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1. Suppose a 13-card bridge hand is selected from an ordinary 52-card deck (four suits and 13 different nominations in every suit). Order of cards does not matter.

a) (2pts) How many different bridge hands are possible?

C(52, 13)= 
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b) (2pts) How many different bridge hands contain all 13 cards of the same suit?

4 (the number of ways to choose a suit)

c) (3pts) How many bridge hands contain cards of exactly two suits?

You have C(4, 2)=6 ways to choose two suites. For any choice of two suits you can choose 13 cards out of 26 available in C(26, 13) different ways. Among these C(26, 13) choices, there will be two ways to have all cards of one suit, so we need to subtract 2. Finally, for exactly two suites we have

C(4, 2)(( C(26, 13) (2) choices.

d) (3pts)How many bridge hands contain all four aces?

Since we are counting hands, that already contain all four aces, we are free to choose only 9 cards from the remaining 52(4=48. We can do it in C (48, 9) different ways.

e) (3pts) How many bridge hands contain five spades, four hears, three clubs and one diamond?

By product rule, 

C (13, 5)( C (13, 4)( C (13, 3)( C (13, 1)(
f) (4pts) How many bridge hands contain five of one suit, four of another suit, three of another suit and one of another suit?

Now we can permute 4 suits, so the answer is 


4!(C (13, 5)( C (13, 4)( C (13, 3)( C (13, 1)(
g) (4pts)How many bridge hands contain four cards of three suits and one card of the fourth suit?

There are 4 ways to choose one suit , then for any such choice we can choose 1 card out of 13 in C (13, 1)(different ways and 4 cards from the rest three suits in (C (13, 4))3 different ways. By the product rule the answer is


4( C (13, 1)( (C (13, 4))3.

2. Find the negation of the following propositions:

a) (3pts) (x [x( A( x(B]

The negation of (x [x( A( x(B] is 

( x ( [x( A( x(B] = ( x ( [((x( A) ( x(B] = ( x ( [(x( A) ( x(B] =

= ( x [(x( A) ( x(B] 

We found the negation of A (B , that is there is at least one element that is in A and not in B.

b) (3pts) ( x [ x ( A ( x(B] ( [x(B (x (A] 

The negation of ( x [ x ( A ( x(B] ( [x(B (x (A] is

(x( [ x ( A ( x(B] (( [x(B (x (A] = 

    = (x( [ x ( A ( x(B] (( [x(B (x (A] = (x( [ x ( A ( x(B] 

          =(x [ x ( A ( x(B] 

You can also see that we found the negation of proposition A(B=(. To negate this proposition is to find at least one element that belongs to both sets.

3. (10 pts) Use truth table to define whether or not [p((q(r)]([(p (q)( (p( r)] is a tautology. 
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where x ( [p((q(r)] and y ( [(p (q)( (p( r)]. 

Since all entries in the last column are true (1), the proposition is a tautology.

4. (5pts) Suppose p ( (q ( r). Use logical laws to prove that ( r ( (p ( ( q).

  p ( (q ( r). ( (p ((q ( r)

implication law

( (p (((q ( r) .

implication law

( ((p ((q) ( r 

associative law




(  r( ((p ((q)

commutative law



(  r( (p ((q)

implication law



( (r( (p ((q)

implication law

5. Describe each of the following sets by listing their elements (in case of infinite sets give 5 smallest elements). The quantifiers range over N = {0, 1, 2, 3, …}, set of natural numbers.


a) (2pts) {x | (y x =5(y}= {0, 5, 10, 15, 20, …}

c) (2pts) {x2 + 1 | x is an odd prime} = {10, 26, 50, 122, 170, …}


c) (2pts) {x | (a (b x = a(b ( (a and b are primes) } = {4, 6, 9, 10, 14, …}


d) (2pts) { x | 101( x ( 105 }= {101, 102, 103, 104, 105, …}


e) (2pts) {{x, y} | x=y +1}= {{0,1}, {1, 2}, {2, 3}{3,4}, {4, 5},…}


f) (2pts) {{x, y} | |x ( y| ( 1 } = {{0, 1}, {1, 2}, {2, 3}, {3, 4}, {4, 5}, …}

6. For each of the Venn diagrams write the set represented by shaded area in terms of set operations on sets A, B and C. Try to simplify your answer to as few symbols as you can. 

a) (3pts) (A(B)( (A(C) ( (B(C)


[image: image2.png]



b) (3pts) A(B(C ( B(C


[image: image3.png]



c) (3pts) A(B(C ( A(B( A(C ( B(C 

[image: image4.png]



7. Let A, B, and C be any three sets. Prove or disprove each of the following propositions:

a) (10pts) If A ( B, then A and C ( B are disjoint. 

Proof by contradiction. Assume A ((C ( B)((. It means there exists some 

x ( A((C ( B). By the definition of (, it implies that x ( A and x((C ( B). From x ( A we can imply that x ( B (by given subset relation A ( B ). But x((C ( B) implies that x ( C and x ( B. We come to contradiction  x ( B and x ( B. This contradiction proves that A ((C ( B)=(.

b) (10pts) If A and C ( B are disjoint, then A ( B.

The following counterexample disproves the proposition. 


A = {1, 2}, B = {2, 3}, C = {2, 3, 4}. Here we have C ( B = {4}, so that A and 

C ( B  are disjoint, but A is not a subset of B.

c) (10pts) A ( (B ( C ) = (A ( B ) ( C 
Can be disproved by the following counterexample. 

A = {1, 2}, B ={3}, C = {2}. Then B ( C ={3}, A ( (B ( C ) ={1, 2}. 


A ( B ={1, 2}, (A ( B ) ( C ={1} ( A ( (B ( C ) ={1, 2}.

d) (10pts) A ((B ( C) =(A ( B)((A (C) 

Can be proved by membership table. 

A   B   C     A ( B     A (C      B ( C
     A ((B ( C)        (A ( B)((A (C)
1    1    1        1              1             1                  1                              1

1    1    0        1              1             0                  1                              1

1    0    1        1              1             0                  1                              1

1    0    0        1              1             0                  1                              1

0    1    1        1              1             1                  1                              1

0    1    0        1              0             0                  0                              0

0    0    1        0              1             0                  0

         0

0    0    0        0              0             0                  0

         0


8. In a group of 100 students 13 know Pascal programming language, 23 know Java, and 25 know C. It is known that the total number of students in this group who know exactly two different programming languages is 17, but only 2 students know all three languages. 

a) (5pts) How many students in the group know at least one programming language? 


40


b) (5pts) Suppose 36 students in the group know either Java or C. How many students know both Java and C, but do not know Pascal? 


10


c) (5pts) Suppose 96 students in the group either do not know Pascal or do not know C. Based upon this information find the number of students who know Java and Pascal. 


7

9. Consider set A = {1, 2, 3, …10}. 

a) (2pts) How many subsets of A include either 5 or 10?

210( 28
b) (2pts) How many subsets of A include either 5 or 10 but not both 5 and 10?

28+28=29
c) (3pts) How many 3-element subsets of A have the smallest element greater then 5?

C (5, 3)=10


d) (3pts) How many subsets of A have equal number of even and odd numbers? 

1+C(5, 1)(C(5, 1)+ C(5, 2)(C(5, 2) + C(5, 3)(C(5, 3) + C(5, 4)(C(5, 4) + C(5, 5)(C(5, 5) = 1+25+100+100+25+1=252. 
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