_Bernoulli 

 

https://www.britannica.com/biography/Daniel-Bernoulli 

 

https://mathshistory.st-andrews.ac.uk/Biographies/Bernoulli_Daniel/ 


