Counting

Although counting seems to be a simple straightforward task, many counting questions end up being quite counterintuitive. The study of discrete mathematics focuses on discrete quantities, namely the integers. Thus, the first topic of this course will be counting. 

A couple fairly intuitive rules, the sum and product rules, will first be introduced. Using these, we will derive some fairly interesting results and show how to tackle more difficult counting problems. One of the things to keep in mind here is that depending on HOW you view a counting problem, it could be quite easy or extremely difficult. One should not be discouraged if their initial approach is foiled or seems too difficult. Often times, different approaches to the same problem will eventually yield a fairly simple solution.

Sum Rule

If a first task can be performed in m ways, while a second task can be performed in n ways, and the two tasks cannot be performed simultaneously, then performing either task can be done in m+n ways.

This is the book definition. Since most counting questions do not involve any action, I prefer the following version of the definition:

If you have m objects in one group, and n objects in a second group, which is completely separate from the first, (meaning that they share no common objects), then the total number of objects in both groups is m+n.

Here is a simple example problem using the sum rule:

If all of Richard’s beer bottles are either made by Budweiser or Miller, and he has 48 Budweiser bottles and 24 Miller bottles, how many bottles of beer does Richard have all together?

Obviously, 48 + 24 = 72, or 3 cases worth :)

When applying the sum rule, it is important to do the following two things:

1) Count every object in question

2) Do not double count any object

In this problem, it was fairly easy to maintain these two “rules”. We were told that Richard only has 2 types of beer bottles, thus we knew we were not forgetting to count any of them. Also, it is clear that a Budweiser bottle can not also be a Miller bottle. You will find that in other problems it is more difficult to count using the rules listed above.

Product Rule

If a procedure can be broken down into first and second stages, and if there are m possible outcomes for the first stage, and n possible outcomes for the second stage, then the total procedure can be carried out in mn ways.

The applicability of this rule hinges upon the independence of the number of outcomes for each of the first and second stages. For example, consider the number of ways of picking at least one ace from a deck of cards when drawing a pair of cards. If you happen to pick an ace first, then there are a possible 51 cards you can pick for your second choice. BUT, if you do not pick an ace first, you must pick one of four cards instead. In any event, what we see is that the number of possible ways to execute the second choice is NOT always the same. Thus, we can NOT apply the produce rule in such a simple manner.

However, here is an example where the product rule is applicable:

A class is going to elect one male and one female representative. There are 12 boys in the class and 13 girls. How many possible pairs of representatives can the class elect?

Now, we can use the product rule to get 12x13 = 156 possible pairs. No matter which boy gets elected to represent the class, there will STILL BE 13 choices for the female representative. To visualize the answer, we can enumerate all possible pairs using a 12x13 table.

