COT 3100 Recitation #7: Exam #2 Review - Induction Solutions
10/17-10/21/2016

1) Use induction on n to prove that 4°® — 15n — 1 is divisible by 225 for all non-negative integers
n.

Solution
Base case: n=0. The expression evaluates to 42 — 15(0) — 1 = 0, which is divisible by 225.

Inductive hypothesis: Assume for an arbitrary integer n=k that 4 — 15k — 1 is divisible by 225.
Namely, assume that 42 — 15k — 1 = 225a for some integer a.

Inductive step: Prove for n=k+1 that 4>&*D — 15(k+1) — 1 is divisible by 225. Namely, show that
420D _15(k+1) — 1 = 225b, for some integer b.

4204 _15(k+1)— 1 =42 _15k—15-1
=424 _ 15k - 16
=16(4*)—-15k—16
= 16(4%) — (16)15k — 16 + 15(15k), add/subtracting 15(15k)
=16(4% — 15k — 1) + 225, factoring out 16 from the first 3 terms
=16(225a) + 225, using the inductive hypothesis
=225(16a+1),

Since a is an integer, let b= 16a + 1, and we are done. Thus, for all non negative integers n, 4" —
15n — 1 is divisible by 225.

2) Using induction on n, prove that the following formula is true for all positive integers n.

i i(i+1(i+2) _n(n+1(n+2)(n+3)

i 6 24
Solution
1 =g -
Base case:n =1 LHS = Z'(' +D+2) _42)(3) =1
i1 6 6
RHS = 10+DA+2)A+3) _ 24 _1

24 24

Inductive hypothesis: Assume for an arbitrary integer n=k that

Zk: ii+)(i+2)  k(k+1)(k+2)(k +3)
— 6 B 24



K+1l (1 H
Inductive step: Prove for n=k+1 that Z (1 +1)(+2) = (k+D(k+2)(k+3)(k +4) .

= 24

ili(i +123(i +2) ii(i +1)6(i +2) | (k+1)(k ; DK+3) 1
7 _ k(k+D(k+2)(k+3) L (k+D(k+2)(k +3)
24 6
_k(k+D(k+2)(k+3) | 4k +D(k+2)(k+3)
B 24 24

_(k +1)(k2+42)('< +3) (k1 4), factoring out common terms

(kK +D)(k +2)(k +3)(k +4)
B 24

, using the IH.

, getting com. den.

, as desired.

1 oY 1 0
3) Use induction to show that = for all positive integers n.
-1 2 -2"+1 2"

Solution

1 0y (1 0 1 0) (1 0
Base case: n=1 LHS = = , RHS = 1 1 |= ,
-1 2 -1 2 -27+1 2 -1 2

so the base case is true.

1 0" 1 0
Inductive hypothesis: Assume for an arbitrary integer n=k that ( 1 j :( J

2 —2K 41 2K
Inductive step: Prove for n=k+1 that 10 M— . 0

p' - _1 2 - _2k+l+1 2k+l
1 0\ (1 0)(1 o0
-1 2/ (-1 2)(-1 2

= . oyt o using the inductive hypothesis

Tlookgr 261 2) ™ yP

1

O - - -
Tl ok 4ok 2(2k)j’ multiplying out the matrices

1 0
= j using exponent rules for simplification.

_2k+1 +1 2k+l

Thus, it follows that the assertion is true for all positive integers n.



4) The ™ Harmonic number, denoted Hh is defined as follows:
H, = Z-

Prove that the following equation is true for all positive integers n, using induction on n:

n

i
— =(n+1)-H
Sy,

i=1

Solution
o i _ 11
=i+1 1+1 2
1 31
RHS=(1+1D-H . =2-(1+2)=2—-=-==
A+)-H,, ( 2) 5=

Base case: n=1 LHS =

Thus, the equation holds for n=1.

Inductive hypothesis: Assume for an arbitrary n=Kk, that
S
ZI— =(k+1)-H,
i=1

Inductive step: Prove for n=k+1 that
k+1

i
ZTlZ((k D)+ —Hyopa =(k+2)=Hy,;

it |

k+l' kl
_(Z +

_1|+l_ |+1 k+2
—(k+1) - Hk+1+:+;
:(k+1)—Hk+1+kk+T221
:(k+1)—Hk+l+%—F12
=(|<+1)—Hk+l+1—k—i2
=(k+2)- (Hk+1+k12)

=(k+2)—-H,.,, proving the formula true for all positive integers n.



5) Use induction on n to prove the following inequality for all positive integers n:

n 3n+1

Z:3<2

i=0

Solution
Base case: n=1 LHS = 2113‘ =3°+3'=4 RHS=3"12=45
So, LHIS:0< RHS and the base case holds for n=1.
Inductive hypothesis: Assume for an arbitrary integer n=k that
k gkl

Z“3<2

i=0

Inductive Step: Prove for n=k+1 that

k+1 3 k+1+1

;}:3<2

k+1 k

Zsi :Zgi +3k+l
i=0 i=0

k+1
o+ 3% using the inductive hypothesis

<

1
:3k+l iy |
(2 )
3
:3k+1 et
(2)

3
— 3k+1 et
(2)

3k+2

2




6) The Fibonacci numbers are defined as follows: Fo =0, F1 = 1, F, = Fn.1 + Faa, for all integers n
> 1. Prove the following formula for all positive integers n:

vFs 1 R
ZZi =1 on

i=1

Solution
\ I:ifl I:1—1 1

Base case: n=1 LHS = » 1t = T 0 RHS=1-F2'=1-22=0
i1

Inductive Hypothesis: Assume for an arbitrary integer n=k that

Sha g P
iz 2 2

Inductive Step: Prove for n=k+1 that

k+1i A Fk+3
— 2i 2k+l
k+1 F [ F F
|Tl — |_—1 + k
; 2! ; 2I —2|<+1
F. F
R
F. F
=1- 2kk2 +2k_|j-l
=1— 2Fkk+12 Ifk
2 + 2 +1
- 2k+l
=1— (Fk+2 + (Fk+2 — Fk))
- 2k+1
_1_ (Fk+2 + Fk+l)
- 2k+l
—1_ I:k+3

2k+1



