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1. (10 pts.) Consider a set A = {1, 2}, a set B = {a, b, c}, and a set C = {x, y}.  Define a relation R ( A ( B as R = {(1, a), (1, c), (2, b)}, a relation S ( B ( C as S = {(a, x), (b, y), (c, x)}, and a relation T ( C ( A as T = {(x, 1), (y, 2)}.  Now answer each of the following questions with a short explanation.

(a) Is R a function?  If so, is it an injection?

Relation R is not a function because 1 ( A is related to two elements a and c in B (that is, both (1, a) and (1, c) ( R.)

(b) Is R–1 a function?  If so, is it a surjection?

R–1 = {(a, 1), (b, 2), (c, 1)} is a function from B to A (because for each element of B, there is exactly one related element of A).  The function R–1 : B (  A is a surjection because its range equals {1, 2} = A.

(c) Is S a function?  Is S–1 a function?

Relation S is a function from B to C (because for each element of B, there is exactly one related element of C). S–1 = {(x, a), (x, c), (y, b)} ( C ( B is not a function because element x ( C is related to two element a and c of B.

(d) Is the composed relation S–1 ( R–1 a function?  If so, is it an injection?  Is it a surjection?

S–1 ( R–1 = {(x, 1), (y, 2)} ( C ( A is a function from C to A (because for each element of C, there is exactly one related element of A).  It is a surjection because its range equals {1, 2} = A.

(e) Is the composed relation T ( R ( S a function?  If so, is it an injection? 

T ( R ( S = (T ( R) ( S = {(x, a), (x, c), (y, b)} ( S = {(x, x), (y, y)} is a function from C to C.  It is also an injection because each pair of distinct elements (x and y) are mapped to distinct images (x and y, respectively).

2. (4 pts.) Let f : A ( B and g : B ( C denote two functions.  If the function g o f : A ( C is a surjection, and g is an injection, then prove the function f is a surjection. 

To prove f : A ( B is a surjection, let b ( B ---- (1), we need to prove there exists (i.e., to find) a ( A such that f(a) = b ---- (2).  Since b ( B by (1), g(b) ( C ---- (3) because g : B ( C by assumption.  Since g o f : A ( C is a surjection by assumption, so (3) implies there exists a ( A such that g o f (a) = g(b).  Therefore, g(f(a)) = g(b) ---- (4), because g o f (a) = g(f(a)).  Since g is an injection by assumption, so (4) implies f(a) = b, which proves (2).

3. (12 pts.) Let g: A ( B be an arbitrary function, and C ( A and D ( B be two arbitrary subsets.  Define the notation g(C) = {g(x) | x ( C} as the set of all images of those elements in C.  Similarly, define g–1(D) = {x | x ( A and g(x) ( D} as the set of pre-images of those elements in D.  For example, let g: {1, 2, 3} ( {a, b, c, d}, and g(1) = g(2) = a, g(3) = b.  Then, g({1, 2}) = {g(1), g(2)} = {a}; g–1({b, c, d}) = {3} because 3 is the pre-image of b, and c, d have no pre-images.  Now answer each of the following questions independently for an arbitrary function g: A ( B.

(a) Prove that for any two subsets X ( B and Y ( B, g–1(X ( Y) = g–1(X) ( g–1(Y) is true.
To prove g–1(X ( Y) = g–1(X) ( g–1(Y), we will prove a ( g–1(X ( Y) (  a ( g–1(X) ( g–1(Y).

Note that a ( g–1(X ( Y)
(   g(a) (  (X ( Y), by the definition of g–1(X ( Y)


· g(a) ( X or g(a) ( Y, definition of union

· a ( g–1(X) or a ( g–1(Y), definitions of g–1(X) and g–1(Y)
· a ( g–1(X) ( g–1(Y), definition of union.
(b) Prove that if g–1(g(C)) = C for each C ( A, then g is an injection.

(Solution One) To prove g : A ( B is an injection, let g(x) = g(y) ---- (1), we need to prove x = y ---- (2), where x, y ( A.  Define two sets D = {x} and E = {y} ---- (3).  Thus, D ( A and E ( A.  Also, g(D) = {g(x)} = {g(y)} = g(E) ---- (4), because g(x) = g(y) from (1).  From (4), we conclude g–1(g(D)) = g–1(g(E)) ---- (5), by the definition of g–1.  Since by assumption, g–1(g(C)) = C for each C ( A, so g–1(g(D)) = D and g–1(g(E)) = E ---- (6).  Combining (5) and (6) yields D = E; thus, x = y by (3).  So (2) is proved.

(Solution Two) We prove the contrapositive.  That is, we prove if g is not an injection ---- (7), then there exists some set C ( A such that g–1(g(C)) ( C ---- (8).

By (7), there exist x, y ( A such that x ( y but g(x) = g(y) ---- (9).  Define C = {x} ( A.  Then g(C) = {g(x)} = {g(y)} ---- (10), because g(x) = g(y) by (9).  Therefore, (10) implies x ( g–1(g(C)) and y ( g–1(g(C)) by the definition of g–1.  Thus, {x, y} ( g–1(g(C)) ---- (11).  Since x ( y from (9), so {x, y} ( {x} = C, and (11) implies g–1(g(C)) ( C, which proves (8).

