1. COT 3100 Final Exam Review Solutions
2. Give regular expressions for each of the following languages.
(a)
L =  { x | x does not contain the substring ab }

a* ( b*

(b)  L = { x |  x ( {a,b}*  and  |x| mod 3 = 2 } 

(a ( b) (a ( b)( (a ( b) (a ( b) (a ( b))*

(c)  L = { x |  x ( {a,b}*  and  |x|   ( 3 }

(a ( b ( ()(a ( b ( ()(a ( b ( ()


(d)  L = { x |  x ( {a,b}*  and  |x|   > 3 }

(a ( b) (a ( b) (a ( b) (a ( b) (a ( b)*


(e)  L = { x |  x ( {a,b}* , and |x|  ( 7, and the 7th symbol (from the left) is b }

(a ( b)*b(a ( b) (a ( b) (a ( b) (a ( b) (a ( b) (a ( b)


(f)  L = { x |  x ( {a,b}* and  x  ends with one of the strings:  bb, aab, bab}

(a ( b)*bb ( (a ( b)*aab ( (a ( b)*bab


2. Give a DFA that accepts the language 
 L = { x ({a,b}* |  x does not contain a substring with more than 2 consecutive b’s. }
 
NOTE:  abbab, aaa ( L
Let your DFA have 4 states: 1 for 0 consecutive b’s, 1 consecutive b, 2 consecutive b’s and finally 3 consecutive b’s. If you are in that last state, you must stay there. For the other states, if you read in a b, go to the next state, but if you read in an a, go back to the start state, which is the one for 0 consecutive b’s. All states except for the last state are final states.

3. (Text p137  2.)

Let A={ 1, {1}, {2} }. Which of the following statements are true?

a)  1( A                     b) {1} ( A

c) {1}(A                   d) { {1} }( A

e) {2}(A                   f)  {2}( A

g) { {2} }(A             h) { {2} }( A

4. (Text  p138  10.)

Which of the following sets are nonempty?

a) {x | x(N, 2x+7 =3}

b) {x(Z | 3x+5=9}

c) {x | x(Q, x2+4=6 }

d) {x(R | x2+4=6 }

e) {x(R | x2+3x+3=0}

f) {x| x(C, x2+3x+3=0}

5. Let A, B, C, D, E denote arbitrary finite sets.  Answer each of the following True/False questions:

FALSE If A ( B = (, then A = ( or B = (.

TRUE  (A ( B) ( ( (A ( B).

FALSE If A ( B, then ( A ( ( B.

TRUE  (A ( B) ( B ( (A ( B).

FALSE If |A| = |B|, then |A ( B| = |A ( B|.

6. Let p, q, r, t denote arbitrary statements (propositions).  Answer each of the following True/False questions:

FALSE If (p (  q) is true, then q is true. 

TRUE   If (p or q) is false, then p is false.

TRUE   ((p (  ( q) is equivalent to (p and q).

7. Let A, B, C denote three arbitrary sets.  Prove A ( (B ( C) = (A ( B) ( (A ( C).

Let x be an arbitrary element of A - (B ( C). We must show that either x belongs in

A – B or x belongs in A – C, to show that A ( (B ( C) ( (A ( B) ( (A ( C).
If x( A - (B ( C), then we have that x( A ( x( B ( C. Thus, we have x( A ( (x( B( x( C), using the distributive law, we expand this out to:

(x( A ( x( B) ( (x( A ( x( C).

But, this implies that x( A – B ( x ( A – C, or x( (A – B) ( (A – C).

Now, we must show that (A – B) ( (A – C) ( A ( (B ( C). We have two cases to consider here.

Either x( A – B, which means that x( A ( x( B( x( A ( (x( B( x( C),

which implies that x( A ( (B ( C).

Or, we have x( A – C, which means that x( A ( x( C( x( A ( (x( B( x( C),

which implies that x( A ( (B ( C). 

Thus, we have shown that both sets must be equal.

8. Let p, q, r denote arbitrary statements (propositions).  Use the truth table method to prove that 

((p ( r) ( (p ( r) ( (r ( q)) ( (q ( r).

I’ll let y’all figure this one out...
9. Find the GCD of 234 and 81 using Euclid’s algorithm. Also, find integers x and y such that 234x + 81y = GCD(234,81).

234 = 2*81 + 72

81   = 1* 72 + 9

72   = 8*9, GCD(234,81) = 9.

81 – 72 = 9

234 – 2*81 = 72

81 – (234 – 2*81) = 9

-234 + 3*81 = 9
10. Are there any integer solutions to the equation 12x + 78y = 236? If so, give one, if not, why aren’t there any?

No. 6 | LHS, but 236 is NOT divisible by 6.
11. Use induction to prove the following summations:
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= FnFn+1, where Fn denotes the nth Fibonacci number, which was defined in Hmk #3.

You’ll know when you get these...
12. Using the definitions of  reflexive, symmetric and transitive closure from Hmk #4, prove the following:

a) If r(R) = s(R) for a relation R, then R is symmetric.

True. If R isn’t symmetric, then we must have (a,b)(s(R) ( (a,b)(R ( a(b, for some a and b in the domain and range respectively. But, in this case we have (a,b)(r(R), so we have proved that if R is NOT symmetric then r(R)(s(R), the contrapositive of the original statement, which also proves the original statement. 
b) t(R) ( R ( (R ( t(R))

Prove (or disprove) if the following are partial ordering relations or equivalence relations.

1) R ( Z+ x Z+  

3. R= {(a,b)| a(Z+  ( b( Z+ ( ((n| n( Z+(  ab=log2n)
This is not reflexive since (3,3)(R. It is symmetric though. It is also transitive. The reason for the transitivity is that if (a,b)(R, we MUST have a=2n and b=2m, for non-negative integers n and m. Why is this? Because ab MUST be a perfect power of 2. Now, consider all the possible factorizations of 2x, where x is an integer into two factors. Since the ONLY prime number in the factorization is 2, it follows that both a and b ALSO have to be powers of 2. Thus, if we have (a,b) (R, and (b,c)(R, it follows that we MUST have a=2n and c=2m, for non-negative integers n and m. Then we find that log2 (2n*2m) = n+m which is an integer, proving that the relation is indeed transitive. But, since the relation is not reflexive, it is NOT an equivalence relation.

2) R ( Z+ x Z+  

       R= {(a,b)| a(Z+  ( b( Z+ ( ((n| n( Z+(  an=b2)

        This is reflexive since (a,a) ( R because we can always pick n=a.

       This is not symmetric, since (1,3) ( R, but (3,1)(R.

       This is not antisymmetric, since we have (2,4) ( R and (4,2) ( R.

       This is not transitive since we have (16,4) ( R, (4,2) ( R, but (16,2)(R.
Let g,f,&h be functions over Z+
              x

g(x)= (i    


    i=1


f(x)= x2

h(x)= 2x

Prove or disprove:

h(g(f(x))) = f(g(h(x))) for all x

This is false, expanding out the functions shows that h(g(f(1))) = 2, but f(g(h(1))) = 9.
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