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1. Given g ={(1, b), (2, c), (3, a)}, a function from X ={1, 2, 3} to Y ={a, b, c, d}, and f = {(a, x), (b, x), (c, z), (d, w)}, a function from Y to Z ={w, x, y, z}

a) write f ( g as a set of ordered pairs and draw the arrow diagram of f ( g;










f ( g = {(1, x), (2, z), (3, x)}
b) Determine if f ( g is surjective or injective.

f ( g is neither surjective nor injective.
2. Let A =R({(1}, where R is the set of real numbers, and define the function f : A ( R by the formula 
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. Prove that f is injective but not surjective. 

1) To prove that f (x) is injective, it is sufficient to show that if f (x1)= f (x2), then x1=x2. So, assume f (x1)= f (x2). Then we have 

2 x1/(x1+1) = 2x2/(x2+1). 

Using the fact that denominators are not zero (x1 , x2  ( (1) we get by algebra :

2 x1((x2+1) = 2 x2((x1+1),



or: 

2 x1(x2+ 2 x1 = 2 x2(x1+.2 x2



x1 = x2

    2) To prove that f (x) is not surjective, it is sufficient to find the value y (R, that has no pre-image in A. To find such y let y = 2x/(x+1) and try to solve for x as a function of y. We have by algebra:



y (x+1)=2x


x(2 (y)=y



x = y/(2(y). 

From here we see, that if we take y = 2, then there is no real x such that f (x) =2. 

3.
a) Let f  be a function, f : S(S, where | S | = n. Prove that f  is injective iff it is 

surjective.

Given that f is a function, f : S(S, where | S | = n, we need to prove two conditional statements:

i) if f  is injective, then f  is surjective;

ii) if f  is surjective, then f  is injecive. 

i) assume f is injective, i. e. no two different elements in S have the same value assigned by f . We can prove that f  is surjective by contradiction. For this assume that f  is not surjective to show that this results to contradiction. If f  is not surjective, it means that there exists at least one element in S that has no pre-image under f . It would imply that n elements in S are mapped to n(1 elements. By the pigeonhole principle it means that n pigeons are nested into n (1 holes, so at least one hole contains more then one pigeon. This contradicts to the assumption, that f  is injective. This contradiction proofs that if f  is injective, then it must be surjective. 

ii). Assume that f  is surjective, i.e. any element of S  has a pre-image under f . Let’s prove that f  is injective by contradiction. Assume that f  is not injective, i.e. there exists at least two elements in S that have the same image. Then we can imply, that n elements of S have not more then n (1 different images, i. e. one of elements has no pre-image in contradiction with the surjective property of f . An alternative way to find a contradiction is to argue, that since one of elements has two pre-images, the rest of n (1 elements have n (2 pre-images, i. e. at least two elements must have the same pre-image, that contradicts to the function definition. The contradiction proofs that if f  is surjective, then f  is injecive.


b) Find an infinite set S and a function f : S(S, such that f is injective but not surjective. 

Here we should demonstrate that the property proved above does not hold for infinite sets. Example: f : [0, 1] ( [0, 1], f (x)=x/2. 

   
c) Find an infinite set S and a function f : S(S, such that f is surjective but not injective.

f : [0, 1] ( [0, 1],  f (x)=(4/3)(1(x2)
4. Let Z ={…(2, (1, 0, 1, 2, …} denote the set of all integers. Define a function g : Z(Z by the following formula: 
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(Thus, for example, g(0) = 1 ( 0 = 1; g(1) = 1 + 3 = 4; g((1) = (1 + 3 = 2, etc.)  

Prove that the function g defines a bijection from Z to Z; that is, prove that g is an injection (one-to-one) and g is a surjection (onto).

Let’s prove that g is an injection. Assume that m1, m2(Z and g(m1) = g(m2). How can we imply from this that m1 = m2? Note, that g maps even integers to odd and odd to even. So, if g(m1)= g(m2) and equals an odd number, then we have that both m1 and m2 are even and 1( m1=1( m2 , i. e. m1 = m2 . If g(m1)= g(m2)  and is an even number, then both m1 and m2 are odd and m1 +3 = m2 +3, i. e. again . m1 = m2. Thus we proved that whenever g(m1) = g(m2), we can imply that m1 = m2 , that means that g is injective.

Let’s prove that g is surjective. Pick arbitrary n(Z and show that there always exists m(Z, such that g(m) = n. We should consider two cases, either n is odd or even. If n is odd, then we have that m is even and 1(m =n, i. e. m =1(n . Note that for any n(Z 

m =1(n (Z. If  n is even, then m is odd and we have n =m+3,so m =n(3, i. e. for any n(Z 

m = n ( 3(Z.

5. Let f : A ( A be a function. Prove or disprove each of the following statements:

a) if f ( f is an injection, then f is an injection.

Proof by contradiction. Assume that f is not injective, i. e. there exist two elements x, y(A, x ( y and f (x) = f (y). Then by taking f (f (x)) and f (f (y)) we have that since f is a function, then f (x) = f (y) implies f (f (x)) = f (f (y)). Finally we have that  x ( y and 

f ( f (x)= f ( f (y) in contradiction with injective property of f ( f . 

b) if f ( f is a surjection, then f is an surjecrtion.

To prove that f is surjective take arbitrary y ( A to show that there exists x ( A, such that f (x) = y. Since we are given that f ( f is surjective, there exists z ( A such that f ( f (z) = z. But f is a function, so there exists an image of any z under f , f (z). Take x = f (z), then we have that for this x, f (x)= f (f (z )) = f ( f (z) = y. So, for arbitrary y we can find x such that f (x)=y, i. e. f is surjective. 
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