COT 3100 Homework # 4

Spring 2001

Assigned: 3/26/01

Due: 4/9,10/01 (in class)

1) Use Euclid’s Algorithm to find the greatest common divisor(GCD) of 851 and 444.

851 = 1x444 + 407

444 = 1x407 + 37

407 = 11x37, so gcd(851, 444) = 37.
2) Show that if 17 | (3x + 8y), then there are no integer solutions to the equation 

22x + 2y = 1602

22x + 2y = 34(x + y) – 4(3x + 8y)

         = 17(2x+2y) – 4(17)(c), for some integer c, using given information.


         = 17(2x + 2y – 4c)

      Thus, if x and y are integers, then 17 | (22x + 2y).

      However, 1602 is NOT divisible by 17, thus the two sides of the given equation

3)       can not be equal since there are not equivalent mod 17.

4) Using mod rules, find the remainder when you divide 7214 by 13.

7214 ( (72)107 (mod 13)

       ( (49)107 (mod 13)
             ( (-3)107 (mod 13)


 ( ((-3)4)26(-3)3 (mod 13)


 ( (81)26(-3)3 (mod 13)

             ( (3)26(-27)(mod 13)


 ( (3)26(3)(-9)(mod 13)


 ( (3)27(-9) (mod 13)


 ( (33)9(-9) (mod 13)


 ( (27)9(4) (mod 13)


 ( 19(4) (mod 13)


 ( 4 (mod 13), so the remainder desired is 4.

5) Let a and b be two positive integer. Show that 3ab + 7ab2 is even.

3ab + 7ab2 = ab(3 + 7b)

If either a or b is even, the quantity above is automatically even since a and b are both divisors of the quantity. Thus, if the quantity is to be odd, then both a and b must be odd. But in this case, 7b would be an odd number, making 3+7b an even number. Thus, in all possible cases, at least one of the three factors a, b, (3+7b) is even, making 3ab + 7ab2 even for all positive integers a and b.
6) Using induction, prove that 4 | (5n+2 + 32n+1) for all integers n ( 0.

Use induction on n.

Base case: n=0. 50+2 + 32(0) + 1 = 25 + 3 = 28 = 4x7, so 4 | 28 and the base case holds.

7) Assume for an arbitrary value of n=k that 4 | (5k+2 + 32k+1). Equivalently, we can assume that there exists an integer c such that 5k+2 + 32k+1 = 4c.

8) Under this assumption, prove for n=k+1 that 4 | (5(k+1)+2 + 32(k+1)+1).

5(k+1)+2 + 32(k+1)+1 = 5k+3 + 32k + 3


           = 5k+2(5) + 32k+1(32)



           = (5)5k+2 + (9)32k+1



                = (5)5k+2 + (5+4)32k+1

                             = (5)5k+2 + (5)32k+1 +(4)32k+1


           = 5(5k+2 + 32k+1) + (4)32k+1


           = 5(4c) +  (4)32k+1, using the inductive hypothesis.



           = 4(5c + 32k+1).

Since 5c + 32k+1 must be integral, in follows that 4 | 5(k+1)+2 + 32(k+1)+1 as desired.

      This completes the induction. Thus 4 | (5n+2 + 32n+1) for all integers n ( 0.
6)   Use induction on n ( 1 to prove the following summation formula:
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Use induction on n.


Base Case: n=1. LHS = (-2)0 + (-2)1 = 1 – 2 = -1




    RHS = (1 – 41)/3 = -1


The formula holds for n=1.


Assume that for an arbitrary value of n=k that
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Under this assumption prove for n=k+1 that
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       = 
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       = (1 – 4k)/3 + (-2)2k[1 – 2], using the inductive hypothesis


     = (1 – 4k)/3 – (-2)2k

     = (1 – 4k)/3 – ((-2)2)k

     = (1 – 4k)/3 – 4k

     = 1/3 – 4k/3 – 3(4k)/3


     = 1/3 – 4(4k)/3


     = 1/3 – 4k+1/3 

    
     = (1 – 4k+1)/3, as desired. Thus, the original formula is true for all 

     positive integers n.

