COT 3100 Recitation #11
Relations (more)
1. Let A = {1,2,3,4,5}, with relationtions R and S, where:

R = {(1, 2), (2, 2), (3, 1), (5, 2), (4, 5), (5, 5)}

S = {(4, 3), (1, 5), (2, 4), (5, 4)}

Find: R
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S and S
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S = {(1, 4), (2, 4), (3, 5), (5, 4)}

S
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R = {(4, 1), (1, 2), (1, 5), (2, 5), (5, 5)}

2. Set S contains (x, y) where x, y 
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 (the set of real numbers) such that 
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So S is a relation over all sets of real numbers.

Answer and explain if S is:

(a) relexive

(b) irreflexive

(c) symmetric

(d) anti-symmetric

(e) transitive

We can geometrically express the equation as a circle (with origin (0,0) and radius 1) and a line.

(a) Yes

For any real number a we would get the point (a, a) and the first part of the equation will yield (a – a) which is equal to zero. This holds tru for all real numbers.

(b) No, because of part (a)

(c) Yes

Let (a, b)
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S, where a, b are real numbers such that a ≠ b (since we’ve already delt with them being the same in the reflexive case). This implies that these two points are part of the circle. So we know that 
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 is satisfied, and we can easily see that (b, a) is also an element of S because we would get 
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, which of course is satisfied because it’s the same as the previous equation with the first two terms swapped by the law of associativity.
(d) No, because of part (c)

(e) No

Points (-1, 0) and (0, 1) both belong to S, but the point (-1, 1) doesn’t.

3. Prove the following:

(a) 
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(b) 
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(c) 
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(a) We will prove r(R) ( R ( R ( R2 --- (1) and R ( R2 ( r(R) ( R --- (2).

To prove (1), let (a, b) ( r(R) ( R --- (3), we want to prove (a, b) ( R ( R2 --- (4).

Note that (a, b) ( r(R) ( R implies that there exists c ( A such that (a, c) ( r(R) --- (5) and (c, b) ( R --- (6).  By the definition of r(R), (5) implies that there are two cases:

(Case one) Suppose (a, c) ( R.  Combining with (6) yields (a, b) ( R2 .

(Case two) Suppose a = c.  Combining with (6) yields (a, b) = (c, b) ( R.

Thus, we proved (a, b) ( R ( R2, which proved (4).

Similarly, to prove (2) let (a, b) ( R ( R2 --- (7) we want to prove (a, b) ( r(R) ( R --- (8).  From (7) there are two cases:

(Case one) Suppose (a, b) ( R.  Note that (a, b) is equal to the composition of (a, a) and (a, b), so (a, b) ( r(R) ( R because (a, a) ( r(R) and (a, b) ( R.  

(Case two) Suppose (a, b) ( R2 .  Thus, (a, b) ( R ( R ( r(R) ( R since R ( r(R).

Thus, we proved (a, b) ( r(R) ( R, which proved (8).

(b)  s(R ( T) = (R ( T) ( (R ( T)–1 (definition of symmetric closure)

= (R ( T) ( (R–1 ( T–1) (law given above)

= (R ( R–1) ( (T ( T–1) (commutative and associative laws)

= s(R) ( s(T) (definition of symmetric closure)

(c) t(R) ( R = (R ( R2 ( …) ( R (definition of t(R))

= (R ( R) ( (R2 ( R) ( … (distributive law of ( over ()

= R2 ( R3 ( …

Similarly, R ( t(R) = R ( (R ( R2 ( …) (definition of t(R))

= (R ( R) ( (R ( R2) ( … (distributive law of ( over ()

= R2 ( R3 ( …

Thus, we proved t(R) ( R = R ( t(R). 
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