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COT3100.01, Fall 2002   Final Exam (Test #3)   Print Name: ____________________________

S. Lang  (12/03/2002)



        Social Security No.: __________________
Instruction:  The test is a closed-book, closed-notes, and no-calculator test.  The test has 6 pages (double-sided), 11 questions, and 100 total points.  The last two sheets (3 pages) contain the relevant definitions, formulas, and theorems from the notes, which you can tear off and use for reference.  In writing your proofs, you need to show all the steps, and explain each by using the appropriate definition or theorem, by either stating the name, stating the actual contents, or giving its reference number as shown on the reference sheet.  Your signature below indicates you have read and understood this instruction.






Signature: ______________________________________

Part I.  (36 pts., 3 pts. each) True/False, or short-answer, questions. (No explanation needed and no partial credit given.)

1. Let A = {1, 2, 3, 4} and let R ( A ( A denote a binary relation depicted by the directed graph given in the figure.  Answer each of the following True/False questions:



2. Define two real-valued functions f: [0, () ( R and g: R( R by the following formulas, where the set [0, () denotes the set of non-negative real numbers, and R denotes the set of all real numbers, 

f(x) = 
[image: image1.wmf]x

( 1, and g(x) = 2x + 1.


Answer the following questions:

(a) Is function f an injection? (Circle: True or False)

(b) Is the inverse of g given by the formula g(1(y) = 
[image: image2.wmf]1

2

-

y

 ? (Circle: True or False)
(c) Give the value of g ( f (4).  Answer: ________ (give the exact simplified numerical value)
(d) Give (an exact description of) the range of f.  Answer: _____________________________
3. Let a and b denote positive integers.  Answer the following questions:

(a) If an integer c | a and c | b, then c | GCD(a, b). (Circle: True or False)

(b) If both a and b are prime numbers, then GCD(a, b) = 1.  (Circle: True or False)





 

Part II. (18 pts.) Short Proofs (justify each step of your proofs).
6. (8 pts.) Let f : A ( B and g: B ( A denote two functions.  Suppose g ( f (x) = x for all x ( A.  Answer the following two questions:

(a) (4 pts.) Prove that the function f is an injection.  (Hint: Prove that if f(x) = f(y), then x = y.)

(b) (4 pts.) Prove that the function g is a surjection.  (Hint: Let y ( A, we need to find x ( B such that g(x) = y.  Try x = f(y).)

7. (10 pts.) Let A = {0, 2, 3, 5, 12}.  Define a binary relation R ( A ( A as follows: 

R = {(a, b) | a ( A and b ( A, b ( 0, and a mod b = 2, that is, dividing a by b leaves a remainder of 2}.  Answer the following questions:

(a) (4 pts.) Use a directed graph to depict the relation R, in which the vertices are the elements of set A and edges (a, b) correspond to the pairs (a, b) in relation R. (Note: You could divide a smaller number by a larger number, leaving a quotient of zero, e.g., as in 12 = 30*0 + 12.)

(b) (3 pts.) Is the relation R symmetric?  Explain.

(c) (3 pts.) Is the relation R transitive?  Explain.

Part III.  (46 pts.) Longer Proofs (justify each step of your proofs).

8.  (10 pts.) Let R ( A ( A denote a binary relation defined over set A.  Prove that if R is transitive, then the reflexive closure r(R) is also transitive.  (Hint: We need to prove if (a, b) ( r(R) and (b, c) ( r(R), then (a, c) ( r(R).  When (a, b) ( r(R), we have either (a, b) ( R or a = b.  Consider cases.)

9.
(12 pts.) Let R ( A ( A denote a binary relation defined over set A.  Define the relation 

P = {(a, a) | a ( A}, that is, the set P contains all “self-loops” defined on set A.  

Answer each of the following questions:

(a) (3 pts.) Prove P(1 = P.

(b) (9 pts.) Prove that r(s(R)) = s(r(R)).  (Hint: Note that r(s(R)) = s(R) ( P by the definition of reflexive closure, and s(r(R)) = r(R) ( r(R)(1 by the definition of symmetric closure.  Use appropriate laws to prove the two sides are equal.)

10.
(12 pts.) Let f : A ( B denote an injection, and let g: C ( B denote a bijection.  Answer each of the following questions:
(a) (2 pts.) What is the domain and what is the co-domain of the compositon function g(1 ( f  ? (Answers only for this part, no explanation required.)

The domain of the compositon function g(1 ( f is: _______

The co-domain of the compositon function g(1 ( f is: _______

(b) (5 pts.) Prove that the function g(1 ( f is an injection.  (Hint: Use the appropriate theorems.)
(c) (5 pts.) Use an example to show that the function g(1 ( f is not a surjection, based on the sets A = {1, 2}, B = C = {1, 2, 3}.  That is, define functions f and g, explain why they are injection and bijection, respectively, but the composition function g(1 ( f is not a surjection.
11. (12 pts.) Use Euclid’s algorithms and show your work to answer the following questions:

(a) (6 pts.) Compute GCD(125, 35).

(b) (6 pts.) Determine integers t and u such that 125 t + 35 u = GCD(125, 35).

5.	In an arbitrary directed graph G = (V, E), suppose there is a (directed) path connecting vertex A to vertex B, and there is a (directed) path connecting vertex B to vertex C.  Thus, there is a (directed) path connecting vertex C to vertex A. (Circle: True or False)
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Relation R





Is R anti-symmetric? (Circle: True or False)


Is R transitive? (Circle: True or False)


Does the pair (1, 2) ( R ( R ?  (Circle: True or False)


Does the relation R(1 define a function from A to A? (Circle: True or False)














4.	Consider the (undirected) graph given in the figure where the vertices are denoted by dots and edges denoted by lines connecting the dots.  Does this graph contain an Euler path (or circuit)? (Circle: True or False)
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