COT3100





Summer’2001



Assignment #3 (Solution)

Assigned: 06/12,
due: 06/26 on lecture. 


Total 100 pts. 

1. Suppose A = {1, 2, 3}, B ={a, b, c}, R = {(1, a), (1, b), (2, b), (3, c)} is a relation from A to B and S = {(a, b), (a, c), (b, a), (c, c)} is a relation from B to B. Find the following relations:

a) (2pts) R( S

R( S  = { (1, 4), (1, 5), (1, 6),  (2, 4),  (3, 6)} 

b) (2pts) S ( S
S ( S = {(4, 4), (4, 6), (5, 5),  (5, 6),  (6, 6)}
c) (3pts) R (  S—1
R (  S—1 = {(1, 4), (1, 5), (2, 4), (3, 4), (3, 6)}
d) (3pts) S ( R –1
S ( R –1 = { (4, 1), (4, 2), (4, 3), (5, 1), (6, 3)}
2. Suppose R and S are two relations from A to B, R ( A ( B, S ( A ( B. Prove or disprove each of the following statements: 

a) (5pts) If R ( S , then R (1 ( S (1.

Proof. Assume R ( S. To prove R (1 ( S (1, take arbitrary (x, y) ( R (1 to show that (x, y) ( S (1. If (x, y) ( R (1, then (y, x)(R in accordance with definition of inverse relation. But R ( S by assumption, so (y, x)(S by subset definition. If (y, x)(S, then (x, y)( S (1 by the definition of inverse relation. 

b) (8pts) (R (S ) (1 = R (1( S (1
Proof. We need to prove two subset relations, i) (R (S ) (1 ( R (1( S (1 and 

ii) R (1( S (1((R (S ) (1. 

i) Take arbitrary (x, y)( (R (S ) (1 to prove that (x, y)( R (1( S (1. If (x, y)( (R (S ) (1, then (y, x)( R (S by the definition of inverse relation. Then there might be two cases: either (y, x)( R or (y, x)( S. If (y, x)( R, then (x, y)(R(1 by the definition of inverse relation, and (x, y)( R (1( S (1, because R(1( R (1( S (1. If (y, x)( S, then (x, y)(S(1, and (x, y)( R (1( S (1, since S(1( R (1( S (1.

ii). Take arbitrary (x, y)( R (1( S (1 to prove that (x, y)( (R (S ) (1. If (x, y)( R (1( S (1, then either (x, y)( R (1 or (x, y)( S (1 by the definition of the union. In case (x, y)( R (1, (y, x)( R, that implies that (y, x)( R(S. But if (y, x)( R(S , then (x, y) ( (R (S ) (1. In another case, (x, y)( S (1, we may imply, that (y, x)( S, and then that (y, x)( R(S. Finally, if (y, x)( R(S, then (x, y) ( (R (S ) (1. So, in both cases we showed that (x, y) ( (R (S ) (1, QED.

3. Suppose R is a relation from A to B and S and T are relations from B to C. Prove or disprove each of the following statements: 

a) (5pts) If S ( T then R( S ( R( T 

Proof. Assume S ( T . To prove R( S ( R( T take arbitrary (x, y)( R( S, where x (A and y (C. We need to show that (x, y)( R( T. By the definition of composite relation (x, y)( R( S implies that there exists some z(B , such that (x, z)(R and (z, y)(S. Since S ( T by assumption, (z, y)(S implies (z, y)(T. By the definition of composition (x, z)(R and (z, y)(T imply that (x, y)( R( T. 

b) (5pts) R( (S ( T ) = R( S ( R( T 
It can be disproved by the following counterexample. Consider A ={a}, B = {1, 2}, C ={x, y}, R = {(a, 1), (a, 2)}, S = {(1, x), (2, y)}, T ={(2, x), (2, y)}. Then S ( T = {(2, y)} and R( (S ( T ) = {(a, y)}. R( S = {(a, x), (a, y)}, R( T = {(a, x), (a, y)} and R( S ( R( T= {(a, x), (a, y)}( R( (S ( T ) = {(a, y)}. 
c) (8pts) R( (S ( T ) = R( S ( R( T
Proof.  We can prove the equality of two sets by “double inclusion”, i.e. by proving 1)R((S ( T ) ( R( S ( R( T and 2) R( S ( R( T ( R((S (T ). 

1) To prove R((S ( T ) ( R( S ( R( T take arbitrary (x, y)( R((S ( T ), where x (A and y (C. We need to show that (x, y)( R( S ( R( T. If (x, y)( R((S(T ), then there exists some z(B such that (x, z)(R and (z, y)( S ( T. By the definition of the union we can rewrite the last statement as (z(B [(x, z)(R (((z, y)( S ((z, y)(T )]. By the distributive law the last proposition is equivalent to (z(B [((x, z)(R ((z, y)( S) ( ((x, z)(R((z, y)(T )]. By the distributive property of existential quantifier over ( , the last proposition is equivalent to [(z(B ((x, z)(R ((z, y)( S)] ( [(z(B ((x, z)(R((z, y)(T )]. By the definition of composition it implies that (x, y) (R( S ( (x, y) (R( T. By the definition of the union it means that (x, y)( R( S ( R( T. 

