COT3100





Summer’2001



Assignment #4. (Solutions). 

Assigned: 06/19,
due: 07/03 on lecture. 


Total 100pts. 

1. Which of the following are functions from the domain to the codomain given? Which functions are injective? Which functions are surjective? Find the inverse function for any bijective function.

a) (5pts) f : Z(N where f is defined by f (x) = x2+1.

f  is a function, since it returns a unique value for any x ( Z, but this function is not injective, because for instance f ((1)=f (1)=2. Neither it is surjective, because there is no-x( Z such that f (x) = 0,  0(N. 

b) (5pts) g : N(Q where g is defined by g (x) = 1/x
 g is not a function, because there is no unique value assigned to x = 0, 0(N.

c) (5pts) h : Z(N(Q where h is defined by h (z, n) = z/(n+1)

h is a function, since for any pair (z, n) ( Z(N, the given formula defines a unique value from Q. It is surjective and it is injective. 

d) (5pts) f : {1, 2, 3} ( {p, q, r } where f  = {(1, q), (2, r), (3, p)}

f  defines a function, the function is injective and surjective. 

e) (5pts) g : N(N where g is defined by g (x) = 2x
g is a function, it is injective, but not surjective

Here N is the set of nonnegative integers, N={0, 1, 2, 3, …}, Z ( the set of all integers, Z={…-3, -2, -1, 0, 1, 2, 3, …}, Q (the set of rational numbers, Q={x/y| x, y( Z and y(0 }

2 Let A = R({2}, and let f  be the function with domain A defined by the formula:
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a) (6pts) Show that f  is a bijective function from A to B for some set B ( R. What is the set B ?

f (x) is injective, because f (x) = f (y ) implies by simple algebra that x = y. The range of this function is R ( {3}. So, this function will be surjective (and bijective) if B = R ( {3}.

b) (4pts) Find a formula for f –1(x).

f –1(x): B ( A , f –1(x)=(2x)/(x(3).


3. (5pts) Find f ( g and g ( f where f (x)=x2+1 and g (x)=x+2 are functions from R to R (R is the set of real numbers)


(f ( g)(x)  = (x+2)2+1; 

(g ( f )(x)= x2+3. 

4. Suppose f : A ( B and g : B ( C. 

a) (10pts) Prove that if f  is surjective and g is not injective, than g ( f  is not injective.

To prove that g ( f : A ( C is not injective, we need to show that there exist x, y( A, such that x ( y and  (g ( f )(x) = (g ( f )(y). From the fact that g: B ( C is not injective we can imply that there exist some a, b ( B such that a ( b and g (a) = g (b). From the fact that 

f : A ( B is surjective, we know, that any element of B has a pre-image under f , i.e. there exist pre-images of a and b. In other words, from surjective property of f we can imply that  there exists some x( A such that f (x) = a and there exists some y ( A such that f (y) = b. Since f  is a function, a ( b implies that x ( y. By taking (g ( f )(x) = g (f (x)) = g (a) and (g ( f )(y) = g (f (y)) = g (b), we see, that g (a) = g (b) means that (g ( f )(x) = (g ( f )(y) where x ( y, i. e. g ( f  is not injective. 

b) (10pts) Prove that if f  is not surjective and g is injective, then g ( f  is not surjective.

To prove that g ( f : A ( C is not surjective, we need to show that there exists some element z ( C that has no pre-image under g ( f , i.e. for any x ( A, (g ( f )(x) ( z. From the fact that f : A ( B  is not surjective we know that there exists some element  y (B that has no pre-image under  f , i.e. for all x ( A , f (x ) ( y . Since  g: B ( C is a function, there exists a unique image of any element in B , i.e. z =g (y) (C is uniquely defined. Since g is injective, f (x ) ( y  implies that g ( f (x)) ( g (y), i.e. (g ( f )(x) ( z. Since for any x ( A, (g ( f )(x) ( z, g ( f : A ( C is not surjective, because z( C has no pre-image under g ( f. 

5. Suppose f : A ( B is a function. Then for any C ( A we can define a set of images f (C) = {f (x) | x ( C } and for any D ( B we can define the set of pre-images f(1(D) = {x | f (x)(D}. Prove that 

a) (20pts) The function f  is injective if and only if (f -1 ( f )(C) = C  for any C ( A. 
We need to prove two propositions: i) if f is injective, then (f -1 ( f )(C) = C  for any C ( A 

and ii) if (f -1 ( f )(C) = C  for any C ( A then f is injective. 

i) Assume f is injective and prove that for any C ( A, (f -1 ( f )(C) = C . We can prove the equality of two sets by “double inclusion”, i.e. by proving (f -1 ( f )(C) ( C  and 

C (( f -1 ( f )(C). To prove (f -1 ( f )(C) ( C  take arbitrary element x ((f -1 ( f )(C) =

= f –1( f (C)) to prove that x ( C. By the definition of the set of pre-images, x ( f –1( f (C)) implies that f (x) ( f (C). By the definition of the set of images, f (x) ( f (C) implies that set C contains a pre-image of f (x), i.e. (y ( C , such that f (y )=f (x ). Since f  is injective, y = x , i.e. x ( C . 


To prove that if f  is injective, then C (( f -1 ( f )(C), take arbitrary x ( C to prove that x ((f -1 ( f )(C). By the definition of the set of images, x ( C implies that f (x)(f ( C ). By the definition of the set of pre-images, f (x)(f ( C ) implies that f –1( f (C)) contains all pre-images of f (x), so x ( f –1( f (C)) = (f -1 ( f )(C).


ii) Assume that for any C ( A, (f -1 ( f )(C) = C  to prove that f is injective. We can prove it by contradiction. Assume that f is not injective, i.e. there exist x , y  (A, such that f (x)=f (y), but  x (y . Then we come to contradiction if we take C = {x}( A , because 

(f -1 ( f )(C) = {x , y } ( {x}. 

b) (20pts)The function f  is surjective if and only if (f  ( f (1)(D) = D  for any D ( B
We have two propositions to prove: i) if f is surjective, then (f  ( f (1)(D) = D  for any 

D ( B and ii) if (f  ( f (1)(D) = D  for any D ( B then f  is surjective. 


i) Assume f  is surjective. To prove that (f  ( f (1)(D) = D  for any D ( B it is sufficient to show that (f  ( f (1)(D) ( D   and D ( (f  ( f (1)(D) for any D ( B. 

To prove (f  ( f (1)(D) ( D  take arbitrary y ( (f  ( f (1)(D) to show that y ( D . 

y ( (f  ( f (1)(D) means that y ( f  (f (1(D)), i.e. y belongs to the set of images of f (1(D). By the definition of the set of images it means that y = f (x) for some x( f (1(D). By the definition of the set of pre-images x( f (1(D) implies that y = f (x) ( D.  
To prove D ( (f  ( f (1)(D) take arbitrary y ( D to prove that y ( (f  ( f (1)(D). Since f is surjective, for y(D ( B there exists x (A, such that y = f  (x). By the definition of the set of pre-images y(D implies x ( f (1(D). Then by the definition of the set of images, 

f (x) ( f (f (1(D)), i. e. y = f (x) ( (f  ( f (1)(D). 
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