November 10, 2006 – Recitation – Introduction to relations
Here are explanations for the solutions given in the textbook.

(1) If A is the set {1, 2, 3, 4} give an example of a relation on A that is:

a. reflexive and symmetric, but not transitive.
{(1,1), (2,2), (3,3), (4,4), (1,2), (2,1), (2,3), (3,2)}
This relation is reflexive because all the elements in A are paired with themselves in R.
The relation is symmetric because whenever (a,b) is in the set, so is (b,a).
The relation is not transitive because (1,2) and (2,3) are elements of R but (1,3) is not.
b. reflexive and transitive, but not symmetric.
{(1,1), (2,2), (3,3), (4,4), (1,2)}
This relation is reflexive because all the elements in A are paired with themselves in R.
The relation is transitive because for all a, b, and c whenever (a,b) and (b,c) appear, so does (a,c).
The relation is not symmetric because (1,2) is in the set and (2,1) is not.
c. symmetric and transitive, but not reflexive.
{(1,1), (2,2), (1,2), (2,1)}
The relation is symmetric because whenever (a,b) is in the set, so is (b,a).
The relation is transitive because for all a, b, and c whenever (a,b) and (b,c) appear, so does (a,c).
The relation is not reflexive because it does not contain (3,3) or (4,4).
(5) Determine the reflexivity, symmetry, antisymmetry, and transitivity of each relation:

a. R ( (Z+ cross Z+) where a R b if a divides b.
The relation is reflexive because all positive integers divide themselves evenly.
The relation is not symmetric because 2 divides 4 but 4 does not divide 2. So (2,4) is in R but (4,2) is not.
The relation is antisymmetric because if x divides y, y is greater than or equal to x. Therefore y can only divide x when y equals x.
The relation is transitive because if x divides y, then x divides all multiples of y. Also, y does not divide any numbers that are not multiples of y.
b. R is the relation on Z where a R b if a divides b.
The relation is not reflexive because we cannot divide by zero, so (0,0) is not in R.
The relation is not symmetric because 2 divides 4 but 4 does not divide 2. So (2,4) is in R but (4,2) is not.
The relation is not antisymmetric because 2 R -2 and -2 R 2, but -2 ( 2.
The relation is transitive because if x divides y, then x divides all multiples of y. Also, y does not divide any numbers that are not multiples of y.
c. For a given universe U and a fixed subset C of U, define R on power(U) as follows: for A, B ( U we have A R B if (A ( C) = (B ( C).
The relation is reflexive because for any set X, (X ( C) = (X ( C).
The relation is symmetric because for any sets, (A ( C) = (B ( C) implies 
(B ( C) = (A ( C) by the commutative property.
The relation is not antisymmetric because if A = C ( {x} and B = C ( {y}, with x ( y, then (A ( C) = (B ( C) but A ( B.
The relation is transitive because equality of sets is transitive.
d. On the set A of all lines in R2 where R is the reals, define the relation R for two lines L1, L2 as L1 R L2 if L1 is perpendicular to L2.
The relation is not reflexive because a line cannot be perpendicular to itself.
The relation is symmetric because whenever L1 is perpendicular to L2, then L2 is also perpendicular to L1.
The relation is not antisymmetric because a vertical line is perpendicular to a horizontal line, and a horizontal line is perpendicular to a vertical line, but a horizontal line is not the same as a vertical line.
The relation is not transitive because if line a is perpendicular to line b, and line b is perpendicular to line c, then line a is parallel to line c, not perpendicular to it.
(9) Prove or disprove each of the following:

a. if R is an equivalence relation on A, and |R| ( |A|, then R is reflexive.
This is true. By definition, all equivalence relations are reflexive.
d.
if R is an equivalence relation on A, then |A| ( |R| ( (|A|)2.
This is true. Since R is an equivalence relation, it is reflexive. Since it is reflexive, it must contain at least the entry (x,x) for each element x in A. Therefore |R| ( |A|. Also, the maximum number of elements in R is |A cross A|. If there were any more elements, some would be duplicates. Therefore |R| ( (|A|)2.
(15) If R is an equivalence relation on the set A, prove that |R| – |A| is always even.
This is true. Since R is an equivalence relation, it is reflexive. Therefore the cardinality of the elements along its diagonal equals |A|. By subtracting |A|, all we have left to count in R are the elements that are not along its diagonal. But we also know R is symmetric because it is an equivalence relation. Therefore for any element of R that lies above the diagonal, there is another element below the diagonal, and vice versa. Therefore |R| - |A| is always even.
