COT 3100 Discrete Math – Recitation – Introduction to Set Theory
Fill in the blanks for the following groups of statements. As for “showing your work,” you should be able to explain in words what the notation in each question means and why your answer is right.

(1)

| { (, {0}, {1}, {11}, {0, 1}, {1, 2, 1 + 2} } | = _6_
Two things to point out: first, the null set is counted because it is a set; second, the set elements that have more than one element still only get counted once.
(2)

A = {0, 2, 4, 6}

B = {0, 1, 2}

C = Z+
(A ( B) – C = _{0}_
Note that the answer is not just zero, it is the set containing zero. Also, that’s not the same as the empty set.
(3)

A = {1, 3, 4, 5, 8}, B = {__ , __ , __ , __ }

A ( B = { 1, 2, 3, 4, 5, 6, 8}

A – B = {3, 5, 8}

We obtain B = {1, 2, 4, 6}by noting that 2 and 6 are not already listed in A, but they are in A ( B, so they must be in B. Next, we note that 1 and 4 are NOT in A – B. Since they are both in A, they must be in B as well.

(4) Prove or disprove the following relation.

A ( (B ( C) = (A ( B) ( C
This statement is false. (I mean the one above this line.) There are many counterexamples and here is one: A = {0}, B = {0}, C = {1}.
(5) Prove or disprove the following relation.

If | A ( B | = | A ( B |, then A = B.
Prove this statement using induction.

Base case: A and B are both the empty set. Then | A ( B | = | A ( B | because 0 = 0, and A = B because ( = (.

Hypothesis: For any given sets Ak and Bk with the property | Ak ( Bk | = | Ak ( Bk |, Ak = Bk.

Inductive step: There are four ways the sets Ak and Bk can change into Ak+1 and Bk+1 by interacting with a new universal element x (x ( Ak and x ( Bk).


 Ak+1 = Ak, Bk+1 = Bk   
(x is in neither A nor B), | Ak ( Bk | + 0 = | Ak ( Bk | + 0

 Ak+1 = Ak, Bk+1 = Bk + x 
(x is only in B, not A), | Ak ( Bk | + 0 ( | Ak ( Bk | + 1

 Ak+1 = Ak + x, Bk+1 = Bk 
(x is only in A, not B), | Ak ( Bk | + 1 ( | Ak ( Bk | + 0

 Ak+1 = Ak + x, Bk+1 = Bk + x 
(x is in both A and B), | Ak ( Bk | + 1 = | Ak ( Bk | + 1
In the first case, the cardinalities do not change, and neither do the sets, so they are both still equal as required.

In the second and third cases, the cardinality of the union and the intersection are no longer equal. We remember that a statement of implication with a false antecedent is always true so the implication as a whole is true.

In the fourth case, the cardinalities of both terms are incremented equally so they are still equal. Also, both sets are changed in the same way so they are still equal.
Therefore, we see that the statement will be true for all sets in the universe of discourse.

Alternate proof:

Prove the contrapositive of the given statement:

If A ≠ B, then | A ( B | ≠ | A ( B |.

If A ≠ B, then we can assume one of two things:
1) There is an element x such that x
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B.

2) There is an element x such that x
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A and x
[image: image4.wmf]Î

B.

We first note that A ( B 
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 A ( B. Thus, the only way for | A ( B | = | A ( B | is for there to be no element in A ( B that isn't in A ( B. But, in both cases listed above, we find that x
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 A ( B, but x
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 A ( B. It follows that | A ( B | < | A ( B |, proving the given assertion.
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