COT3100





Summer’2001



Assignment #5 (Solution)

Assigned: 07/05,
due: 07/19 in recitation  


Total 100 points. 

1. (8pts) Prove by induction that for every nonnegative integer n ( 0, 20+21+…2n=2n+1 ( 1.
Basis. n =0: LHS=20=1; RHS=20+1( 1 = 2 ( 1 =1. So, LHS=RHS.

IH. Assume that for n = k, where k is some integer k ( 0, the equality holds. In other words assume that for some k ( 0   20+21+…2k=2k+1 ( 1. 

IS. We need to prove that the equality holds for n = k +1, i.e. 20+21+…2k + 2k+1 = 2(k+1)+1 ( 1. 

20+21+…2k + 2k+1 = (2k+1 ( 1) + 2k+1

(by IH)




= 2(2k+1 ( 1 = 2k+2 ( 1 

So, induction step is proved. By induction principle the summation formula is true for any n ( 0. 

2.
(9pts) A sequence of numbers an is defined recursively as follows: 


a0=0;


an+1=2(an+n, for n(1 

Prove that an=2n(n(1.

Basis. We need to check that the given formula is correct for n = 0. This formula gives a0=20( 0 (1 = 1 (​ 1 = 0, in agreement with a0 = 0 by recursive definition. 

IH. Assume that the formula is correct for n = k, where k is some integer k ( 0, i.e. we assume that ak = 2k(k(1.

IS We need to prove that the formula is correct for n = k +1, i.e. that ak+1=2k+1((k+1)(1 =  = 2k+1 ( k ( 2. 

But by recursive definition we have that ak+1=2(ak + k. By substitution ak=2k(k(1 from IH we get ak+1=2((2k(k(1) + k = 2k+1 ( 2(k ( 2 + k = 2k+1 ( k ( 2. So, induction step is proved. 

By induction principle the formula an=2n(n(1 is correct for any n ( 0.

    3.
(15pts) Use induction on n to prove the following inequality for all positive integers n: 
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Basis. n =1 : LHS = 
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, RHS = 
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, so the inequality LHS ( RHS holds.

IH. Assume that for n =k, where k is any integer k ( 1the inequality holds, i.e. we assume that for some k ( 1 
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IS. We need to prove that the inequality is true for n = k+1, i.e. we need to prove that 
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 by IH

There are 2k +1 extra terms, each of these terms is less than the last one, 
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So, induction step is proved. By induction principle we can imply that inequality holds for any positive n.

4. (10pts) Prove by induction that n(n2+5) is divisible by 6 for all n(0.

Basis. Check the case n =1: 1(12+5)=6, i.e. is divisible by 6. 

IH. Assume that for some integer k (0 we have that k(k2+5) is divisible by 6.

IS . We need to prove that (k+1)((k+1)2+5) is divisible by 6. Consider the difference (k+1)((k+1)2+5) ( k(k2+5) = k (2k+1)+(k+1)2 + 5=3k2 + 3k + 6=3k(k+1) + 6. 3k(k+1)  is divisible by 6, since it has factor 3 and 2 (because one of two consecutive numbers k(k+1) is even). It means that the difference is divisible by 6 as a sum of two terms each divisible by 6. By IH k(k2+5) is divisible by 6, so (k+1)((k+1)2+5) = k(k2+5) +3k(k+1) + 6 is divisible by 6 also. So induction step is proved.

By induction principle we can imply that n(n2+5) is divisible by 6 for all n(0.   

5. (15pts) Prove that the postage of 24 cents or more can be achieved by using only 5-cent and 7-cent stamps. 

We are going to prove by induction on n( 24, that any n = 5i +7j for some i, j ( 0.


Basis. We need to consider “extended basis” here. 

n = 24: 24 = 2(7 + 2(5;

n =25: 25 = 0(7 + 5(5

n =26: 26 = 3(7 + 1(5

n =27: 27 = 1(7 + 4(5

n =28: 28 = 4(7 + 0(5

IH. Assume that for some k ( 28, any integer n = 24, 25, …k can be represented as    n = 5i +7j for some i, j ( 0 (strong induction). 


IS. We need to prove that n = k +1 can be represented as a sum of multiples of 7 and 5. Since k ( 28 we have, that k +1(5 = k ( 4 belongs to the segment 24 ( k (4 ( k, so we can apply IH to the integer k (4 and we have:   k (4  = 5i +7j   for some i, j ( 0. It means that k +1= (k ( 4)+5 = 5(i +1) +7j, i.e. k +1 postage can be paid by 5cent and 7 cent stamps.   Thus induction step is proved.  


By strong induction principle we conclude, that any postage greater or equal 24 cents can be paid by 5cent and 7 cent stamps.

6. (8pts) Let x, y be positive integers. Prove that if x | y and x |(y+2), then x=1 or x=2. 

Assume that x | y and x |(y+2), i.e. y = k (x and y +2=n x for some integer k and n . 

Then we can imply that 2=(n ( k)(x. Since (n ( k)(is an integer by the closure property of integers under subtraction, since x is positive, and since 2 has only two positive factors, 2 and 1, we may have only two cases: 1) n ( k =1, x =2 or 2) n ( k =2, x =1. In other words, either x=1 or x=2. 

7.
(10pts) Use Euclid’s Algorithm to find the greatest common divisor of 3454 and 4666.

8. (10pts) Show that an integer is divisible by 9 if and only if the sum of its decimal digits is divisible by 9. 

Any integer n = k0+10(k1+100(k3+… 10s(ks, where k0, k1, … ks are decimal digits. The sum of decimal digits of the integer n is another integer m = k0 + k1 + … +ks. We need to prove that n is divisible by 9 if and only if m is divisible by 9. For this we can rearrange terms for n and get n = k0+(9+1)(k1+(99+1)(k3+… (99…9+1) ks= m + +9(k1+99(k3+…99…9 ks. In this form we see that n is the sum of m and other terms, each contains a factor 9. So, if m is divisible by 9, then n is divisible by 9. In the same way m= n  ((9(k1+99(k3+…99…9 ks) and if n is divisible by 9, then m is also divisible by 9. 

9. (15pts) Find integer solutions for the equation 24(x+81(y=6

First we need to check that that an integer solution exists. For this find the gcd(24, 81). By using Euclid’s algorithm, we have 

81=24(3+9; 

24=9(2+6; 

9=1(6+3; 

6=2(3. 

So, the gcd(24, 81) = 3. 6 is divisible by 3, so an integer solution exists. By tracing the steps of the Euclid’s algorithm backward we find that 

3 = 9 ( 1(6 

   = 9 ( 1((24 ( 9(2) = 3(9 ( 1(24

   = 3((81 ( 24(3) ( 1(24 = 3(81 ( 10(24

So, we get two integers, i= ( 10, and j =3, such that 24(i+81(j = 3. From here we get that x = 2i = ( 20 and y = 2j =6. This solution is not unique. If we cancel the factor 3 from the above equation, we get 8(i+27(j = 1. Note, that we can add and subtract any multiple of 8 and 27, i.e.   8((i+27(k) + 27((j ( 8(k) = 1, k is any integer.  It means that  
     two integers 2(((10+27(k) and 2((3 ( 8(k) give an integer solution for any integer k . For example, in addition to (( 20, 6) other solutions are (34, (10), ((74, 22), etc. 
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