Function vs. Relation Composition

I looked over the book and my notes and found a discrepancy between the two. In particular, I had told you that when you compose a 2 relations, for example R ( A ( B, S ( B ( C, that this composition would be written, just as if R and S were functions:

S ( R = { (a,c) | a ( A ( c ( C ( ((b | (a,b) (R ( (b,c) (S) }

But, composition with relations, is written the other way around, so that it is “intuitive” given the graph of the relation. Thus, the definition we have for relation composition with the 2 relations above is as follows:

R ( S = { (a,c) | a ( A ( c ( C ( ((b | (a,b) (R ( (b,c) (S) }

BUT, if we were composing two functions f : A ( B and g : B ( C, the definition remains as I showed you:

g ( f = {(a, c) | a ( A ( c ( C (  ((b ( B | (a, b) ( f  ( (b, c) ( g)}.

With that in mind, and the idea that I should separate my presentation of relations and functions, I have reorganized the notes from my past three lectures.

I apologize for the inconvenience, but I feel that this organization will clarify the material presented over the past three lectures.

Last lecture, I asked you all to find a counter-example to the following (note that I have written this correctly, for relations R, S and T defined over the sets A, B and C as described in the last lecture):

(R ( S) ( (R ( T) ( R ( (S ( T),

where R: A( B and S,T: B ( C.

In creating this counter-example, one thing to realize is that in a function composition, the “intermediate” element, in this case, the one in b, doesn’t have to be the same. We can utilize this in the following example:

Let A = {1,2,3}
B={a,b,c} C={x,y,z}

R = {(1,a), (1,b)}

S = {(a,x)}

T = {(b,x)}

Here we have S ( T = (, which makes R ( (S ( T) = (.

But, because R let’s us use either a or b as “intermediate elements”, we have R ( S = {(1,x)} and R ( T ={(1,x)}. The intersection of these two sets is also {(1,x)}.
Examples of Identifying Properties in Relations

Is the following relation reflexive, irreflexive, symmetric, antisymmetric, or transitive? R = {(a,b) | a,b(Z+ ( a, 2a, and b are side lengths of a triangle} Note: For all triangles, the sum of the lengths of any two sides must exceed the length of the third side.

Reflexive? No – because (a,a)(R, this is because a triangle can not have sid lengths, a, a and 2a.

Irreflexive? Yes – the previous argument holds for all positive integers a.

Symmetric? No – (a, 2a)(R, since we can have a triangle with side lengths a, 2a and 2a. However, (2a, a)(R because we can not have a triangle with side lengths 2a, 4a and a.

Antisymmetric? Yes – If we have a ( b, then we have (a,b)(R. To prove this, consider a forming a triangle with side lengths a, 2a, and b. We know that we must have a+b > 2a for a triangle to be formed. BUT, a+b ( a+a = 2a, which means that a+b is NOT greater than 2a. Thus, in this situation, we have (a,b)(R. Thus, for any element (a,b)(R, we must have a < b. For each of these elements, we can guarantee that (b,a)(R since b > a.

Transitive? No – (a, 2a)(R as shown above, and we also know that (2a, 4a)(R, by a similar analysis. But, we can show that (a,4a)(R because a triangle can not have side lengths a, 2a and 4a.

Consider the following relation:

R = { (a,b) | a(Z+ ( b(Z+ (  ab = c2 for some positive integer c}

Prove that it is an equivalence relation.

Reflexive? Yes – (a,a)(R because a2 = c2, when c is equal to a, a positive integer.

Symmetric? Yes – if (a,b)(R, we must show that (b,a)(R. If (a,b)(R, we know that ab= c2, for a positive integer c. But, we know that multiplication is commutative, so ba = c2. Thus, (b,a)(R.

Transitive? Yes - if (a,b)(R and (b,c)(R, we must show that (a,c)(R. We know that if (a,b)(R, then ab = d2, for some positive integer c. Furthermore, if (b,c)(R, then bc = e2, for some positive integer e.

ab = d2

bc = e2
Multiplying these equations, we find 

ab2c = (de)2
ac = (de/b)2
Now, if we can show that de/b is an integer, we will have shown that (a,c)(R.

Technically speaking, this is difficult to show. But, we know that if a number is not a perfect square, its square root is irrational. But, from the above we have the square root of ac is de/b, a rational quantity. Thus, we must have that ac is a perfect square, which means de/b is an integer.

Closures

Here are some definitions you will be using on the following homework assignment:

If we have R ( A x B, then we can define R-1( B x A as follows:

R-1 = {(b,a)| (a,b)(R}

(a) Let R ( A ( A denote a binary relation.  The following relations defined over A are called closures:

(b) The reflexive closure of R is r(R) = R ( {(a, a) | a ( A}.

(c) The symmetric closure of R is s(R) = R ( R–1.

(d)      The transitive closure of R is t(R) = R ( R2 ( R3 ( ..., where R2 = R ( R, R3 = R2 ( R, etc., where ( denotes relation composition.  Thus, (a, b) ( t(R) (   (a, b) ( Rn,  for some n ( 1  ( there exist a1, a2, …, an ( A, an = b, for some n ( 1, such that (a, a1), (a1, a2), …, (an(1, an) ( R, i.e., there exists a direct path of n edges connecting a to b in the digraph for the relation R.
Here are some examples using these definitions.

Consider a relation R over the set A = {1,2,3} defined as follows:

For R= {(1,2), (2,3), (3,1)}, we have

r(R) = {(1,2), (2,3), (3,1), (1,1), (2,2), (3,3)}

s(R) = {(1,2), (2,1), (2,3), (3,2), (3,1), (1,3)}

t(R) = {(1,2), (2,3), (1,3), (3,1), (2,1), (3,2), (3,3), (1,1), (2,2)}
Here is an example of a proof using these definitions:

Prove that t(R) ( R ( (R ( t(R)).

Consider an arbitrary element (a,b)( t(R). We must show that (a,b) ( R ( (R ( t(R)).

If we have that (a,b) ( R, we are done.

Otherwise, we know that (a,b)(R. This must mean that (a,b)(Rn, where n is an integer greater than 1.

But, consider the set R ( t(R). This is equal to R ( (R ( R2 ( R3 ( ...) Applying each function composition, we find that this is

(R2 ( R3 ( R4 (...)

Clearly, Rn, where n is an integer greater than 1 is a subset of the set (R ( t(R)) above. Thus, since (a,b)(Rn, we must have that (a,b) ( (R ( t(R)), proving the original assertion.

