COT3100.01, Fall 2000

Print Name: _____________________________________

S. Lang (11/02/2000)
Test #2
Social Security No: _______________________________

Instructions: The test is a closed-book, closed-notes, and no-calculator test.  The test consists of 4 pages (2 double-sided sheets), 9 questions, and 110 total points.  In addition, the last sheet contains the relevant definitions and theorems from the Course Notes, which you may tear off and use for reference.  In writing your proofs, be sure to show all the steps and explain them, using the appropriate definitions, theorems, or assumptions.  (You may give the definition and theorem numbers from the reference sheet in the explanation.)  You are allowed to combine “trivial” steps, such as those involving algebra manipulations.  Also, you may omit the explanations that are based on the “by-definition” argument, but do not skip the steps.  Your signature below indicates that you have read and understood the instructions.




Signature: _______________________________________________

Part I. (36 pts.) True/False questions.  (No explanation is needed.)

1. Let A = {1, 2, 3, 4} and R ( A ( A denote a binary relation depicted by the directed graph given in the figure.  Answer each of the following True/False questions:

[image: image2.wmf]


2. Let R ( A ( A and T ( A ( B denote two arbitrary binary relations.  Answer each of the following True/false questions:

_____ If R is transitive, then R(1 is transitive.

_____ The reflexive closure r(R) is irreflexive.

_____ (R ( T) ( (R ( R ( T).

_____ If R ( R(1, then R is symmetric.

3. Let f: A ( B be a surjection and let g: B ( C be a surjection, where A, B, C denote finite sets.  Answer the following True/false questions:

_____ The composed function g ( f: A ( C is a surjection.

_____ |A| ( |C|.

4. Let R ( A ( A denote a binary relation. Answer the following True/false questions:

_____ If R defines a function, and the inverse relation R(1 also defines a function, then R is an injection.

_____ If R is irreflexive, then the composed relation R ( R is irreflexive.

Part II. (34 pts.) Short Proofs (justify each step of your proofs).

5. (12 pts.) Let f: A ( B denote a function, and let C ( A and D ( A.  Answer the following two questions:

(a) Prove f(C ( D) ( (f(C) ( f(D)).

(b) Use an example to show that (f(C) ( f(D)) ( f(C ( D) is false.

6. (12 pts.) Let R ( A ( A denote a binary relation, and let P = {(a, a)| a ( A} = the set of all self-loops.  Prove t(R ( P) ( (t(R) ( P), where the notation t( ) denotes the transitive closure.

7. (10 pts.) Let R ( A ( A and T ( A ( A denote two binary relations.  If R ( T is symmetric, prove that R(1( (R ( T).  

Part III.  (40 pts.) Longer Proofs (justify each step of your proofs).

8. (20 pts.) Define a function f: [0, () ( R by the formula 
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where [0, () = the set of non-negative real numbers, and R denotes the set of real numbers.  Answer the following two questions:

(a) Prove that f is an injection.

(b) Prove that f is not a surjection.

9. (20 pts.) Let f: A ( B and g: B ( C denote two functions.  Let D ( C be a subset.  Answer the following two questions:

(a) If f is not an injection, prove that the composed function g ( f: A ( C is not an injection.  (Hint: Since f is not an injection, there exist x, y ( A, such that x ( y but f(x) = f(y).)

(b) Prove that (g ( f)(1(D) ( f(1(g(1(D)).  (Hint: Recall a ( (g ( f)(1(D) means (g ( f)(a) ( D.)

(a) Suppose the sets A, B, and C are finite sets, and |A| > 1.  If both f and g are bijections, prove h is not a bijection.  (Hint:  Compare the size |A| versus the size |B ( C|.)
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_____ R ( A ( A defines a function from A to A.


_____ R is irreflexive.


_____ R is not anti-symmetric.


_____ (4, 3) ( t(R), where t(R) denotes the transitive


           closure of R.
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