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1. (12 pts.) Let A denote an arbitrary non-empty set, and R and T denote arbitrary binary relations defined over A.  Determine if each of the following statements is true or false, and give a brief explanation of your answer.  In the cases of a false statement, use A = {a, b, c} and appropriate relations over A for your counter-example.
(a) If R ( T, then s(R) ( s(T).
Proof: Note that R ( T implies R–1 ( T–1, by the definition of inverse

Thus, s(R) = R ( R–1, by the definition of s(R)

 
( T ( T–1 = s(T).

(b) If R is transitive and T is transitive, then R ( T is transitive.
Disproof: We give a counter-example as follows.  

Let A = {1, 2, 3}.  Define two relations R = {(1, 2)}, and T = {(2, 3)}.  Then both R and T are transitive (since there are no pairs to be composed together in both relations).  However, R ( T ={(1, 2), (2, 3)}; it is not transitive since the pair (1, 3) ( R ( T.
(c) If R = T–1, then T = R–1.
Proof: We prove T ( R–1 and R–1 ( T simultaneously as follows.

Note that (a, b) ( T 
( (b, a) ( T–1 (definition of inverse)


( (b, a) ( R (since R = T–1 by assumption)


( (a, b) ( R–1 (definition of inverse)
(d) If R ( T is irreflexive, then R is irreflexive.
Proof: We prove by contradiction.  That is, we assume R is not irreflexive.  Thus, there exists some (a, a) ( R.  Since R ( R ( T, so (a, a) ( R ( T.  Thus, R ( T is not irreflexive, a contradiction to the assumption.
2. (4 pts.) Let A, B, and C denote 3 sets.  Prove that A ( (B ( C) = (A ( B) ( (A ( C).  
Proof: We prove A ( (B ( C) ( (A ( B) ( (A ( C) and (A ( B) ( (A ( C) ( A ( (B ( C) simultaneously as follows.
Note that (x, y) ( A ( (B ( C) 
( x( A and y ( (B ( C)  (definition of cartesian product)


( x( A and y ( B and y ( C  (definition of ()
( x( A and y ( B and x( A and y ( C (Idempotent Law in logic, i.e., (x( A and x( A) ( x( A)

( (x, y) ( (A ( B) and (x, y) ( (A ( C) (definition of cartesian product)

( (x, y) ( (A ( B) ( (A ( C) (definition of ()

3.  (6 pts.) Given the set A = {1, 2, 3, 5, 8}, define a relation T over A such that T = {(a, b)| a ( A, b ( A, and |a ( b| is a prime integer}.  Answer the following two questions.

(a) Use a directed graph to depict the relation T defined above.






(b) Determine if relation T satisfies each of the properties: reflexive, anti-symmetric, and transitive. Give a brief explanation for your answer.

The relation is not reflexive since |a ( a| = 0 is not a prime for any integer a.

The relation is not anti-symmetric since, for example, both (1, 3) and (3, 1) ( T.  (In fact, the relation T is symmetric since |a ( b| = |b ( a|, so if |a ( b| is a prime so is |b ( a|.)

The relation is not transitive since, for example, both (1, 3) and (3, 5) ( T but (1, 5) ( T because |1 – 5| = 4 is not a prime. 

4. (12 pts.) Given the following laws concerning arbitrary relations R and T (and their inverses) defined over set A: 

(R–1)–1 = R; (R ( T)–1 = R–1 ( T–1; (R ( T)–1 = R–1 ( T–1; (R ( T) ( (R–1 ( T–1).

Use the above laws, and other related theorems and definitions to prove each of the following statements for arbitrary relations R and T defined over a set A.  Be sure to give reason to each of the proof steps.
(a) r(R) ( R = R ( R2.

Proof: We will prove r(R) ( R ( R ( R2 --- (1) and R ( R2 ( r(R) ( R --- (2).

To prove (1), let (a, b) ( r(R) ( R --- (3), we want to prove (a, b) ( R ( R2 --- (4).

Note that (a, b) ( r(R) ( R implies that there exists c ( A such that (a, c) ( r(R) --- (5) and (c, b) ( R --- (6).  By the definition of r(R), (5) implies that there are two cases:

(Case one) Suppose (a, c) ( R.  Combining with (6) yields (a, b) ( R2 .

