Undirected Graphs

Graphs are composed of two components: vertices and edges.

Vertices are essentially points. (They are also referred to as nodes.) Typically, they will be labeled on a graph.

In an undirected graph, edges are simply lines in between pairs of vertices. 

So, for example, in a graph with n vertices, the maximum number of edges is nC2 = n(n-1)/2. This is the number of edges in a complete graph. A complete graph is a graph where there exists an edge between all pairs of vertices.

We will define the degree of each vertex of a graph to be the number of edges that are incident to that vertex.

A walk in a graph is a sequence of edges that can be traversed one by one. (This essentially means that the endpoint of an edge in a path has to be the starting point of the next edge in the path.) It is permissible for a walk to start and end in the same place. (Or, of course, start and end in different places.)

A graph is connected if there exists a path in between all pairs of vertices.

Here is an example of a undirected graph:

Directed Graphs

The only difference between a directed graph and an undirected one is how the edges are defined. In an undirected graph, an edge is simply defined by the two vertices it connects. But, in a directed graph, the “direction” of the edge matters. 

For example, let’s say a graph has two vertices v and w. In a directed graph with these two vertices, we would be allowed to have more than one edge. We could have an edge from v TO w, and another one from w TO v. In essence, each edge not only connects a pair of vertices, but also has a direction associated with it. 

Using a formal definition, the set of edges of a directed graph G can be defined as a subset of the cartesian product V x V, where V is the set of vertices.

All of the other definitions listed for undirected graphs apply to directed ones.

Also, when we talk about the degree of a vertex in a directed graph, we have to distinguish between the “in” degree and the “out” degree. At each vertex, edges are either coming in or going out. The in degree of a vertex is simply the sum of the number of edge coming in to that vertex. The out degree is defined similarly.

Paths, Cycles, Trails, and Circuits  

A walk which contains no repeated vertices is a path. A path is called a cycle if the first and last vertices visited are the same. 

One interesting thing to note is that if you have a walk in a graph that travels from vertex a to vertex b repeating some vertices, then you must have a path that also goes from a to b. Why?

A trail is a walk which contains no repeated edges. A circuit is a trail that begins and ends at the same vertex.

The mathematician Euler who lived in Konigsberg showed that it was impossible to walk through the entire town using each of the 7 bridges in the town exactly once and end up where you started from.

An Euler circuit is defined as a circuit in a graph where each edge is traversed exactly once.

A graph can have an Euler circuit only if the degree of each vertex is even. To see this, note that every vertex you enter, you must also leave, using a different edge in your path. Thus, for each time a vertex is visited, you can “subtract” a degree of 2 from that vertex of the edges that have yet to be visited.

It turns out that this is a sufficient and necessary condition. What that means is that if a graph has an even degree at each vertex, it definitely has an Euler circuit.

We also know that the sum of the degrees of the vertices of a graph is 2 times the number of edges. Why?

This is typically called the handshaking lemma, which basically says in any situation where x number of people shake hands with each other, the total number of handshakes summed over all of these people must be an even number.

The MTV view of looking at the handshaking lemma would be if you asked everyone in the world how many people they’ve had sex with (or how many times they have had sex), and added up all the responses, you’d have to get an even number, (unless you include threesomes, in the mix, of course!!!)

