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Test #2 (Solution key)





  Total 100 pts. 

Closed books. Closed notes. No calculators. 

1. Let A = {x, y, z} and B ={a, b, c, d} be two sets. Consider f = {(x, b), (y, a), (z, d)}( A(B, a relation from A to B and g = {(a, z), (b, z), (c, y), (d, y)} ( B(A, a relation from B to A. 

a) (5pts)Draw a graph representation of the relation f ( A(B. Is f a function from A to B? If yes, is it injective and is it surjective?







f  is a function from A to B , since for any element in A a unique value is assigned, It is injective, since no two different elements in A have the same value assigned by f . It is not surjective, since c ( B has no pre-image.

b) (5pts)Draw a graph of the relation g( B(A.  Is g a function from B to A? If yes, is it injective and is it surjective?









g  is a function. It is not injective, since, for instance, a and b have the same image under g, i.e. a ( b , but g (a)=g (b). g is not surjective, because x ( A has no pre-image under g. 

c) (5pts)Write the composition of relations, f ( g( A(A, as a set of pairs. Is f ( g( A(A symmetric? Is it transitive? Is this composition a function from A to A? If yes, is it injective and is it surjective?

f ( g  = {(x, z), (y, z), (z, y)} ( A(A is a composite relation on A 
It is not symmetric and not transitive. 

It is a function from A to A, since each element of A is assigned a single value. 


The function defined by f ( g is not injective, because y ( x have the same image.


The function is not surjective, because x has no pre-image.

d) (5pts) Write the composition of relations, g ( f ( B(B, as a set of pairs.  Is g ( f( B(B symmetric? Is it transitive? Is this composition a function from B to B? If yes, is it injective and is it surjective?

g ( f = {(a, d), (d, a), (c, a), (b, d)} ( B(B is a composite relation.

This relation is not symmetric and not transitive.

This relation is a function from B to B .

This function is not injective, because, for example, c ( d, but image of c is equal to the image of  d. 

This function is not surjective, because b, for instance, has no pre-image.

2. Let S = {1, 2, 3} and let A = S(S. Define the following relation R on A: 


R = {((a, b), (c, d)) | a + b =  c + d }

a) (5pts)Assuming the set A is represented by the following 3(3 grid, draw the graph of R (A ( A .
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b) (10pts) Show that R is an equivalence relation.

We need to show that R is reflexive, symmetric and transitive.

R is a reflexive relation on A because any element (x, y) (A is related to itself. This is based upon the given definition R , that says that ((x, y), (x, y)) ( R simply because x+y = x+y. 

R is a symmetric relation on A. Assume (a, b) is related to (c, d) by R , where (a, b) and (c, d) are any two elements of A, i.e. assume ((a, b), (c, d)) ( R . Then from the definition of R we have that a + b = c + d. We can rewrite it as c + d = a + b, that means that ((c, d), (a, b)) ( R as well. 

R is a transitive relation on A. Assume ((a, b), (c, d)) ( R and ((c, d), (e, f)) ( R, where (a, b), (c, d) and (e, f) are elements of the set A . Then we have that a + b = c+ d and c+ d = e+ f . From here we can imply that a + b = e+ f , meaning that (a, b) is related to (e, f ), i.e. ((a, b), ( c, d)) ( R .
c) (5pts) Find the partition A/R
A/R = {{(1, 1)}, {(1, 2), (2, 1)}, {(1, 3), (2, 2), (3, 1)}, {(2, 3), (3, 2)}, {(3, 3)}}

3. (10pts) Let R ( A ( A be a symmetric relation. Prove or disprove that transitive closure of R, t(R) is symmetric.
To prove that transitive closure t(R) is symmetric given that R is symmetric, we need to show that if (x, y) ( t(R), then (y, x) ( t(R). So, assume that (x, y) ( t(R). By the definition of the transitive closure it implies that there exists a path from x to y in R. By the definition of a path it means that there exists a sequence a0=x, a1, a2, … an(1, an=y, such that (a0, a1) (R , (a1, a2) (R, … (an(1, an) (R. Since R is symmetric we can imply from this that all “inverted” pairs are also in R , i.e. (an, an(1) (R, …(a2, a1) (R, (a1, a2) (R. This implies that there exists a backward path in R from an=y to a0=x . By the definition of the transitive closure it means that (y, x) ( t(R). 
4. Suppose that R is a relation on A  that is symmetric and transitive but not reflexive. Suppose also that |A| ( 2. Define the relation S on A by:

S = A ( A ( R .

Which of the following must be true? For each false statement, provide a counterexample.

a)  (5pts) S is reflexive 

False. 

The following counterexample disproves the statement. 

Let A ={1, 2}, R = {(1, 1)}( A ( A , symmetric, transitive, not reflexive relation on A.

S = A ( A ( R = {(1, 2), (2, 1), (2, 2)} – not reflexive. 

d) (5pts) S is symmetric

True.

c) S is transitive.

False. The following counterexample disproves the statement.

Let A ={1, 2}, R = {(1, 1)}( A ( A , symmetric, transitive, not reflexive relation on A.

S = A ( A ( R = {(1, 2), (2, 1), (2, 2)} – not transitive, because (1, 2), (2, 1) ( S , but 

(1, 1) ( S . 

5. (5pts) Give an example of two functions f : A (B and g: B (C where A, B and  C are small finite sets, such that g( f : A (C is injective, but g is not injective. 

Let  A ={a}, B ={x, y}, C ={z}, f : A ( B,  f (a)=x . 

g:  B ( C, g (x)=z, g (y)=z not injective function. 

g( f : A (C , g( f (a)=z injective function. 

6. If A = {a, b, c}, determine the number of relations on A that

a) (4pts) are reflexive


26

b) (4pts) contain (a, b)


28


c) (4pts) are symmetric and do not contain (a, b)


25


d) (4pts) are functions from A to A 


27

e) (4pts) are injective functions from A to A 
6

7. (10pts) Let f : A (B be a function. Then for any X (A we can define set of images under f ,    

f (X)={f (x)| x(X}. For any Y (B we can define set of pre-images under f, . 

f (1(Y) = {x| f (x)(Y }. Prove or disprove that for any set X (A   f (1(f (X)) = X.

The statement can be disproved by the following counterexample:
Let A = {a, b, c}, B ={1, 2}, and f : A (B be defined by f (a) = 1, f (b) = 1, f (c) = 2. 

Then if we take X = {b}, then set of images of X,  f (X) = {1}. Set of pre-images of f (X),         f (1(f (X)) = f (1({1}) = {a, b} ( {b} = X .
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