COT 3100 Recitation #7
Proof Techniques
1. Direct Proof
We know that 
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because we’ve proved it using induction. We will now prove this using a direct proof.

Let  
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By the communitive property we can write this as:  
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Adding these two equations we get:  
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And we see that there are n of these (n+1) terms so we get:  
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And finally we see that  
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2. Contradiction/Indirect Proof
For this we will prove that the square root of 2 is irrational. This is a very classic problem in logic & proofs. Since we’re proving this by contradiction we first make a false assumption:
Assume that 
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 is a “rational” number. This means it can be written like this: 
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, where a and b are whole numbers, and b is not zero. Also, let us assume that 
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 is simplified to the lowest terms. Now we see  
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 Since the RHS is 2 times something we see that the square of a is even. This implies that a itself is also even. From this we can write 
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, where k is some integer. Substituting this into our original equation we get 
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. From here we get 
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. Similar to before we derive that b is also an even number. We now have a contradiction because both a and b are even numbers and we had assumed that the fraction 
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 was simplified to the lowest terms, which is impossible.
3. Disproof by Counterexample
(but don’t tell the students it’s a counterexample, tell them it’s a small example for them to try)

Let us try to prove that for all integers n ≥ 1, 
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 is a prime number. Here you can tell the students to use either a direct or indirect proof. The counterexample is when n is 41.

4. Contrapositive
For any prime number p, if p divides n2 then p divides n.
The first step (the contrapositive) is:  if p doesn’t divide n, then p doesn’t divide n2. Since p doesn’t divide n, n = pt + r, for some integer t, and integer r where 0 < r < p. Then n2 = p(pt2 + 2tr) + r2. But r < p implies r2 < p2. So let r2 = bp, for some integer b, where b < p. If b < p though, we see that bp isn’t a perfect square. So 
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, for any integer b. This means 
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 for some b and 
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, where 0 < 
[image: image19.wmf]'

r

 < p. Then 
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and hence n2 isn’t divisible by p.

5. Incorrect proof

Why is this proof incorrect?

a = x

a+a = a+x

2a = a + x

2a – 2x = a + x – 2x

2(a – x) = a – x

2 = 1

Because you can’t divide by a – x, since they’re the same that value would be zero.
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