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1. Give a regular expression for each of the following languages (no proof or explanation is required):

(a) The set of strings over {a, b} that do not contain the substring ba and do not contain the substring ab.

a* + b*.  (Intuitively, this answer is because the set contains strings (, a, aa, aaa, …, b, bb, bbb, etc.  That is, the set contains symbols a’s by themselves, or symbol b’s by themselves, but never a and b mixed together.)

(b) The set of strings over {a, b} that have a length divisible by 3.

((a + b)(a + b)(a + b))*, i.e., (aaa + aab + aba + abb + baa + bab + bba + bbb)*.

(c) The set of strings over {a, b, c} that have exactly two occurrences of symbol a (no restrictions on th occurrences of symbols b or c).

(b + c)*a(b + c)*a(b + c)*.

2. Prove the following identities of regular expressions using appropriate rules and properties.  Explain each step of your proof.

(a)  (a + b)*a* = (a* + b)*.

Note that (a* + b)* 
= (a + b)*, using the rule (u + v)* = (u* + v)* with u = a and v = b

= (a + b)* (, because the rule u ( = u

(  (a + b)*a*, because ( ( a*

      
Conversely, note that



(a + b)*a* ( (a + b)* (a + b)*, because a ( (a + b) which implies a* ( (a + b)*


= (a + b)*, by the rule W*W* = W*


= (a* + b)* , using the rule (u + v)* = (u* + v)* with u = a and v = b
(b) b*(ab*)* = ( + (b + a)(b + a)*.

Note that b*(ab*)* = (b + a)*, using the rule u*(vu*)* = (u + v)* with u = b and v = a


= ( + (b + a) + (b + a)2 + …, by the definition of  (b + a)*


= ( + (b + a)( ( + (b + a) + (b + a)2 + …), by the distributive law of A(B ( C) = AB ( AC


= ( + (b + a)(b + a)*.

3. Prove that the set of strings over {a, b} that begin with a, and have an even number of occurrences of b, is given by the expression 
a(a*ba*b)*a*.

Let us use the following notations: 


L1 = {w| w ( {a, b}* and w begins with a, and have an even number of occurrences of b};


L2 = a(a*ba*b)*a*.

In order to prove L1 = L2, we prove L2 ( L1 and L1 ( L2.

To prove L2 ( L1, note that if w ( L2, then w = a(amb anb)kal for some integer m, n, k, l ( 0

The number of b’s in w is 2k, an even number.  Also, w begins with symbol a.  Thus, w ( L1.

To prove L1 ( L2, let w ( L1, we need to prove w ( L2.  Let nb(w) denote the number of occurrences of symbol b in w.  We use induction on nb(w) to prove w ( L2.

(Basis Step) nb(w) = 0.  In this case, 

w ( aa* because w begins with a and it contains no b’s


= a ( a*


( a(a*ba*b)*a*, because ( ( (a*ba*b)*


= L2.

(Induction Hypothesis) Suppose w ( L1 (  w ( L2 if nb(w) = 2k, an even number for some k ( 0.

(Induction Step) Consider w ( L1 and nb(w) = 2k + 2.  We need to prove w ( L2.


Since nb(w) = 2k + 2 ( 2 because k ( 0, there are at least 2 b’s in w.  We can write w as

w = aubvbz, where u, v, z ( {a, b}*

identifying the last two occurrences of b within w.  

Thus, v, z ( a* ---- (1), because the two b’s in the above expression for w are the last two occurrences in w.  Since nb(u) = nb(w) ( 2 = (2k + 2) ( 2 = 2k, the string au ( L1 and it has 2k occurrences of b’s.  By the induction hypothesis, au ( L2 , i.e.,


au ( a(a*ba*b)*a* ---- (2).

Therefore, w = aubvbz 



( a(a*ba*b)*a*ba*ba* , because of (1) and (2)



= a(a*ba*b)*(a*ba*b)a* 



( a(a*ba*b)*a*, because of the rule W*W ( W*



= L2 .

Thus, the Induction Step is proved.  

By induction, we proved w ( L1 ( w ( L2 for all w that contain an even number of b’s.  Thus, we proved L1 ( L2.

Some simple facts about the string operations:


Let A, B, C denote sets of strings over some alphabet, then

1. If A ( B, then If AC ( BC.

2. If A ( B, then A* ( B*.


3. If ( ( A, then B ( AB and B ( BA.
Some useful properties and laws about regular expressions:

Let u, v, w denote regular expressions, then

1. ( u =  u ( = ( (( is the empty set expression).

2. ( u = u ( = u (( is the empty string expression).

3. (* = (.

4. (* = (.

5. u + v = v + u.

6. u + ( = u.

7. u + u = u.

8. (u*)* = u*.

9. u(v + w) = uv + uw.

10. (u + v)w = uw + vw.

11. (uv)*u = u(vu)*

12. (u + v)* = (u* + v)* = u*(u + v)* = (u + vu*)* = (u*v*)* = u*(vu*)* = (u*v)*u*.