2) To prove R( S ( R( T ( R((S ( T) take arbitrary (x, y)( R( S ( R( T to show that (x, y)( R((S ( T ). By the definition of the union (x, y)( R( S ( R( T implies that either (x, y)( R( S  or  (x, y)( R( T , i. e. we can consider separately two cases. In the first case we have by the definition of composition that [(z(B ((x, z)(R ((z, y)( S)]. Since S (S (T, (z, y)( S implies (z, y)( S (T, so that we have [(z(B ((x, z)(R ((z, y)( S (T )].   By the definition of composition it means that (x, y)( R((S ( T ). The second case, (x, y)( R( T , can be proved similarly. 
4. Suppose R and S are transitive binary relations on a set A. Must the following relations be transitive? Give either proofs or counterexamples to justify your answers.

a) (6pts) R ( S

Proof. To prove that R ( S is transitive assume that (x, y)( R ( S and (y, z) ( R ( S, (1). We need to show that (x, z) (R ( S, given R and S are both transitive. By the definition of intersection we can imply from the assumption (1) that [(x, y)( R ((x, y)(S] ( [(y, z) ( R ( (y, z)(S], (2). By the commutative and associative properties of logical (, (2) implies that [(x, y)( R ((y, z) ( R] ( [(x, y)(S ( (y, z)(S], (3). By the definition of composite function it can be implied from (3) that (x, z) (R ( (x, z) (S, or, by the definition of intersection, that (x, z) (R ( S. 

b) (5pts) R ( S

This proposition can be disproved by the following counterexample. Let R ={(x, y)} and S = {(y, z)}, both are (vacuously) transitive. Then R ( S = {(x, y), (y, z)} is not transitive.

c) (5pts) R (1
Proof.  To prove that R (1 is transitive assume that (x, y)( R (1 and (y, z)( R (1, (1). We need to prove that (x, z) ( R (1, given that R is transitive. By the definition of inverse relation, (1) implies that (y, x)( R and (z, y)( R, (2). Since R is transitive by assumption, (2) implies that (z, x)( R, (3). By the definition of inverse it can be implied from (3) that (x, z) ( R (1.
d) (6pts) R( S
It can be disproved by the following counterexample. Take A = {1, 2, 3, 4, 5}, R = {(1, 2), (3, 4)} and S = {(2, 3), (4, 5)}, so that both R and S are transitive. Then R( S ={(1, 3), (3, 5)} is not transitive. 
5. Consider the relation R on the set of integers A ={0, 1, … 10}: 

R ={(x, y) | x, y(A and x ( y (mod 3)}. 

(Remainder: x ( y (mod 3) means that 3 | (x(y), i. e. there exists an integer k, such that x(y = 3(k. For instance, 1 ( 4 (mod 3) or 8 ( 2 (mod 3)).

a) (10pts) Prove that this relation is an equivalence relation.

We need to prove that R is 1) reflexive, 2) symmetric and 3) transitive.

1) To prove that R is reflexive we need to show that for any x(A, (x, x)(R. But this is the case since x ( x (mod 3), i. e. 3 | (x(x), or 3 | 0. 

2) To prove that R is symmetric, we need to show that if (x, y) (R, then (y, x)(R. So, assume that (x, y) (R, where x, y(A. From the definition of R it implies, that x ( y (mod 3), or (x( y)=3(n for some integer n. But then (y ( x)=3(((n), i. e. y ( x (mod 3). It means that (y, x)(R. 

3) To prove that R is transitive, assume that (x, y) (R and (y, z) (R, (1). We need to show that (x, z) (R. From the definition of R (1) implies that (x( y)=3(n, (2) and (y( z)=3(m, (3), where n and m are some integers. By taking the sum of (2) and (3) we get x( y+ y( z = 3(n + 3(m, or x( z = 3((n +m) = 3(k, where k = n+m is an integer. This means that x ( z (mod 3), so that (x, z) (R. 
b) (4pts) Find the partition induced by this relation on A .

A/R = {{0, 3, 6, 9}, {1, 4, 7, 10}, {2, 5, 8}}

      c) (8pts)Let S be another relation on A ={0, 1, … 10}: 

S ={(x, y) | x, y(A and x ( y (mod 6)}.

Show that S gives a refinement of the partition induced by R. 

We can prove that S is a refinement of R, if we show that S (R. Thus we need to show that if (x, y)(S, then (x, y)(R. Assume (x, y)(S, then x(y = 6(n for some integer n. It implies that x(y = 3((2n), so that (x, y)(R. We can also explicitly show that the partition induced by S is a refinement of the partition given by R: 

A/S = {{0, 6}, {1, 7}, {2, 8}, {3, 9}, {4, 10}, {5}}.

6. Find the smallest relation containing the relation R = {(1, 2), (1, 4), (3, 3), (4, 1)} on set A = {1, 2, 3, 4} that is

a) (5pts) reflexive and transitive;

{(1, 2), (1, 4), (3, 3), (4, 1), (1, 1), (2, 2), (4, 4), (2, 1)}

b) (5pts) symmetric and transitive;

{(1, 2), (1, 4), (3, 3), (4, 1), (1, 1), (2, 2), (4, 4), (2, 1), (2, 4), (4, 2)}

c) (5pts) reflexive, symmetric and transitive.

{(1, 2), (1, 4), (3, 3), (4, 1), (1, 1), (2, 2), (4, 4), (2, 1), (2, 4), (4, 2)}

