1. In how many ways can 10 movie tickets (to the same movie) be divided between 3 persons where each get at least one ticket?  C(9, 2), by lining up the 10 tickets in a row which shows 9 gaps, and choosing 2 out of 9 divides the 10 tickets into 3 groups corresponding to ways of dividing the tickets to 3 persons.  (This is the same as the example of dividing 10 apples among 3 persons, as in the course notes.)

2. In how many ways can the 9 letters in the word “PAPERTAPE” (and only these letters) be re-arranged? 
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, because there are 9 letters for the permutations, consisting of 3 Ps, 2 As, 2 Es, and 1 of each remaining letters R and T. 

3. A pocket contains 5 coins: 2 quarters, 2 dimes, and 1 penny.  When blindly picking two coins out of the pocket, is it more likely to get 1 quarter and 1 dime, or more likely to get 1 penny and 1 dime?  Getting 1 quarter and 1 dime is more likely because there are 2 ( 2 = 4 many ways to select 1 quarter and 1 dime, compared to 1 ( 2 = 2 ways to select 1 penny and 1 dime.

4. In how many ways may a student receive his grades when taking 4 classes and there are 5 possible grades (A, B, C, D, and F) for each class, and the same grades in different classes are considered different (e.g. “A” in English is different than “A” in Mathematics)?  5( 5( 5( 5 = 54, because there are 5 possible grades for the first class, 5 grades for the second, etc., 5 grades for the 4th class.
5. Define two real-valued functions f: [0, () ( R and g: R( R by the following formulas, where the set [0, () denotes the set of non-negative real numbers, and R denotes the set of all real numbers, 
f(x) = 
[image: image2.wmf]x

( 1, and g(x) = 2x + 1.


Answer the following questions:

(a) Is function f an injection?  True, because if f(x) = f(y), then 
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( 1. Adding 1 to both sides and squaring yields x = y, which proves the injection property.
(b) Is the inverse of g given by the formula g(1(y) = 
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 ?  False, to find the inverse of function g, let y = g(x) = 2x + 1, then solve for x in terms of y.  Thus, x = 
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, which means g(1(y) = 
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(c) Give the value of g ( f (4).  Answer: g ( f (4) = g(f(4)) = g(
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= g(1) = 2 + 1 = 3.
(d) Give (an exact description of) the range of f.  Answer: [(1, () = the set of real numbers that are ( (1.
6. Let f : A ( B and g: B ( A denote two functions.  Suppose g ( f (x) = x for all x ( A.  Answer the following two questions:

(a) Prove that the function f is an injection.  

Proof: We need to prove that if f(x) = f(y) --- (1), then x = y --- (2).

From (1), g(f(x)) = g(f(y)) because g is a function.  Thus, g ( f (x) = g ( f (y) --- (3) because g(f(x)) = g ( f (x) and g(f(y)) = g ( f (y).  Since g ( f (x) = x for all x ( A by assumption, so (3) implies x = y, which proves (2).

(b) Prove that the function g is a surjection.  

Proof: Let y ( A, we need to find x ( B such that g(x) = y.  

Let x = f(y).  Note that g(x) = g(f(y)) by substitution


= g ( f (y) by the definition of g ( f 


= y , by the assumption that g ( f (x) = x for all x ( A

7. Let R ( A ( A denote a binary relation defined over set A.  Prove that if R is transitive, then the reflexive closure r(R) is also transitive.  

Proof: We need to prove if (a, b) ( r(R) --- (1) and (b, c) ( r(R) --- (2), then (a, c) ( r(R) -- (3).  From (1) we have either (a, b) ( R or a = b by the definition of the reflexive closure r(R); similarly, (2) implies (b, c) ( R or b = c.  Therefore, there are four cases:

(Case 1) Suppose (a, b) ( R and (b, c) ( R.  Since R is transitive by assumption, so (a, c) ( R ( r(R) in this case.

(Case 2) Suppose (a, b) ( R and b = c.  In this case, (a, c) = (a, b) ( R ( r(R).

(Case 3) Suppose a = b and (b, c) ( R.  In this case, (a, c) = (b, c) ( R ( r(R).

(Case 4) Suppose a = b and b = c.  In this case, (a, c) = (b, b) ( r(R) by the definition of the reflexive closure r(R).

Thus, we proved (a, c) ( r(R) in all cases, which proved (3).
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