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COT3100.01, Fall 2002
Test #2
Print Name: ______________________________

S. Lang  (10/31/2002)



Social Security No.: ____________________
Instruction:  The test is a closed-book, closed-notes, and no-calculator test.  The test has 4 pages (double-sided), 17 questions, and 100 total points.  The last sheet contains the relevant definitions, principles, formulas, and theorems from the notes, which you can tear off and use for reference.  In writing your proofs, you need to show all the steps, and explain each by using the appropriate definition or theorem, by either stating the name, stating the actual contents, or giving its reference number as shown on the reference sheet.  For combinatorics questions, you may leave your answers in an un-simplified form, e.g., C(10, 3), 5! / 3!, 29 * (24  + 6 * 23), etc. unless the question says otherwise.  Your signature below indicates you have read and understood this instruction.






Signature: ______________________________________

Part I.  (39 pts., 3 pts. each) True/False, or short-answer, questions. (No explanation needed and no partial credit given.)

1. Let N denote the set of natural numbers {0, 1, 2, …}, and let A ( N and B ( N.  Suppose set A contains a smallest value and set B contains a smallest value.  Thus, the set A ( B contains a smallest value. (Circle: True or False)

2. Suppose A and B are both finite sets.  If A ( B and |A| = |B|, then A = B. (Circle: True or False)
3. Suppose n ( 1 is an integer.  Then 2n > C(n, k) for any integer k with n ( k ( 1.  (Circle: True or False)
4. If C(n, 5) = C(n, 3), then the exact numerical value of n = _______.
5. Suppose n ( 1 is an integer, and 1 + 2 + … + n = 20100.  The exact numerical value of n = _____.  (Hint: The formula 1 + 2 + … + n = 
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6. In how many ways can 10 movie tickets (to the same movie) be divided between 3 persons where each get at least one ticket? _________.

7. In how many ways can the 9 letters in the word “PAPERTAPE” (and only these letters) be re-arranged? __________

8. A pocket contains 5 coins: 2 quarters, 2 dimes, and 1 penny.  When blindly picking two coins out of the pocket, is it more likely to get 1 quarter and 1 dime, or more likely to get 1 penny and 1 dime?  (Circle: 1 quarter and 1 dime, or, 1 penny and 1 dime)

9. Is C(100, 95) < C(100, 96)?  (Circle: True or False)
10. In how many ways may a student receive his grades when taking 4 classes and there are 5 possible grades (A, B, C, D, and F) for each class, and the same grades in different classes are considered different (e.g. “A” in English is different than “A” in Mathematics)? ________
11. Is 
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 (Circle: True or False)
12. Let a1, a2, …, an, …, denote an arbitrary sequence of integers (positive, zero, or negative).  Then 
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 (Circle: True or False)
13. Find the value of C(6, 1) + C(6, 2) + C(6, 3) + C(6, 4) + C(6, 5) + C(6, 6) = _______.

Part II. (61 pts.) Computational Questions.  (Explain your answer.)

14. (20 pts.) Consider positive integers of 6 digits of the form ABCDEF where A is the leftmost digit, and F is the rightmost digit.  Count the number of such integers under each of the following restrictions and briefly explain your answer, assuming A ( 0 for all parts.

(a) Suppose A ( 5 and F ( 3, and duplicated digits are allowed.

(b) Suppose the value of the integer is divisible by 10, A ( 0, and no digits are duplicated.

(c) Suppose each of the 6 digits A through F are between 1 and 4 inclusively, and 1 ( A ( B ( C ( D ( E ( F ( 4 (thus, duplicated digits are allowed).

(d) Suppose no digits may be duplicated, and digit 5 is used exactly once (i.e., exactly one of the places A, B, C, D, E, or F, is equal to 5, and all digits are distinct).

(e) Suppose digits may be duplicated, while digits 2 and 3 are always used together, that is, each use of 2 is (immediately) followed by a 3, and each use of 3 must be (immediately) behind a 2, examples include 623523, 766789, etc.

15. (10 pts.) Suppose n ( 1 is an integer.  Find the value in terms of n for the following expression and explain your answer: 

(sum of the first n positive even integers 2 + 4 + … + 2n) – (sum of the first n positive odd integers 1 + 3 + … + (2n – 1)). 

16. (15 pts.) Use induction on n to prove the inequality 2n > n + 4 for n ( 3.

17.  (16 pts.) Use induction on n ( 1 to prove the identity 
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