1) (10 pts) Use the laws of logic to prove the following expression is a tautology: (Note: You must list each rule you use. The only rules you can combine together in one step are the commutative and associative rules to reorder and group terms more quickly. Hint: First try to “distribute” the not signs before you simplify any other part of the expression.)
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2) (6 pts) True or False, circle the correct answer, no partial credit on this one.

a) If A(B, then |A| ( |B|



TRUE


B contains all elements of A, thus it must have at least as many elements as A.
b) If A={1,3,5,7} and B={2,4,6,8}, then

TRUE



A = A – B.  


Since A and B are disjoint, the equality does hold.
c) If A(((B) = C, then C and B are


TRUE



disjoint sets.


We need to show that C(B=(. We have C((B, since C((A((B). Thus, for any element x,


if x(C, then x((B. But, C(B is non-empty only if there exists an element x such that x(C 

and x(B. But this element does not exist because all elements in C are also in (B. Thus, we

must have C(B=(.
3) (6 pts) Establish the following argument by the rules of implication. (Note: you must state the rule you use (or premise) for each step in your proof.)
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4) (4 pts) Here are two arguments. They may be valid or invalid. For the valid ones, circle “VALID” and state the rule of inference used. For the invalid ones, simply circle “INVALID”.

a) On Fridays I either go out to watch a movie, or stay home and take care of my little brother. Last Friday, my brother went to a friend’s house, so I did not take care of him. Therefore, last Friday, I went out to watch a movie.

VALID: Disjunctive Syllogism

b) If David Duchovny signs a contact with Fox, X-Files will be on the air for another year. If X-Files is on for another year, then Fox will be rated the number one TV network. David Duchovny did not sign a contract with Fox. Therefore, Fox will not be rated as the number one TV network.

INVALID


5) (8 pts) Prove or disprove these two statements for the universe of real numbers (R). (To be clear, circle whether you are proving or disproving.) You will only get full credit if you justify your answer. (Hint: the square of a real number is non-negative.)

a) (x(y [(x-y)(x+y) = 1]

DISPROVE
For x=0, no real number y exists to make the statement true because plugging in x=0, we find –y2 = 1, or y2 = -1, which has no solutions in the real numbers.

b) (x(y [yx = 0]


PROVE





For x=0, the statement is always true.

6) (15 pts) Let A = {2,3,4,6,8,9,10,12}. (You must show work to get full credit.) You may leave your answer in terms of powers of 2, and combinations, if you like.

a) (3 pts) How many subsets of A of size 5 contain exactly 2 numbers divisible by 3? (If a number n is divisible by m, then n = mc, for some integer c.)

(4 C 2)x(4 C 3) = 24, since we are picking 2 numbers from {3,6,9,12} and 3 numbers from (2,4,8,10}.

b)  (3 pts) How many subsets of A contain at least 1 even integer?

Total Subsets – subsets with only odd integers = 28 - 22 = 252

c) (2 pts) Let the M-value of a set be the product of the elements in that set. How many subsets of A have an odd M-value? (Note: The empty set is defined as having an M-value of 1.)

Automatically a subset with an even number has an even M-value. Thus, we want to total number of subsets containing only odd numbers. From the previous question this is 4.

d) (2 pts) How many subsets of A contain the element 10 and have exactly 4 elements in them?

You have 3 elements remaining to choose out of 7, so the answer is (7 C 3) = 35

e) (5 pts) Let Difference(B) denote the difference between the largest and smallest element in the set B, where B ( A. How many distinct subsets B of A are there such that Difference(B)>8? (Hint: You need to use the inclusion-exclusion principle here.)

The subset must contain 12 and 2 OR 12 and 3.

# subsets with 12 and 2 = 26

           # subsets with 12 and 3 but not 2 = 25
           Total = 96
7) (8 pts) Use a membership table to show that (A ( (B) ( ( (A ( B) ( ((B ( C) ). (After you fill out the table, argue why it proves the assertion.)
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Since for every possible x that is contained in A ( (B, we have that it must be in (A ( B) ( ((B ( C), (just look at the 4th and 7th columns of the membership table), the first is a subset of the second.

8) (10 pts) Prove or disprove: ((A ( C) ( (B ( C)) ( ((A ( B) – C = ()

PROVE




 if ((A ( C) ( (B ( C)), that means we can assume if x(A, then x(C, and if x(B then x(C.

Now, we need to show that ((A ( B) – C = ().

Consider to the contrary that there is an element x((A ( B) – C,

That would mean by definition of set difference, that x( A ( B , but x(C.

If x( A ( B, we must have either x(A  or x(B.

In the first case, we find x(C, by the assumption. And we find the same thing in

the second case. But this contradicts that x(C. Thus the set (A ( B) – C must be empty.

9) (8 pts) David owns a box full of blocks which come in two colors(red,blue), two sizes(small, large), and two weights(light, heavy). He owns each possible combination of block. The total number of blocks that are red or small or light is 25. Of these, exactly 13 are small, 5 are both small and red, and 3 are red, small and light. Also, exactly 20 blocks are either red or light. But only 7 blocks are red and light. There is a total of 14 red blocks. Finally, of all the blocks 18 are not light. (Note: No work will be graded on this question, only the answers.)

(Hint: It may be useful to use a Venn Diagram to figure out each of these.)

a) Number of small red light blocks
3
b) Number of small red heavy blocks 
2
c) Number of small blue light blocks 
3
d) Number of small blue heavy blocks 5
e) Number of large red light blocks 
4
f) Number of large red heavy blocks 
5
g) Number of large blue light blocks 
3
h) Number of large blue heavy blocks
 6