(c) Prove that if g is a surjection, and if X ( B, Y ( B, and X ( Y, then g–1(X) ( g–1(Y).
Since X ( Y, either X ( Y is false, or Y ( X is false.  Thus, there are two cases:

(Case 1) Suppose X ( Y is false.  That is, there exists b ( X ---- (1) but b ( Y ---- (2).

Since g : A ( B is a surjection and b ( X ( B by assumption, there exists a ( A such that g(a) = b ---- (3).  Thus, a ( g–1(X) ---- (4) because of (1) and (3).  However, if a ( g–1(Y) ---- (5) is also true, then g(a) = b ( Y would be true, which contradicts to (2).  Thus, (5) must be false, i.e., a ( g–1(Y) ---- (6).  Combining (4) and (6) proves g–1(X) ( g–1(Y).

(Case 2) Suppose Y ( X is false.  The proof for this case is similar to that of Case 1, due to the symmetry of X and Y in the question.

Therefore, we proved g–1(X) ( g–1(Y) in both cases.
4. (6 pts.) Let f : A ( B and g : A ( B denote two functions.  Answer each of the following two questions independently:

(a) If f = g (i.e., if f(x) = g(x) for every x ( A) and h: B ( C is an arbitrary function, then prove the two functions h o f and h o g are equal.

Since f = g, so f(x) = g(x) ---- (1) for every x ( A.  Thus, applying function h to both sides of (1) yields h(f(x)) = h(g(x)).  Thus, h o f(x) = h o g(x) ---- (2) for every x ( A, by the definition of h o f and h o g.  Therefore, (2) implies h o f = h o g.

(b) If h: B ( C is a bijection, and h o f = h o g, then prove f = g.
The assumption h o f = h o g implies h o f(x) = h o g(x) for every x ( A.  Thus, h(f(x)) = h(g(x)) ---- (1).  Since h is an injection, so (1) implies f(x) = g(x) for every x ( A.  That is, f = g.
5. (8 pts.) Define two functions f and g from R to R as follows (where R stands for the set of real number):

f(x) = 2x + 1 if x ( 0; otherwise, if x > 0,  f (x) = x + 1;

g(x) = 1 / (x2  + 1).


Answer the following two questions with a short explanation:

(a) Is f a bijection?  If so, find its inverse function.

We will prove f is an injection and a surjection.

(Part 1) Prove f is an injection.  That is, let a ( b ---- (1) and a, b ( R, we need to prove f(a) ( f(b) ---- (2).  There are 4 cases, depending on whether a and b are > 0 or ( 0.

(Case 1) Suppose a ( 0 and b ( 0.  In this case, f(a) = 2a + 1 and f(b) = 2b + 1, by the definition of function f.  Since a ( b from (1), so 2a + 1 ( 2b + 1, so (2) is proved in this case.

(Case 2) Suppose a > 0 and b > 0.  In this case, f(a) = a + 1 and f(b) = b + 1, by the definition of function f.  Since a ( b from (1), so a + 1 ( b + 1, so (2) is proved in this case.

(Case 3) Suppose a ( 0 and b > 0.  In this case, f(a) = 2a + 1 and f(b) = b + 1.  If f(a) = f(b) ---- (3), then 2a + 1 = b + 1.  Thus, b = 2a, which is false because 2a ( 0 and b > 0.  Therefore, (3) must be false, that is, we proved f(a) ( f(b) in this case.

(Case 4) Suppose b ( 0 and a > 0.  The proof for this case is similar to that of Case 3.

Therefore, we proved f(a) ( f(b) in all the cases, which proved the injection property of f.

(Part 2) Prove f is a surjection.  We need to prove for each y ( R there exists x ( R such that f(x) = y ---- (4).  There are two cases for a real number y, depending y > 1 or y ( 1.

(Case 1) Suppose y > 1.  Define x = y ( 1.  Thus, x > 0, so f(x) = x + 1 = (y ( 1) + 1 = y.  So (4) is proved in this case.

(Case 2) Suppose y ( 1.  Define x = (y ( 1) / 2.  Thus, x ( 0.  

In this case, f(x) = 2x + 1 = 2(y ( 1) / 2 + 1 = (y ( 1) + 1 = y. So (4) is proved in this case.

Thus, we proved f is a surjection.

The inverse function of f, denoted f–1: R (  R, is given by the formula: 

f–1(y) = y ( 1 if y > 1; otherwise, f–1(y) = (y ( 1) / 2 if y ( 1.

(b) Is g a surjection?  If not, and if we change the co-domain from R to (0, 1] (the set of real numbers strictly greater than 0 but less than or equal to 1), is g a surjection with this modified co-domain?
The function g : R (  R is not a surjection because g(x) = 1 / (x2  + 1) > 0 for any x ( R.  Thus, there is no x ( R such that g(x) = 1 / (x2  + 1) = (1.

If we modify the co-domain (reduce it) to the interval (0, 1], i.e. the set {y| y ( R and 0 < y ( 1}, then the modified function, call it h: R (  (0, 1], h(x) = 1 / (x2  + 1), is a surjection.  Here is a proof:  Let y ( (0, 1], that is, 0 < y ( 1.  Solve for x in the equation 1 / (x2  + 1) = y.  By algebra, 1 / y = x2  + 1, or (1 / y) ( 1 = x2---- (1).  Since 0 < y ( 1, so (1 / y) ( 1 and (1 / y) ( 1 ( 0.  Thus, there is a real solution for x in equation (1).











































































