COT 3100 Spring 2001
Homework #3 Solution 
Assigned: Feb. 20/21

Due: March 7,8 in recitation

Problem #1 With A = {1, 2, 3, 4}, let R = {(1, 1), (1, 2), (2, 3), (3, 3), (3, 4), (4, 4)} be a relation on A. Find two relations S and T on A where S ( T but R ( S = R ( T = {(1, 1), (1, 2), (1, 4)}.

Ans. One possible solution: S = {(1, 1), (1, 2), (2, 4)}, T = {(2, 1), (2, 2), (1, 4)}.

We can get (1, 1) in R ( S in the following ways: (1, 1)+(1, 1), (1, 2)+(2, 1)

We can get (1, 2) in R ( S in the following ways: (1, 1)+(1, 2), (1, 2)+(2, 2)

We can get (1, 4) in R ( S in the following ways: (1, 1)+(1, 4), (1, 2)+(2, 4)

So, any combination will do the job. 

Problem #2.  If A ={w, x, y, z}, determine the number of relations on A that are 

(a) reflexive;

The total number of pairs we can either include or not is 42-4=16. Any reflexive relation is a subset of this set of 12 elements; we know there exist 212 such subsets.

(b) symmetric; 

The number of decisions we can make for any symmetric relation is 4+(16-4)/2=4+6=10.

The number od possible symmetric relations is 210.

(c) reflexive and symmetric; 

Now we are free to make (16-4)/2=6 choices about couples of pairs from distinct elements. The number of possible relations is 26.

(d) reflexive and contain (x, y); 

We must put 4 self-loops and (x, y), i. e. 5 out of total 16 pairs. We can make choices about remaining 11 pairs. This allows to make 211 reflexive relations that include (x, y).
(e) symmetric and contain (x, y); 

For a symmetric relation we have 4 choices for self-loops and 5 for coupled pairs of distinct elements, i. e. 29 relations.

(f) anti-symmetric; 

We can have 24(36 anti-symmetric relations. The reason is that we have 4 self-loops that we can either place in the relation or not. The choices of these are independent from choosing the other items in the relation. For the other items, you pair up each ordered pair of the form (a,b) with (b,a). There are 6 such pairs. For each pair, you may choose to NOT have either in the relation, OR to have only one of them in the relation. This is three distinct choices for each pair. Invoke the multiplication principle to get the final answer.
(g) anti-symmetric and contain (x, y); 

There are 24(35 anti-symmetric relations that include ((x, y). Same reasoning as above except that because you have (x,y), you have 1 choice from (x,y), (y,x), and no element to make. This leaves 5 pairs to choose from. From above, we can see that this leads to a total of 35 distinct choices.
(h) symmetric and anti-symmetric; 

A relations that is symmetric and anti-symmetric may consist of any number of self-loops (including empty set). We have 4 possible loops, so we can make 24 relations from these self-loops.

(i) reflexive, symmetric and anti-symmetric. 

There is only one relations that satisfies all these criteria. This is the identity relation on A.

a) Problem #3.  A relation R on a set A is called irreflexive if for all a(A, (a, a)(R. 

b) Give an example of a relation R on Z where R is irreflexive, and transitive but not symmetric. 

c) R={(1, 2)}.
d) Let R be a nonempty relation on a set A. Prove that if R satisfies any two of the following properties ( irreflexive, symmetric, and transitive ( then it cannot satisfy the third.

e) Proof by contradiction. Assume that R is nonempty relation that is irreflexive, symmetric and transitive. Since R is nonempty we can find (x, y)(R. Then (y,x)(R by the symmetric property of R. (x, y) (R and (y, x)(R imply (x, x)(R by transitive property of R. But this contradicts to irreflexive property. So, it is impossible for any relation to have each of these properties. Thus, any relation must have at MOST two of these properties.
f) If |A| = n ( 1, how many different relations on A are irreflexive? How many are neither reflexive nor irreflexive? 

There are 2n((n(1) reflexive relations (including all self-loops) and 2n((n(1) irreflexive relations (none self-loops). The rest of 2n(n relations on A are neither reflexive, no irreflexive. So, there are 2n(n(2(2n((n(1) relations that are neither reflexive, no irreflexive. 

Problem #4. For A = {1, 2, 3, 4, 5, 6}, R = {(1, 1), (1, 2), (2, 1), (2, 2), (3, 3), (4, 4), (4, 5), (5, 4), (5, 5), (6, 6)} is an equivalence relation on A. List each of the equivalence classes produced by this relation. 

Ans. A/R={{1, 2}, {3}, {4, 5}, {6}}.

Problem #5
If there are 2187 functions f : A(B and |B|=3, what is |A|?

The number of different functions is 3|A|=2187=37. |A| = 7.

Problem #6.
a) Give an example of a function f from N to itself such that (x f(x) ( x , but f =f -1.
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b) Give examples of functions f and g from a finite set A to itself such that f( g = g ( f , but f (g and neither f nor g is the identity function on A. 

Take A = {1, 2, 3, 4}, then f (1)=2,  f (2)=3,  f (3)=4,  f (4)=1;  g (1)=3, g (2)=4, g (3)=1, g(4)=2 . 








