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COT3100.01, Fall 2002   
Solution Keys to Final Exam (Test #3)   

12/03/2002
S. Lang  (12/03/2002)



        

Part I.  (36 pts., 3 pts. each) True/False, or short-answer, questions. (No explanation needed and no partial credit given.)

1. Let A = {1, 2, 3, 4} and let R ( A ( A denote a binary relation depicted by the directed graph given in the figure.  Answer each of the following True/False questions:



2. Define two real-valued functions f: [0, () ( R and g: R( R by the following formulas, where the set [0, () denotes the set of non-negative real numbers, and R denotes the set of all real numbers, 

f(x) = 
[image: image1.wmf]x

( 1, and g(x) = 2x + 1.


Answer the following questions:

(a) Is function f an injection?  True, because if f(x) = f(y), then 
[image: image2.wmf]x

( 1 = 
[image: image3.wmf]y

( 1. Adding 1 to both sides and squaring yields x = y, which proves the injection property.
(b) Is the inverse of g given by the formula g(1(y) = 
[image: image4.wmf]1
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 ?  False, to find the inverse of function g, let y = g(x) = 2x + 1, then solve for x in terms of y.  Thus, x = 
[image: image5.wmf]2
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, which means g(1(y) = 
[image: image6.wmf]2
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.
(c) Give the value of g ( f (4).  Answer: g ( f (4) = g(f(4)) = g(
[image: image7.wmf])

1

4

-

= g(1) = 2 + 1 = 3.
(d) Give (an exact description of) the range of f.  Answer: [(1, () = the set of real numbers that are ( (1.
3. Let a and b denote positive integers.  Answer the following questions:

(a) If an integer c | a and c | b, then c | GCD(a, b). True, because GCD(a, b) = at + bu for some integers t and u, and c | (at + bu) if c | a and c | b are true as given in the assumption.
(b) If both a and b are prime numbers, then GCD(a, b) = 1.  False, for example, GCD(2, 2) = 2.





 

Part II. (18 pts.) Short Proofs (justify each step of your proofs).
6. (8 pts.) Let f : A ( B and g: B ( A denote two functions.  Suppose g ( f (x) = x for all x ( A.  Answer the following two questions:

(a) (4 pts.) Prove that the function f is an injection.  

Proof: We need to prove that if f(x) = f(y) --- (1), then x = y --- (2).

From (1), g(f(x)) = g(f(y)) because g is a function.  Thus, g ( f (x) = g ( f (y) --- (3) because g(f(x)) = g ( f (x) and g(f(y)) = g ( f (y).  Since g ( f (x) = x for all x ( A by assumption, so (3) implies x = y, which proves (2).

(b) (4 pts.) Prove that the function g is a surjection.  

Proof: Let y ( A, we need to find x ( B such that g(x) = y.  

Let x = f(y).  Note that g(x) = g(f(y)) by substitution


= g ( f (y) by the definition of g ( f 


= y , by the assumption that g ( f (x) = x for all x ( A
7.  (10 pts.) Let A = {0, 2, 3, 5, 12}.  Define a binary relation R ( A ( A as follows: 

R = {(a, b) | a ( A and b ( A, b ( 0, and a mod b = 2, that is, dividing a by b leaves a remainder of 2}.  Answer the following questions:

(a) (4 pts.) Use a directed graph to depict the relation R, in which the vertices are the elements of set A and edges (a, b) correspond to the pairs (a, b) in relation R. (Note: You could divide a smaller number by a larger number, leaving a quotient of zero, e.g., as in 12 = 30*0 + 12.)




(b) (3 pts.) Is the relation R symmetric?  Explain.

Answer: The relation R is not symmetric, for example, (5, 3) ( R but (3, 5) ( R.

(c) (3 pts.) Is the relation R transitive?  Explain.

Answer: The relation R is not transitive, for example, (12, 5) ( R and (5, 3) ( R but (12, 3) ( R.

Part III.  (46 pts.) Longer Proofs (justify each step of your proofs).

8.  (10 pts.) Let R ( A ( A denote a binary relation defined over set A.  Prove that if R is transitive, then the reflexive closure r(R) is also transitive.  

Proof: We need to prove if (a, b) ( r(R) --- (1) and (b, c) ( r(R) --- (2), then (a, c) ( r(R) -- (3).  From (1) we have either (a, b) ( R or a = b by the definition of the reflexive closure r(R); similarly, (2) implies (b, c) ( R or b = c.  Therefore, there are four cases:

(Case 1) Suppose (a, b) ( R and (b, c) ( R.  Since R is transitive by assumption, so (a, c) ( R ( r(R) in this case.

(Case 2) Suppose (a, b) ( R and b = c.  In this case, (a, c) = (a, b) ( R ( r(R).

(Case 3) Suppose a = b and (b, c) ( R.  In this case, (a, c) = (b, c) ( R ( r(R).

(Case 4) Suppose a = b and b = c.  In this case, (a, c) = (b, b) ( r(R) by the definition of the reflexive closure r(R).

