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1. Find the number of 8-letter passwords that can be formed by ordering the letters of the word DISCRETE  subject to one of the following conditions.

a) (5pts) Contain a substring EE.

7!

b) (10 pts) Both E’s come after I . 

Here is one possible way to solve this problem. Letter I can occur in 1, 2, 3, 4, 5 and 6 position (from left to right). In accordance to this we can count separately 6 cases. 

Case 1: letter I in 1-st position. 7!/2! arrangements

Case 2: letter I in the 2-nd position. Five choices  (from letters D, S, C, T and R) for the 1-st position times 6!/2! (arrangements of 6 letters with 2 non-distinguishable).

Case 3: letter I in the 3-rd position. For the first two positions preceding letter I we can choose from 5 letters, so there are 5(4 choices. This should be multiplies by 5!/2! Of the number of arrangements for the last 3 places.

Case 4: letter I in the 4-th position: 5(4(3 choices for the preceding 3 positions and 4!/2! For the last two.

Case 5: letter I in the 5-th position: 5(4(3(2 choices for the 4 first positions and 3!/2! Choices for the last three.

Case 6: letter I in the 6-th position. 5! Choices for the first five positions and only one choice for the last two 

By the rule of sum the total number of choices is 

(5!/2!)(7!/5!+6!/4!+5!/3!+4!/2!+3!/1!+2!/1).

2. Write the negation of each of the following proposition. Assume that x and y are real numbers. 

a). (5pts) For every x, for every y, x2+y2 ( 10.

(x(y  (x2+y2 < 10)

b). (5pts) For every x, there exists some y, such that x2+y2 ( 10.

(x(y  (x2+y2 < 10)

c). (5pts) There exists some x, such that for every y, x2+y2 ( 10.

(x(y  (x2+y2 < 10)

d). (5pts) There exists some x, such that there exists some y, x2+y2 ( 10.

(x(y  (x2+y2 < 10)

3. Let R and S be two relations on set A, i.e. R , S ( A ( A . Prove or disprove each of the following propositions. First state clearly whether you are going to prove or disprove. 

a) (10pts) if R(S , then t(R) ( t (S) .

Take arbitrary (x, y)( t(R)  to prove that (x, y)( t(S). By definition of transitive closure of the relation, (x, y)( t(R)  implies that there exists a path x=a0, a1, … an=y in R , i.e. (x, a1), (a1, a2), …( an(1, y) (R. Since R(S , (x, a1), (a1, a2), …( an(1, y) (S. It implies that there exists a path from x to y in  S, which means that (x, y)( t(S).   
b) (5pts) if R is symmetric and R ( S = (, then S is symmetric. 

It should be disproved by a counterexample. Here is one possible counterexample.

R ={(1, 2), (2, 1)}- a symmetric relation on A ={1, 2, 3}. S ={(1, 3)}- another relation on A. R ( S = (, but S is not symmetric. 

4. (15pts) Prove or disprove that for any two sets A and B, A (B if and only if Power(A)(Power(B).


The proposition is true. The proof should include two parts. 

Part I. If  A (B  then Power(A)(Power(B).

Part II: If Power(A)(Power(B), then A (B. 

Part I. Take arbitrary x( Power(A) to prove that x( Power(B). x( Power(A) means that x(A. 

x(A and A (B imply that x(B. This means that x( Power(B).

Part II . Take arbitrary x(A to prove that x(B. Since {x} ( A , {x}( Power(A). Since Power(A)(Power(B), by assumption, {x}( Power(B), which means that x(B.

5. (15pts) Harmonic numbers Hk , k =1, 2, 3, …are defined by
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Use mathematical induction to prove that 
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Proof by induction on n that the proposition P(n): 
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Basis. n=0.  20=1, H1=1, 1(1+0 is true.

IH. Assume that P(n) is true for n=k, where k is some integer k(0. In other words we assume that 
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IS. We need to prove that P(n) is true for n=k+1, i.e. 
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Since by IH 
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, it is sufficient to prove that the sum of additional terms is less or equal 1. There are 2k additional terms, each of them is <(1/2k), so the total sum is <1. 

It implies that 
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6. (5pts) Find positive integers a and b satisfying the two conditions gcd(a, b)=10 and 

lcm(a, b)=100. Find all solutions. 


a =10, b=100


a =20, b=50

a =100, b=10

a =50 b=20


7. (5pts) Find an example of three sets of strings X, Y and Z over the alphabet {a, b}, such that X(Y=( but X(Z(Y(Z ((
X ={a}, Y={ab} Z={b, bb}

. 


8. Give the regular expressions for the following languages:

a) (5pts)Set of strings over (={0, 1}, that give binary representation of even numbers.

1(0+1)*0

b) (5pts)Set of strings over (={0, 1}, that contain the same number of substings 01 and 10.

0(0+1)*0+1(0+1)*1

c)
(5pts) Set of strings over (={0, 1}, that do not contain a substring 00. 


(+0+(1+01)*((+0)


9. (5pts) Consider the following DFA accepting a language over alphabet (={a, b}.




Define the language accepted by the following DFA. Give the regular expression for this language. 


(aa+ab+ba+bb)*
1





0





a, b





a, b
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