PAGE  
3

COT3100.01, Fall 2002


S. Lang  


Solution Keys to Test #1


10/01/2002

Part I.  (42 pts., 3 pts. each) True/False questions.  (Use T for true, F for false in your answer; no explanation is needed.)

1. Let p, q, r denote arbitrary statements (propositions).  Answer each of the following True/False questions:

(a) If p ( (q is false, then (p and q) is true. True, because when the implication (p ( (q) is false, it must be that p is true and (q is false, that is, both p and q are true.

(b) (p or q) ( p is true. False, because when p = false and q = true, the implication (p or q) ( p is false (since it is of the form true ( false).

(c) If (p and q) ( r is true, then p ( r is true. False, because when p = true, q = false, and r = false, we have (p and q) ( r is true but p ( r is false.

(d) If p or q is true, then p ( q is true. False, because when p = true, q = false, we have (p or q) is true but p ( q is false.

(e) (p and (p) is false. True, because one of the p and (p is false, which makes (p and (p) false, so the original statement is true.

2. Let A, B, C denote arbitrary sets.  Answer each of the following True/False questions:

(a) A ( B ( A ( (A ( B). True, because B ( (A ( B), so each pair (a, b) ( A ( B implies (a, b) ( A ( (A ( B). 

(b) Power(() = (. False, because Power(() = {(}, which is a set containing one element.

(c) ( ( {(}. True, because ( ( A for any set A.

(d) A ( B ( B. False, let A = {1}, B = {2}.  Then A ( B = {1} so it is not a subset of B = {2}.  

(e) A ( (B ( A) = A. True, because A ( (B ( A) = A (((B ( A) = A (((B ((A) = A (((B ( A) = (A ((B) ( (A ( A) == (A ((B) ( A = A.
3. Let a, b, c, d denote integers (positive, zero, or negative).  Answer each of the following True/False questions:

(a) If a + 2b is even, then ab is even. True, because if a + 2b is even, then a is even, which makes ab even (regardless of b).

(b) If a2 is odd, then a + 4 is even. False, because a must be odd, so a + 4 is odd.

(c) If a > b and a > c, then a2 > bc. False, let a = 0, b = c = –1.  Thus, both a > b and a > c are true, but a2 = 0 and bc = 1, so a2 > bc is false.

(d) If a – b > 0 and b – c > 0, and b – c > 0. True, because this is the same as the transitive law: if a > b and b > c, and b > c.
Part II. (30 pts.) Short Questions.  (Justify each step of your proof.)

4. (10 pts.) Let C and D denote two sets.  Prove (D ( C) ( (C ( D) = D. 

Proof: Note that (D ( C) ( (C ( D) = (D ((C) ( (C ( D), definition of set difference


= (D ((C) ( (D ( C), commutative law


= D ( ((C ( C), distributive law


= D ( U, complementary law


= D, absorption law 

5. (10 pts.) Let p, q, r denote arbitrary statements (propositions).  Use the truth table method (or another method) to prove that 

( ((p or r) (  q) is equivalent to ((p and (q) or (r and (q)).
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Note that the truth values under the column for ( ((p or r) (  q) are identical to those under the last column, which proves the logical equivalence of the two corresponding expressions.

(Alternative solution) We can also prove the logical equivalence using logic rules:

(((p or r) (  q) ( ((((p or r) or q),  contrapositive rule


( (((p or r) and (q , De Morgan’s rule


( (p or r) and (q , double negation rule


( (p and (q) or (r and (q), distributive rule

Part II. (Cont’d)
6. (10 pts.) Let C and D denote two sets.  Prove if Power(C) = Power(D), then C = D.  (Hint: First explain why C ( Power(C).)

Proof: Since C ( Power(C) --- (1) by the definition of Power set, and Power(C) = Power(D) --- (2) by assumption,  so C ( Power(D) ---  (3) by combining (1) and (2) by substitution.  From (3), we have C ( D --- (4) by the definition of Power set.  By the symmetry between C and D, we can also prove D ( C --- (5).  Combining (4) and (5) proves C = D by the definition of set equality.

Part III. (28 pts.) Longer Questions.  (Justify each step of your proof.)
7. (14 pts.) Let A, B, and C denote sets.  There are two parts in this question:

(a) Prove if B – A ( C – A, then B ( A ( C ( A.

Proof: We need to prove if x ( B ( A --- (1), then x ( C ( A --- (2).  

From (1), x ( B or x ( A, so we consider two cases:

(Case 1) Suppose x ( A.  In this case, x ( C ( A because A ( C ( A, so  (2) is proved.

(Case 2) Suppose x ( B --- (3).  We may assume x ( A --- (4) because the case of x ( A has been considered in Case 1.  Combining (3) and (4) yields x ( B – A --- (5) by the definition of set difference.  Since B – A ( C – A by assumption, so combining with (5) yields x ( C ( A, which proves (2).

Therefore, we proved (2) in both cases.

(b) Give a small example (of sets A, B, and C) that demonstrates that B – A ( C – A is true but B ( C is false.
Example: let A = {1}, B = {1, 2}, and C = {2}.  Then B – A = {2}, C – A = {2}, so B – A ( C – A is true.  However, B ( C is false.
8. (14 pts.) There are two parts in this question:

(a) Let c and d denote integers.  Suppose 3 | c is false and 3 | d is false (that is, suppose 3 is not a divisor of c and 3 is not a divisor of d).  Prove 3 | cd is false. (Hint: First explain why c = 3n + 1 or c = 3n + 2 for some integer n.)

Proof: Since 3 | c is false, so when dividing c by 3, the remainder must be either 1 or 2, by Euclid’s Division Theorem.  Thus, c = 3n + 1 or c = 3n + 2 for some integer n.  Similarly, since 3 | d is false, d = 3k + 1 or d = 3k + 2 for some integer k.  Therefore, there are four cases to consider:

(Case 1) Suppose c = 3n + 1 and d = 3k + 1.  In this case, cd = 9nk + 3n + 3k + 1 = 3(3nk + n + k) + 1, so 3 | cd is false.

(Case 2) Suppose c = 3n + 1 and d = 3k + 2.  In this case, cd = 9nk + 6n + 3k + 2 = 3(3nk + 2n + k) + 2, so 3 | cd is false.

(Case 3) Suppose c = 3n + 2 and d = 3k + 1.  In this case, cd = 9nk + 3n + 6k + 2 = 3(3nk + n + 2k) + 2, so 3 | cd is false.

(Case 4) Suppose c = 3n + 2 and d = 3k + 2.  In this case, cd = 9nk + 6n + 6k + 4 = 3(3nk + 2n + 2k + 1) + 1, so 3 | cd is false.


Therefore, we proved that 3 | cd is false is all cases.

(b) Give an example of integers c and d that shows that the following statement is false: 
If 6 | c is false and 6 | d is false, then 6 | cd is false.

A Counter Example: Let c = 2, d = 3.  Then both 6 | c is false and 6 | d is false, but since cd = 6, so 6 | cd is true.

