Thus, we proved (a, c) ( r(R) in all cases, which proved (3).

9.
(12 pts.) Let R ( A ( A denote a binary relation defined over set A.  Define the relation 

P = {(a, a) | a ( A}, that is, the set P contains all “self-loops” defined on set A.  

Answer each of the following questions:

(a) (3 pts.) Prove P(1 = P.

Proof: P(1 = {(a, a) | a ( A}(1 


= {(a, a) | a ( A}, since the inverse of the pair (a, a) is the same (a, a)


= P.

(b)  (9 pts.) Prove that r(s(R)) = s(r(R)).  

Proof: Note that r(s(R)) = s(R) ( P, by the definition of reflexive closure


= R ( R(1 ( P, by the definition of symmetric closure

Also note that s(r(R)) = r(R) ( r(R)(1, by the definition of symmetric closure  


= (R ( P) ( (R ( P)(1, by the definition of reflexive closure


= R ( P ( R(1 ( P(1, using the law (R ( T)(1 = R(1 ( T(1


= R ( P ( R(1 ( P, using the results P(1 = P of Part (a)


= R ( R(1 ( P, since P ( P = P

Thus, we proved r(s(R)) = s(r(R)).  

10.
(12 pts.) Let f : A ( B denote an injection, and let g: C ( B denote a bijection.  Answer each of the following questions:
(a) (2 pts.) What is the domain and what is the co-domain of the compositon function g(1 ( f  ? (Answers only for this part, no explanation required.)

Answer: Since the composition function g(1 ( f : A ( C, the domain of the compositon function g(1 ( f is A, and the co-domain of the compositon function g(1 ( f is C.

(b) (5 pts.) Prove that the function g(1 ( f is an injection. 
Proof: Since g is a bijection its inverse g(1 is also a bijection (theorem), in particular, g(1 is an injection.  Thus, the composition function g(1 ( f is an injection because the composition of two injections is an injection (theorem).
(c)  (5 pts.) Use an example to show that the function g(1 ( f is not a surjection, based on the sets A = {1, 2}, B = C = {1, 2, 3}.  That is, define functions f and g, explain why they are injection and bijection, respectively, but the composition function g(1 ( f is not a surjection.
Proof: Define a function f : A ( B such that f (1) = 1, f (2) = 2.  Thus, f is an injection since it maps distinct elements to distinct results.  Define a function g: C ( B such that g(1) = 1, g(2) = 2, and g(3) = 3.  Thus, g is a bijection since it is both an injection and a surjection.  Note that g(1(1) = 1, g(1(2) = 2, and g(1(3) = 3.  Thus, the function g(1 ( f : {1, 2} ( {1, 2, 3}, satisfies g(1 ( f (1) = 1, and g(1 ( f (2) = 2.  In particular, the function g(1 ( f is not a surjection from {1, 2} to {1, 2, 3} since the element 3 of set {1, 2, 3} is not an image of any element.
11.  (12 pts.) Use Euclid’s algorithms and show your work to answer the following questions:

(a) (6 pts.) Compute GCD(125, 35).

Answer: We apply Euclid’s GCD algorithm using a sequence of division steps as follows:



125 = 35 * 3 + 20  --- (1),  35 = 20 * 1 + 15    --- (2)



20 = 15 * 1 + 5      --- (3),  15 = 5 * 3 + 0

Thus, GCD(125, 35) = 5 (the divisor of the last step)

(b) (6 pts.) Determine integers t and u such that 125 t + 35 u = GCD(125, 35).

Answer: We apply Euclid’s extended GCD algorithm which is based on the division steps in Part (a) given above. 


5 = 20 – 15 * 1, from (3)


= 20 – (35 – 20*1) * 1, substituting out 15 using (2)


= 35(–1) + 20 * 2


= 35(–1) + (125 – 35 * 3) * 2, substituting out 20 using (1)


= 125 * 2 + 35 * (–7).  Thus, t = 2, and u = –7.

5.	In an arbitrary directed graph G = (V, E), suppose there is a (directed) path connecting vertex A to vertex B, and there is a (directed) path connecting vertex B to vertex C.  Thus, there is a (directed) path connecting vertex C to vertex A. False, there is a directed path from A to C, but not necessarily the opposite way.
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Relation R





Is R anti-symmetric? True, because using the definition, whenever an edge (a, b) (R and a ( b, then the edge (b, a) ( R is true.


Is R transitive?  False, because both (2, 4) ( R and   (4, 3) ( R but (2, 3) ( R.


Does the pair (1, 2) ( R ( R ?   True, because (1, 2) is the composition of (1, 1) and (1, 2) both of which ( R.


Does the relation R(1 define a function from A to A? False, because both pairs (1, 1) and (1, 4) ( R(1   making it a non-function (because 1 is related to two distinct elements 1 and 4 of A).














4.	Consider the (undirected) graph given in the figure where the vertices are denoted by dots and edges denoted by lines connecting the dots.  Does this graph contain an Euler path (or circuit)? True, there are exactly two vertices of an odd degree (as highlighted in the figure).
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