COT3100-01, Spring 2000


 



Assigned: 4/12/2000

S. Lang

Solution Key to Assignment #5 (40 pts.)

Due: 4/19 in class

1. Use induction on n ( 0 to prove the following summation identity:
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We use induction on n ( 0.


(Basis Step) Consider n = 0.  In this case,
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Thus, LHS = RHS, so the Basis Step is proved.


(Induction Hypothesis) Consider n = k.  Suppose
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(Induction Step) Consider n = k + 1.  We need to prove
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Thus, the Induction Step is proved.


By induction, we proved that
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2. Suppose a function f(n) is defined for integer n ( 0 recursively by the following recurrence:



f(0) = 7; f(1) = 14; and



f(n) = f(n – 1) + 12f(n – 2) for n ( 2.

Prove that f(n) = 5(4)n + 2(–3)n  for all n ( 0.  


We use strong induction on n ( 0.


(Basis Step) We first consider n = 0.  In this case, applying the formula for f(n) yields 



f(0) = 5(4)0 + 2(–3)0 = 5 + 2 = 7, which equals the given initial value for f(0).


We then consider n = 1.  In this case, applying the formula for f(n) yields 



f(1) = 5(4)1 + 2(–3)1 = 20 – 6 = 14, which equals the given initial value for f(1).


Thus, we proved the Basis Step for n = 0 and for n = 1.


(Induction Hypothesis) We assume the following formula



f(n) = 5(4)n + 2(–3)n holds true for all n in the range 0 ( n ( k, for some k ( 1.


(Induction Step) Consider n = k + 1. We need to prove



f(k + 1) = 5(4)k + 1 + 2(–3)k + 1 --- (1).


Since k + 1 ( 1 + 1 = 2, we may apply the recurrence to f(k + 1), yielding



f(k + 1) = f((k +1) – 1) + 12f((k +1) – 2)



= f(k) + 12f(k – 1)



= (5(4)k + 2(–3)k) + 12(5(4)k – 1 + 2(–3)k – 1), by applying the Induction Hypothesis to f(k) and f(k – 1)



= 5(4)k + 12(5)(4)k – 1 + 2(–3)k + (12)(2)(–3)k – 1, rearranging terms



= 5(4)k + 15(4)(4)k – 1 + 2(–3)(–3)k – 1 + (24)(–3)k – 1, since (–3)k = (–3)(–3)k – 1


= (4)k(5 + 15) + (–3)k –1((–6) + 24), by factoring and since (4)(4)k – 1 = (4)k


= (4)k(4)(5) + (–3)k –1(9)(2)



=5(4)k + 1 + (–3)k –1(32)(2)


= 5(4)k + 1 +2(–3)k + 1 = RHS of (1).


Thus, the Induction Step is proved.


By induction we proved that f(n) = 5(4)n + 2(–3)n for all n ( 0.
3. Answer the following two parts for this question:

(a) For any real numbers a and b, prove a2 + b2 ( 2ab.

Note that a2 + b2 – 2ab = (a – b) 2 ( 0, because it is the square of a real number.  Thus,

a2 + b2 ( 2ab.

(b) Use induction on n ( 1 to prove the following inequality:
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We use induction on n ( 1.


(Basis Step) Consider n = 1.  In this case,
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Thus, the Basis Step is proved.


(Induction Hypothesis) Consider n = k.  Suppose
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(Induction Step) Consider n = k + 1.  We need to prove
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Note that the last two expressions in (2) can be expanded and simplified as follows:
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Substituting this result into (2) yields
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LHS of (1) ( k2 + 1 + 2k = (k + 1) 2 = RHS of (1).

Thus, the Induction Step is proved.

By induction, we proved 
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4. Let ( denote a finite set of symbols, i.e., ( denote an alphabet.  Let W (  (*, be a set of strings over (.  Answer the following two parts for this question:

(a) Prove W* (W* = W*, where the notation “(” means string concatenation.  

There are two parts to this problem: 

(Part 1) prove W* (W* ( W* --- (1); and (Part 2) prove W* ( W* (W* --- (2).

(Part 1) Let x ( W* (W*.  Thus, x = yz for some y ( W* and z ( W*.

By the definition of W*, y ( Wm and z ( Wn for some m, n ( 0.

Therefore, x = yz ( Wm ( Wn = Wm + n ( Wm, so (1) is proved.

(Part 2) Let x ( W*.  Note that x = (x, by the definition of the empty string (

( W* W*, because ( ( W*

so we proved W* ( W* (W*.

(b) Prove using induction on n ( 1 that

(W*)n 
= W* (W* ((( W* (i.e., W* concatenated with itself for n times) 




= W*.

We use induction on n ( 1.

(Basis Step) When n = 1.  In this case, (W*)n = (W*)1 = W*, so the Basis is proved.

(Induction Hypothesis) Consider n = k.  Suppose (W*)k = W* for some k ( 1.

(Induction Step) Consider n = k + 1.  We need to prove (W*)k + 1 = W* --- (1).

Note that the LHS of (1) = (W*)k (W*), by definition of (W*)n 



= (W*)(W*), by the Induction Hypothesis


= W*, proved in Part (a).

Thus, the Induction Step is proved.

By induction, we proved (W*)n = W* for all n ( 1.
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