7) The Fibonacci numbers are defined as follows:

F0 = 0, F1 = 1, and Fn = Fn-1 + Fn-2 , for all integers n > 1.

Prove the following closed summation closed form using induction:
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= 3Fn+3 + 2Fn+1 – 8 , for integers n > 0. 
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Use induction on n.

Base case: n=1. LHS = 3F1 + 5F0 = 3(1) + 5(0) = 3



         RHS = 3F1+3 + 2F1+1 – 8 = 3(3) + 2(1) – 8 = 3

Thus, the summation holds for n=1.

Now assume for some arbitrary value of n=k that
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      Under this assumption, prove for n=k+1 that
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= 3Fk+3 + 2Fk+1 – 8 + 3Fk+1 + 5Fk, using the inductive hypothesis




= 3Fk+3 + 2Fk+1 – 8 + 3Fk+1 + 3Fk + 2Fk



= 3Fk+3  + (3Fk+1 + 3Fk) + (2Fk+1 + 2Fk) – 8



= 3Fk+3  + 3Fk+2 + 2Fk+2  – 8, using Fibonacci defn.




= 3(Fk+3 + Fk+2) + 2Fk+2  – 8



= 3Fk+4 + 2Fk+2  – 8, proving the original summation.

8) Let the sequence Bn be defined as follows:


B1 = 3 and Bn+1 = Bn + 2n + 3, for all n > 1. 

    Find and prove a closed form formula for Bn for all positive integers n. (Hint: It’s a 

    quadratic function in n.)


B1 = 3, B2 = 8, B3 = 15, B4 = 24, etc. 


Adding one to these values reveals a list of perfect squares. So, we can guess


that Bn = (n+1)2 – 1 = n2  + 2n + 1 – 1 = n2  + 2n.


Now, we must prove that guess using induction on n.


Base Case: n=1: LHS = B1 = 3




    RHS = 12 + 2(1) = 3


Assume for an arbitrary value of n=k that Bk = k2  + 2k.


Under this assumption, prove for n=k+1 that Bk+1 = (k+1)2  + 2(k+1).


Bk+1 = Bk + 2k + 3, using defn of sequence B.


         = k2  + 2k + 2k + 3


         = k2  + 2k + 1 + 2k + 2


         = (k+1)2 + 2(k+1), completing the inductive proof.


Thus we can conclude that Bn = n2  + 2n, for all positive integers n.

9) 9) Let g: A ( A be a bijection. For n ( 2, define gn = g ( g ( ... ( g, where g is composed with itself n times. Prove that for n ( 2, that gn is a bijection from A to A as well, and show that (gn)-1 = (g-1)n. (Here you may assume that the composition of two bijections is also a bijection.)

Use induction on n.

Base case: n=1. LHS = (g1)-1 = g-1, the inverse of g.



  RHS = (g-1)1 = g-1, also the inverse of g.



   Also g1 is a bijection because that is given.

Inductive hypothesis: Assume for an arbitrary value of n=k that (gk)-1 = (g-1)k. 




 Also assume that gk is a bijection.

Inductive step: Under this assumption we must show that (gk+1)-1 = (g-1)k+1 and that gk+1 is a bijection.

(gk+1)-1 = (g ( gk)-1
            = (gk)-1 ( g-1, by the rule for the inverse of a function composition.


= (g-1)k ( g-1, by the inductive hypothesis


= (g-1)k+1, by the definition of function composition.

This proves the inductive step so we can conclude that (gn)-1 = (g-1)n is true for all n > 0.

To show that gk+1 is a bijection, note that gk+1 = gk ( g, where both gk and g are bijections. Since the composition of two bijections is another bijection, it follows that gk+1 is also a bijection.
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