Then f (g (1))= g ( f (1))=4,  f (g (2))= g ( f (2))=1,  f (g (3))= g ( f (3))=2,  

  f (g (4))= g ( f (4))= 3. 

Problem #7
Prove that following functions are bijections from the open interval (0,1) to the positive real numbers:

a) 
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We need to prove that f (x) is injection and surjection. To prove that f (x) is injection we need to show that if f (x1) = f (x2) then x1= x2. 

x1/(1( x1)= x2/(1( x2) 

assumption

x1((1( x2)= x2((1( x1) 

by algebra and because 0< x1, x2<1

x1 ( x1 (x2 = x2 ((x2 (x1
x1 = x2, QED

To prove that f (x) is surjective, we need to show that for any positive real y there exists x( (0, 1) such that f (x)=y. But from x/(1( x) = y we get

x =(1( x) (y

x (1+y)=y
x = y/ (1+y)

we see that for any positive real y the value 0<y/ (1+y)<1, so there exists x = y/ (1+y) 

such that f (x) = y.


b) 
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We need to prove that f (x) is injection and surjection. To prove that f (x) is injection we need to show that if f (x1) = f (x2) then x1= x2. 

(1( x1)/ x1= (1( x2)/ x2

assumption

x2((1( x1)= x1((1( x2) 

by algebra and because 0< x1, x2<1

x2 ( x2 (x1 = x1 ((x1 (x2
x2 = x1, QED

To prove that f (x) is surjective, we need to show that for any positive real y there exists x( (0, 1) such that f (x)=y. But from (1( x)/x = y we get

xy =(1( x) , since x > 0
xy+x=1
x(y+1) = 1

x = 1/(y+1)
we see that for any positive real y the value 0<1/ (1+y)<1, so there exists x = 1/ (1+y) 

such that f (x) = y.

Problem #8
Two functions are considered equal if they have the same domain and co-domain and for any element of domain have the same image. Prove or disprove the following properties: 

a) If f ( g = f ( h , then g = h.

It can be disproved with the following counterexample:

Let set A={1,2,3}, with f:A(A, g:A(A, and h:A(A.

Let f = {(1,1), (2,1), (3,1)}, g = {(1,1), (2,2), (3,2)}, h = {(1,1), (2,3), (3,3)}

b) If  g( f = h( f , then g = h.

Same counter example listed in part a works here as well.

Problem #9
a) Let f be a function, f : S(S where S has n elements. Prove that f is 

                            injective if and only if it is surjective. 

Assume to the contrary that f is not surjective. Then there exists an element x from the set S such that f(s) ( x, for all s(S. This means that the n elements from the set S map to at most n-1 elements from the set S, because that’s how many of them are NOT equal to x. Using the pigeonhole principle, at least two elements must map to the same value, thus the function can not be surjective by definition.

To prove the other side, notice that if f is surjective then there is a value that maps to each of the n elements in S. Since we are only mapping FROM n elements, it is impossible for 2 elements from the domain to map to the same element from the range. If they did, then the sum of the “arrows” coming into the co-domain would exceed n.

b)Find an infinite set S and a function f : S(S such that f  is injective but  

   not surjective.

b) Let S = Z, the set of integers and let f(x) = 2x. This is injective because if 2x = 2y, we must have that x=y. This is NOT surjective because f(x)(1 for all integers x.

c) Find an infinite set S and a function f : S(S such that f  is surjective. but not injective.

Let S = Z , the set of integers and let f(x) = x/2 if x is even







(x-1)/2 if x is odd

This is surjective because you can always find a value of x such that f(x) = c, for all integers c. One such value is 2c. However, This is not injective because f(0)=f(1).
Problem #10

Prove or disprove: If R is transitive and R (  T, then T is transitive. (Note: ( stands for subset, NOT proper subset.)

No. Here is a counter example: 

Let R and T be relations of the set A, where A = {1,2,3}.

R = (, T = {(1,2), (2,3)}
Problem #11
Prove or disprove: s(R ( T) = s(R-1 ( T-1). (Note: s(R) stands for the symmetric closure of the relation R.)

Let us show that s(A ( B) = s(A) ( s(B).

s(A ( B) = (A ( B) ( (A ( B)-1, by definition.

Now, it must be shown that (A ( B)-1 = A-1 ( B-1.

We must show that (x,y)( (A ( B)-1 ( (x,y)( A-1 ( B-1.

Given that (x,y)( (A ( B)-1 ((y,x) ( A ( B, defn of inverse

                                               ( (y,x) ( A ( (y,x) ( B, defn of union

                                               ( (x,y)( A-1 ( (x,y) ( B-1, by the definition of inverse                 

                                               ( (x,y)( A-1 ( B-1. 

Now, we can use that as follows:

s(R ( T) = s(R) ( s(T).

                = R ( R-1 ( T ( T-1, AND

s(R-1 ( T-1) = s(R-1) ( s(T-1)


        = R-1 ( (R-1)-1 ( T-1 ( (T-1)-1 

g) 
        = R-1 ( R ( T-1 ( T, proving that s(R ( T) = s(R-1 ( T-1).
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