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S. Lang (11/02/2000)

Solution Key to Test #2

Nov. 11, 2000

Part I. (36 pts.) True/False questions.  (No explanation is needed.)

1. Let A = {1, 2, 3, 4} and R ( A ( A denote a binary relation depicted by the directed graph given in the figure.  Answer each of the following True/False questions:
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2. Let R ( A ( A and T ( A ( B denote two arbitrary binary relations.  Answer each of the following True/false questions:

(a) If R is transitive, then R(1 is transitive. True, because if (a, b), (b, c) ( R(1, then (b, a), (c, b) ( R, thus (c, a) ( R because R is transitive by assumption.  Therefore, (a, c) ( R(1.

(b) The reflexive closure r(R) is irreflexive. False, because (a, a) ( r(R) for all a  ( A.

(c) (R ( T) ( (R ( R ( T). False, for example, R = {(1, 2)}, T = {(2, 3)}.  Then R ( R = (, R ( T = {(1, 3)}, and R ( R ( T = (.

(d) If R ( R(1, then R is symmetric. True, if (a, b) ( R, then (a, b) ( R(1 because R ( R(1 by assumption.  Thus, (b, a) ( R.

3. Let f: A ( B be a surjection and let g: B ( C be a surjection, where A, B, C denote finite sets.  Answer the following True/false questions:

(a) The composed function g ( f: A ( C is a surjection. True, this is a theorem.

(b) |A| ( |C|. True, because |A| ( |B| ( |C|, by the counting principle.

4. Let R ( A ( A denote a binary relation. Answer the following True/false questions:

(a) If R defines a function, and the inverse relation R(1 also defines a function, then R is an injection. True, if (a, c) and (b, c) ( R, i.e., if two elements a and b are related to the same image c in B, then (c, a) and (c, b) ( R(1, the inverse relation.  However, since R(1 defines a function by assumption, a = b because element c cannot be related two elements.

(b) If R is irreflexive, then the composed relation R ( R is irreflexive. False, because for example, if (a, b) ( R, then (b, a) ( R(1.  Thus, (a, a) ( R ( R, making it not irreflexive.

Part II. (34 pts.) Short Proofs (justify each step of your proofs).

5. (12 pts.) Let f: A ( B denote a function, and let C ( A and D ( A.  Answer the following two questions:

(a) Prove f(C ( D) ( (f(C) ( f(D)).

Since C ( D ( C, f(C ( D) ( f(C) --- (1) is true by the definition of f( ).  More precisely, if x ( f(C ( D), then x = f(z) for some z ( C ( D.  Thus, x ( f(C) because z ( C.  Similarly, f(C ( D) ( f(D) --- (2) is true.  Combining (1) and (2) proves the result f(C ( D) ( (f(C) ( f(D)).

(b) Use an example to show that (f(C) ( f(D)) ( f(C ( D) is false.

Let A = {1, 2}, B = {3}, C = {1}, D = {2}, f(1) = f(2) = 3.  Thus, f(C) = f(D) = {3}, so f(C) ( f(D) = {3}.  However, C ( D = (, so f(C ( D) = (.  Thus, (f(C) ( f(D)) ( f(C ( D) is false.

6. (12 pts.) Let R ( A ( A denote a binary relation, and let P = {(a, a)| a ( A} = the set of all self-loops.  Prove t(R ( P) ( (t(R) ( P), where the notation t( ) denotes the transitive closure.

Let (a, b) ( t(R ( P) --- (1), we prove (a, b) ( (t(R) ( P) --- (2).  

From (1), there exist a0, a1, …, an ( A, n ( 1, such that a0 = a, an = b, and the pairs (a0, a1), (a1, a2), …, (an(1, an) ( R ( P --- (3).  That is, there exists a directed path consisting of edges form the relation R ( P connecting point a to point b.  If a pair in the sequence of (3), (ak, ak+1) ( P, then ak = ak+1, which means this pair (or edge) can be removed from the sequence, still leaving the remaining edges defining a path connecting a to b.  By removing all pairs in (3) that belong to P, we will have two scenarios: 

(Case 1) All edges of (3) are removed.  That is, all edges of (3) belong to P.  Thus, a = b, so (a, b) = (a, a) ( P; or

(Case 2) The remaining edges of (3) defines a path connecting a to b consisting of edges entirely from R.  Thus, (a, b) ( t(R).

Combining the two cases, we proved (a, b) ( (t(R) ( P), which proves (2).

7. (10 pts.) Let R ( A ( A and T ( A ( A denote two binary relations.  If R ( T is symmetric, prove that R(1( (R ( T).  

Let (a, b) ( R(1--- (1), we prove (a, b) ( (R ( T) --- (2).  From (1), (b, a) ( R --- (3) by the definition of R(1.  From (3), (b, a) ( R ( T --- (4) because R ( (R ( T).  Since R ( T is symmetric by assumption, so (4) implies (a, b) ( (R ( T), which proves (2).

Part III.  (40 pts.) Longer Proofs (justify each step of your proofs).

8. (20 pts.) Define a function f: [0, () ( R by the formula 
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where [0, () = the set of non-negative real numbers, and R denotes the set of real numbers.  Answer the following two questions:

(a) Prove that f is an injection.

Let f(x) = f(y) --- (1), we prove x = y --- (2).  From (1) and the definition of the function, we obtain 
[image: image2.wmf].
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x = y, which proves (2).

(b) Prove that f is not a surjection.

Since 
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, for all x ( [0, (), so f(x) ( 1.  In particular, there is no x such that f(x) = 0.  (That is, from 
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which has no real solution in x.)

9. (20 pts.) Let f: A ( B and g: B ( C denote two functions.  Let D ( C be a subset.  Answer the following two questions:

(a) If f is not an injection, prove that the composed function g ( f: A ( C is not an injection.  

Since f is not an injection, there exist x, y ( A, such that x ( y --- (1) but f(x) = f(y) --- (2).  Applying function g to both sides of (2) yields g(f(x)) = g(f(y)) --- (3) because g is a function.  Thus, (3) implies g ( f(x) = g ( f(y) by the definition of g ( f.  Combining with (1) proves that the function g ( f is not an injection.

(b) Prove that (g ( f)(1(D) ( f(1(g(1(D)). 

Let a ( (g ( f)(1(D) --- (1), we prove a ( f(1(g(1(D)) --- (2).  

From (1), we obtain (g ( f)(a) ( D by the definition of (g ( f)(1.

Thus, g(f(a)) ( D --- (3) by the definition of g ( f.

Note that (3) implies f(a) ( g(1(D) --- (4) by the definition of g(1; then (4) implies a ( f(1(g(1(D)) by the definition of f(1, which proves (2).
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R ( A ( A defines a function from A to A. False, because the pairs (1, 2) and (1, 3) relate 1 to two elements 2 and 3.


R is irreflexive. False, because the pair (2, 2) ( R.


R is not anti-symmetric. False, R is anti-symmetric.


(4, 3) ( t(R), where t(R) denotes the transitive


closure of R. True, because the path (4, 1), (1, 3) in R makes (4, 3) ( R2.
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