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1) (15 pts) True/False: Circle the correct answer. Please be clear with your answer!!!(+1 for a correct answer, 0 for no response, and –1 for an incorrect response.)

a) All functions are surjective.




False

b) The relation R={(1,3), (2,4), (5,7), (6,8)}

True


     is transitive.

c) Let f be a bijection from the finite set A to the 
True


    finite set B. |A| =|B|.

d) If R is a non-empty relation, then so is R(R.


False
e) If a relation R is symmetric, it contains an 


False
    even number of elements.

f) A partial ordering relation must be 

True


    anti-symmetric.

g) The total number of edges in a complete 



False
     graph with 5 vertices is 15.

h) All walks are paths.





False
i) There exists a graph G such that the sum of the 


False
    degrees of its vertices is 9.

j) If f: A( B and g: B ( C are both injections, 
True


    then g(f is as well.

k) If a relation R is symmetric it can not be 



False
    anti-symmetric.

l) Let [x] and [y] be equivalence classes in an 
True


    equivalence relation. [x]=[y] or [x]([y] = (.

m) For 2 relations R and S that are subsets of AxA, 


False
     R(S = S(R

n) Let A={1,2,3}. The number of possible 

True


     relations R  that are subsets of AxA is 29.

o) Let A={1,2,3}. Let R be a relation over AxA 


False
     such that R={(1,2),(2,1),(3,2)}. R is a bijection.

2) (8 pts) Let R and S be relations that are subsets of AxA. (A={1,2,3,4}. If R={(1,2), (1,3), (2,4), (3,1), (3,2), (4,4)} and S={(1,4), (2,1), (2,3), (3,2), (4,1), (4,2)}, then what is R(S? 
{(1,1), (1,2), (1,3), (2,1), (2,2), (3,1), (3,3), (3,4), (4,1), (4,2)}
3) (10 pts) Let f(x) = 3x2 – 6(x – 2) and g(x) = (x + 7)/3. Compute f(g(x)) and g(f(x)).

f(g(x)) = f((x+7)/3) = 3(x+7)2/9 – 6((x+7)/3 – 2) = (x2 + 14x + 49)/3 – 6((x+1)/3)






      = (x2 + 8x + 43)/3

g(f(x)) = g(3x2 – 6(x – 2)) = (3x2 – 6(x – 2) + 7)/3 = x2 – 2x + 19/3
4) (10 pts) Prove or disprove: If a relation R, defined as a subset of A x A, is symmetric, then show that R ( R is symmetric as well.

We must prove under the assumption that R is symmetric that if (a,b)(R(R, then (b,a)(R(R.

if (a,b)(R(R, by the definition of function composition, we must have an element c(A such that (a,c)(R and (c,b)(R. But we know R is symmetric. Thus, we can deduce that (c,a)(R and (b,c)(R. But, if this is the case, by the definition of function composition, we must have (b,a)(R(R, because (b,c)(R and (c,a)(R. This is exactly what we needed to prove. Thus, R(R is symmetric.

5) (8 pts) Consider the following definitions for this problem:  
Let R ( A ( A denote a binary relation.  The following relations defined over A are called closures:

(a) The reflexive closure of R is r(R) = R ( {(a, a) | a ( A}.

(b) The symmetric closure of R is s(R) = R ( R–1.

(c) The transitive closure of R is t(R) = R ( R2 ( R3 ( ..., where R2 = R ( R, R3 = R2 ( R, etc., where ( denotes relation composition.  Thus, (a, b) ( t(R) (   (a, b) ( Rn,  for some n ( 1  ( there exist a1, a2, …, an ( A, an = b, for some n ( 1, such that (a, a1), (a1, a2), …, (an(1, an) ( R, i.e., there exists a direct path of n edges connecting a to b in the digraph for the relation R.
Prove or disprove: s(R) ( t(R).

Disprove: Consider R = {(1,2)}. s(R) = {(1,2),(2,1)} and t(R) = {(1,2)}, but in this situation, s(R) is NOT a subset of t(R).
6) (7 pts) Let f(x) = (2x – 1)/(x+3), where the domain is all reals except for x = -3. Find the inverse of this function.

x = (2y – 1)/(y + 3)

x(y + 3) = 2y – 1

xy + 3x = 2y – 1

3x + 1 = 2y – xy

(3x + 1) = y(2 – x)

y = (3x + 1)/(2 – x) OR (1 + 3x)/(x – 2) 
7) (10 pts) Let f: A( B and g: B ( C denote two functions. Furthermore, assume that |A| = |B| = |C|, and that each of these values is finite. Prove that if f is NOT a bijection, then g(f can not be one either.

If f is not a bijection, then either it is not injective or surjective. Assume f is injective. If this is the case, then we know that the size of the range of f is greater than or equal to the size of the domain of f. Since our co-domain, B, has the same size as the domain A, we know that the range and co-domain are of the same size. That means that for any element b(B, there exists an a(A such that f(a)=b. But, this is the definition of a surjective function. If a function is both injective and surjective, it is a bijection, which contradicts our given statement. Thus, our assumption that f was injective is incorrect.

Now that we know f is NOT injective, we know that for two distinct elements a and a’ in set A, f(a) = f(a’). We know that for some element b(B, b = f(a) = f(a’). Let each of these be an input to the function g to derive:

g(b) = g(f(a)) = g(f(a’))

The function g(f(x)) can not be an injection if we have g(f(a)) = g(f(a’)) and a(a’. Thus, it follows that the function is not a bijection either.
8) (15 pts) Consider the following relation:

R = {(a,b) | a(Z+ ( b(Z+ ( (a and b contain a common digit)}

So, for example (13, 19) ( R since both numbers share the digit 1, but (1234, 56) ( R, since both numbers do not have a single digit in common. Is this relation reflexive? irreflexive? symmetric? anti-symmetric? transitive? 

reflexive: Yes – all numbers share all of their digits in common.

anti-reflexive: No: (1,1)(R

symmetric: Yes – if the numbers a and b share a digit in common, it follows that the


         numbers b and a share the same digit in common.

anti-symmetric: No – (13,19)(R AND (19,13)(R.

transitive: No – (13, 19)(R and (19, 92)(R but (13, 92)(R.
9) (16 pts) Let f: A( B and g: B ( C denote two functions. If g(f is an injection, prove that f must be an injection. Also, show that it is not necessary for g to be an injection. That is, show that there is a case where g is not an injection, but g(f  is an injection.
We must show that f is an injection. We are given the fact that g(f is an injection. 

We will prove the statement using contradiction. Assume that f is not an injection. In this situation, we can find two distinct elements of the set A, a and a’, such that f(a) = f(a’).

Let each of these be inputs to the function g. Then we have the following:

g(f(a)) = g(f(a’)), where a(a’, since we assumed the two to be distinct.

BUT, this contradicts the assumption that g(f is an injection. Thus, we can conclude that f must be injective.

Here is a small example that satisfy the restrictions of the question, but where g is not injective:

A = {1} B={a,b} C={z}

f(1) = a

g(a) = z

g(b) = z

g(f(1)) = z

Here we have that g(f is not only injective, but also bijective. But, g is not injective since g(a)=g(b).
10) What country is the bike race called Tour de France held in, annually?  FRANCE
