COT3100C-01, Fall 2002





Assigned: 10/03/2002

S. Lang


Assignment #3 (40 pts.)

Due: 10/15 in class by 8:45 am

Instructions:  Write your answer neatly and concisely.  Show all your work and explain each of the steps and how the formulas are applied.  Illegible scribbles or unclear logic will result in minimum credit.  Answers without explanation receive zero credit.  You may leave your answers in an un-simplified form, e.g., 5! / 3!, 29 * (24  + 6 * 23), etc.

1. (12 pts.) Count the number of 7-digit integers under each of the following restrictions:

(a) All digits are distinct.  (Thus, integers such as 1234567 and 3456980 are counted, but integers such as 2345 and 2233445 are not counted.)

(b) The digits may be repeated (such as 2233456) but the integer must be divisible by 5.  (Hint: what would be the last, rightmost digit for an integer to be divisible by 5?)

(c) The digits may be repeated but digit 3 must be used (as part of the integer) at least twice.  (Hint: consider the cases: digit 3 used twice, three times, etc., until 7 times, then count each case or group separately.  Alternatively, consider the complementary question, i.e, if digit 3 is not used or used exactly once, and count them separately.)

(d) All digits are distinct, and the digits are in an increasing order when viewed from the leftmost position to the rightmost position.  (Thus, integers such as 1234567 and 1245689 are counted, but integers such as 3245678 and 2234579 are not counted.)

2. (9 pts.) Suppose there are 5 types of coins under consideration: half-dollar, quarter, dime, nickel, and penny.  Count the number of combinations of the coins if there are 4 coins in a pocket, under each of the following restrictions:
(a) All coins are of distinct types (i.e., no two quarters, etc.)

(b) The coins may be of the same types and there are at least two quarters.

(c) The coins may be of the same types but there are no half-dollar coins.

3. (9 pts.) Suppose there are 50 (distinct) books to be placed on the three shelves of a bookcase (see picture).  Count the number of ways the books can be arranged under each of the following restrictions:











Place 15 books on each of the top two shelves, then the remaining 20 books on the bottom shelf.  The books are arranged in an arbitrary order on each shelf, and different arrangements are counted separately.


Similar to Part (a) of placing 15 books on each of the top two shelves and 20 on the bottom, but books within the same shelf are arranged in alphabetical order of the titles (assuming all book titles are distinct).








(c) Suppose 5 out of the 50 books are over-sized which must be placed on the bottom shelf.  The remaining 45 books are divided evenly between the three shelves (15 books on each); books are arranged in an arbitrary order on the shelves.





4.	(10 pts.) Prove each of the following identities (Hint: use the binomial theorem for (a) and (b)):


For n ( 1, C(n, 0) + 2C(n, 1) + 22 C(n, 2) + 23 C(n, 3) + … + 2n C(n, n) = 3n.  (For example, when n = 2, this identity states 1 + 2(2) + 22(1) = 9 = 32.)


For n ( 1, C(n, 0) –  2C(n, 1) + 22 C(n, 2) – 23 C(n, 3) + … + (–1)n 2n C(n, n) = (–1)n.  (For example, when n = 3, this identity states 1 – 2(3) + 22(3) – 23(1) = 1 – 6 + 12 – 8 = –1 = (–1)3.)


For n > k ( 1, C(n – 1, k) + C(n – 1, k – 1) = C(n, k).  (Hint: use the formula of the binomial coefficient and apply algebra.)











