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1. (7pts) Use induction to show that 5n ( 1 is divisible by 4 for n =1, 2, …

Basis: n =1, LHS=51( 1=4 is divisible by 4.

      IH. Assume that for n = k, k is some integer k ( 1, the proposition is true, 

i. e. 5k( 1 =4(s, s is any integer.

       IS . We need to prove that 5k+1( 1 is divisible by 4, i.e. 5k+1( 1 = 4(p, p is any integer.
       5k+1( 1 = 5 (5k( 1)+4 =5(4(s  +4 (by IH)


      = 4 (5(s +1) = 4  p , where p = 4(s  + 1, an integer.
2. (8pts) Prove that 2n >n2 whenever n is an integer greater than 4. 

Basis. n = 5, 25 =32> 52=25.

      IH. Assume for n =k , where k is some integer k >4, the inequality holds, i.e. 2k >k2.

      IS. We need to prove that the inequality holds for n = k+1, i.e. 2k+1 >(k+1)2.


2k+1 = 2(2k> 2(k2 (by IH)


       = k2 + k2 > k2 +2(k+1  =(k+1)2,

because k2>2(k+1  for k >4. The reason why it is true can be implied from the fact that the quadratic polynomial k2 ( 2(k ( 1 has no roots for k >4 (two roots of k2 ( 2(k ( 1=0 are k1, 2 =1((2 ), so it does not change sign and remains positive for k> 1+(2.  
    3. (10pts) Let A be a set with |A|=n. Use induction to prove that for any n(2 the number of subsets of A that have 2 elements is n(n(1)/2.

     Basis. Any set A with |A | =2 has only one subset, that contains 2 elements (that is set A itself). So, the proposition holds for n=2.

    IH. Assume that propositions holds for n = k, i.e. any set A with |A| = k has k(k(1)/2 two-element subsets. 

   IS. We need to show that any set with n =k+1 has (k+1) k/2 two element subsets. Consider some set B containing k +1 elements, i.e. |B|= k +1. We can pick some element x ( B and consider this set as a union of some set A = B ( {x} of k elements and a set {x}. In other words, B = (B ( {x})({x}. We should count 2-element subsets of B . All such subsets either include x or not. All 2-element subsets of B that do not include x are subsets of A and by IH the number of such subsets is k(k(1)/2 , because | A | = k. All two-element subsets of B that include x, can include any one of other k elements, so we have k choices for the second element. In this way we find that there exist k 2-element subsets of B that contain x. Then the total number of subsets is k(k(1)/2 + k = (k+1) k/2 . 

