COT 3100 Spring 2000

Exam #2

4/4/00

Lecturer: Arup Guha

TA: ________________

(Note: You will have 75 minutes for this exam. There are 100 points total to be earned. On some questions you can not earn partial credit. Make sure to read AND follow all the directions. If you need extra room for your work, put it on the last page of the exam before the charts, and CLEARLY number what problem’s work you are continuing.)

1) (1 pt each) True/False (Assume a, b, and c are positive integers for these questions.)
a) 0 | a for all positive integers a.




True

False

b) The total number of prime numbers is infinite.

True

False

c) Euclid’s algorithm prime factorizes an integer.

True

False

d) All surjective functions are also bijections.


True

False

e) If f : A ( B is a injection, then |A| < |B|.


True

False

f) If a | b and b | c then a | c, for all positive ints a,b and c
True

False

g) The Well Ordering Principle can be used to prove any
True

False

     statement that can be proved by induction.

h) If a ( b (mod n) then n | (a7 – b7 + 13n)


True

False

i) a2 ( 0 (mod 4) or a2 ( 1 (mod 4)



True

False

j) If f(x)=x-a and g(x)=x-b, then f(g(x)) = g(f(x))


True

False

2) (2 pts each) Short Answer

a) The Fundamental Theorem of Arithmetic states that all positive integers can be uniquely prime factorized.
b) A undirected be drawn with edges without arrows.
      c)   An equivalence relation partitions the set it is a relation between into 

            equivalence classes.

d) The three main steps to an inductive proof are : base case ,

inductive hypothesis , and proving the inductive step.
e) The only difference between strong induction and standard induction is in the inductive hypothesis. You must assume the statement is true for all values less than or equal to an arbitrary n.
3) (15 pts) Let R be a relation over Z+xZ+ defined as follows: 

R = { (a,b) | ab = c2 for some positive integer c}

Prove that R is an equivalence relation.

      R is reflexive since we have a*a = a2 for all positive integers a.

      R is symmetric since if a*b = c2, then we have b*a = c2 as well.

      R is transitive because of the following:

      if aRb, we have a*b=d2, for some positive int d.

      if bRc, we have b*c =e2, for some positive int e.

      Multiply both equations to get a*b2*c = d2*e2 and divide by b2, to get

      a*c = d2*e2/ b2 = (de/b)2
       The final step here is we need to show that de/b is a positive integer. We know 

       that if you take a rational number that is not an integer and square it, we get

       another rational number that is not an integer. BUT, we know that (de/b)2 IS

       an integer since both a and c are integers. Thus, we must have that de/b is

       integral, showing that aRc, and that the relation is transitive and an equivalence

       relation.
4) (7 pts) Compute the remainder when 764 is divided by 13.
764 ( (72)32 mod 13

( (102)16 mod 13

( (92)8 mod 13

( (32)4 mod 13

( (92)2 mod 13

( 32 mod 13

( 9 mod 13, thus the remainder is 9.
5) a) (6 pts) Use Euclid’s Algorithm to find the greatest common divisor of 533 and 91.

533 = 5*91 + 78
       91  = 1*78 + 13

       78 = 6*13
b) (8 pts) Use the equations from part a to find integers x and y such that

533x + 91y = gcd(533,91)


533 - 5*91 = 78, from above
            91  - 1*78 = 13, from above

             Substitute eqn. #1 into #2

              91 – (533 – 5*91) = 13

             -533 + 6*91


 Thus, one soln. is x = -1, y = 6.

6) (8 pts) Let f(x) = x2 – 6x + 9 and g(x) = 2x + 3. Let h(x) = f(g(x)) and j(x) = g(f(x)). Find both h(x) and j(x).

f(x) = (x-3)2
h(x) = ((2x-3) + 3)2 = 4x2
j(x) = 2(x-3)2 + 3 = 2x2 – 12x + 21
7) (20 pts) Prove the following formula using induction :
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Base case: n=1. LHS = 2/(1*3) = 2/3 and RHS = 3/2 – 5/(2*3) = 2/3

Assume summation is true for an arbitrary value of n.

Now, we need to prove the following:
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, proving the formula to be true by induction.
Choose one of the two following questions to answer:

8) (15 pts) Given positive integers a and b, prove that there is at least one integer solution for q and r to the equation a=bq + r such that –b < r ( 0. 

8) (15 pts) Given bijections f1, f2, f3, ... fn over the set A. Prove the following result using induction for all integers n ( 1 :

(f1 ( f2 ( f3 ( ... ( fn)-1 = (fn)-1 ( (fn-1)-1 ( (fn-2)-1 ( ... (f1)-1 
From class we know that we have a soln. such that a=bq+r with 0(r<b. We

can split this into two cases:

Case 1: r=0. In this case, we have already satisfied the requirement –b< r (0,

and we are done.

Case 2: r>0.

a = bq + r

a = bq + b + r – b

a = b(q+1) + (r-b)

Consider letting q’ = q+1, and r’ = r-b. Then, we have a new soln to our original equation: a = bq’ + r’. Since we have 0<r<b, we must have –b<r’<0. Thus, we have found a solution to a=bq+r such that –b<r(0.

Base Case n=1.  LHS = (f1)-1 and we have RHS = (f1)-1 as well. 

Assume for an arbitrary value of n that
(f1 ( f2 ( f3 ( ... ( fn)-1 = (fn)-1 ( (fn-1)-1 ( (fn-2)-1 ( ... (f1)-1 
We need to prove that (f1 ( f2 ( f3 ( ... ( fn+1)-1 = (fn+1)-1 ( (fn)-1 ( (fn-1)-1 ( ... (f1)-1.

(f1 ( f2 ( f3 ( ... ( fn+1)-1 = ((f1 ( f2 ( f3 ( ... ( fn) ( fn+1)-1 




       = (fn+1)-1 ((f1 ( f2 ( f3 ( ... ( fn)-1, by rule for inverse of 









  function composition.




       = (fn+1)-1 ( (fn)-1 ( (fn-1)-1 ( ... (f1)-1, using inductive hypothesis.

9) (1 pt) What is John Fitzgerald Kennedy’s middle name? Fitzgerald
_1017839284.unknown

_1017841304.unknown

_1017841378.unknown

_1017841610.unknown

_1017841632.unknown

_1017841697.unknown

_1017841507.unknown

_1017841349.unknown

_1017840949.unknown

_1017841278.unknown

_1017840957.unknown

_1017840989.unknown

_1017840749.unknown

_1017840927.unknown

_1017839313.unknown

_1016205176.unknown

_1017839271.unknown

_1016205072.unknown