(Case two) Suppose a = c.  Combining with (6) yields (a, b) = (c, b) ( R.

Thus, we proved (a, b) ( R ( R2, which proved (4).

Similarly, to prove (2) let (a, b) ( R ( R2 --- (7) we want to prove (a, b) ( r(R) ( R --- (8).  From (7) there are two cases:

(Case one) Suppose (a, b) ( R.  Note that (a, b) is equal to the composition of (a, a) and (a, b), so (a, b) ( r(R) ( R because (a, a) ( r(R) and (a, b) ( R.  

(Case two) Suppose (a, b) ( R2 .  Thus, (a, b) ( R ( R ( r(R) ( R since R ( r(R).

Thus, we proved (a, b) ( r(R) ( R, which proved (8).

(b) s(R ( T) = s(R) ( s(T).

Proof: s(R ( T) = (R ( T) ( (R ( T)–1 (definition of symmetric closure)


= (R ( T) ( (R–1 ( T–1) (law given above)


= (R ( R–1) ( (T ( T–1) (commutative and associative laws)


= s(R) ( s(T) (definition of symmetric closure)
(c) t(R) ( R = R ( t(R). 

Proof (version one): t(R) ( R = (R ( R2 ( …) ( R (definition of t(R))


= (R ( R) ( (R2 ( R) ( … (distributive law of ( over ()


= R2 ( R3 ( …

Similarly, R ( t(R) = R ( (R ( R2 ( …) (definition of t(R))


= (R ( R) ( (R ( R2) ( … (distributive law of ( over ()


= R2 ( R3 ( …

Thus, we proved t(R) ( R = R ( t(R). 

Proof (version two): We first prove t(R) ( R ( R ( t(R). That is, let (a, b) ( t(R) ( R --- (1), we want to prove (a, b) ( R ( t(R) -- (2).  From (1), there exists c ( A such that (a, c) ( t(R) and (c, b) ( R.  Thus, there exist a1, a2, …, an ( A, an = c, for some n ( 1, such that (a, a1), (a1, a2), …, (an(1, an) ( R, i.e., there exists a direct path of n edges connecting a to c in the digraph for the relation R.  Note that the path (a1, a2), …, (an(1, an), (c, b) ( R connects points a1 and b.  Thus, (a1, b) ( t(R).  Also, (a, a1) ( R.  Therefore, (a, b) ( R ( t(R), which proves (2).  Similarly, we can prove R ( t(R) ( t(R) ( R (details omitted).
5. (6 pts.) The following directed graph depicts a binary relation R defined over the set A = {1, 2, 3, 4}.  

(a) Determine if R satisfies each of the following properties: reflexive, irreflexive, symmetric, and anti-symmetric.  Give a brief explanation for your answer.

Answer: The relation is not reflexive since it is missing (2, 2) (for example).

The relation is not irreflexive since it contains the pair (1, 1).

The relation is not symmetric because it contains (2, 1) but doesn’t contain (1, 2).

The relation is anti-symmetric because for each pair (a, b) ( R, if a ( b, then (b, a) ( R.

(b) Determine each of the following sets: R2, R3, R4, and the transitive closure t(R).  (Note that since the digraph has 4 vertices, t(R) = R ( R2 ( R3 ( R4, a finite union.)





Answer: R2 = {(1, 1), (2, 1), (2, 4), (3, 2), (4, 1), (4, 3)};

R3 = R2 ( R = {(1, 1), (2, 1), (2, 2), (3, 1), (3, 3), (4, 1), (4, 4)};

R4 = R3 ( R = R2 ( R2 = {(1, 1), (2, 1), (2, 3), (3, 1), (3, 4), (4, 1), (4, 2)};

Thus, t(R) = R ( R2 ( R3 ( R4 = {(1, 1), (2, 1), (2, 2), (2, 3), (2, 4), (3, 1), (3, 2), (3, 3), (3, 4), (4, 1), (4, 2), (4, 3), (4, 4)} = {all pairs of points that can be connected via a directed path of any length}
2




















3








4



































1











1                   2 		    3		    5		8

















